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ABSTRACT 


The  solutions  D(x,y,yQ,q)  of  the  partial  differential  equation 
Dyy  +  il>x  +  yD  =  0  are  employed  as  a  mathematical  model  for  the 
fields  reflected  from  and  diffracted  around  an  opaque  convex 
surface*  This  solution  involves  the  Airy  function  w1(t)  which 
is  a  solution  of  w1"(t)  -  tw^(t)  =  0.  FORTRAN  computer  programs 
and  tables  are  given  for  the  appropriate  Airy  functions*  A  con¬ 
siderable  portion  of  the  report  is  devoted  to  discussions  of  the 
representations  for  the  roots  of  the  equation  w^#(ts)  -  qw^(ts)  = 
which  play  a  fundamental  role  in  the  theory.  As  a  function  of  q, 
these  roots  satisfy  the  Riccati  equation  (t  -  q  ;  (dt/dq)  =  1*  The 
Riccati  equation  is  used  to  develop  several  representations  for 
these  roots*  FORTRAN  programs  are  presented  for  the  evaluation 
of  these  constants.  Tables  of  the  roots  are  given  for  certain 
cases  which  have  been  shown  to  be  of  practical  significance. 
Asymptotic  expansions  are  developed  for  the  height  gain  function 
F(y)  which  is  a  solution  of  F*(y)  +  (k^f(y)  -  ^-„)F(y)  -  0.  The 

w 

theory  of  representing  functions  by  a  series  of  Chebyshev  poly¬ 
nomials  is  reviewed  and  a  discussion  is  given  of  the  significance 
of  these  expansions  for  future  work  in  diffraction  theory. 
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PREFACE 


Although  this  report  is  officially  entitled  a  "final"  report  upon 
Contract  AF  19 (628) -[(.393,  the  report  is  in  fact  an  "interim"  re¬ 
port  upon  a  subject  which  has  attracted  the  author's  attention 
for  over  ten  years.  Prior  to  the  one-year  period  during  which 
the  research  has  been  carried  out  under  tho  present  contract,  the 
author  undertook  work  along  these  lines  as  part  of  the  Independent 
Research  Program  of  the  Lockheed  Missiles  and  Space  Company.  The 
attainments  made  to  date  fall  far  short  of  the  author's  goals. 
However,  the  author  hopes  to  continue  to  strive  towaros  filling 
some  of  the  gaps  that  exisu  between  the  results  in  both  the  asymp¬ 
totic  theory  of  diffraction  by  convex  surfaces  and  the  numerical 
analysis  which  is  roquired  in  order  to  translate  the  esoteric 
mathematical  results  into  curves  and  tables  that  will  meet  the 
needs  of  the  practical  engineer.  The  author  readily  admits  that 
the  opaque  convex  surface  is  an  over-idealized  model  for  any  ex¬ 
cept  the  simplest  of  propagation  and  diffraction  problems.  How¬ 
ever,  the  actual  problems  that  confront  most  engineers  in  this 
field  are  so  complex  that  there  is  a  great  demand  for  information 
concerning  the  phenomena  associated  with  a  smooth  convex  surface. 
The  present  research  efforts  have  been  directed  towards  extending 
the  algorithms  and  the  computer  programs  that  will  permit  us  to 
obtain  numerical  results  when  the  scatterer  is  an  opaque  surface 
which  is  characterized  by  an  impedance  boundary  condition* 

The  problem  of  the  diffraction  of  electromagnetic  waves  by  convex 
surfaces  has  been  the  subject  of  hundreds  of  papers  since  the  ap¬ 
pearance  ovor  100  years  ago  of  a  classic  paper  by  A.  Clebsch  which 
can  be  considered  to  be  the  "first"  paper  upon  this  subject.  The 
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author  recently  had  the  honor  of  having  a  survey  of  some  of  the 
early  history  of  this  problem  to  appear  as  the  lead  article  in 
a  "Special  Issue  on  Radar  Reflectivity"  which  waa  published  as  the 
August,  1965>  issue  of  the  Proceedings  of  the  Institute  of  Elec¬ 
trical  and  Electronics  Engineers  (Proc.  IEEE,  Vol,  53*  No,  8, 

Aug.,  1965)*  The  author  would  like  to  encourage  his  readers  to 
read  this  historical  survey.  If  the  reader  is  not  already  familiar 
with  this  special  issue,  the  author  is  certain  that  the  very  fact 
that  the  reader  has  been  interested  enough  in  this  report  to  have 
read  this  far  is  a  very  sure  indication  that  the  "Special  Issue 
on  Radar  Reflectivity"  will  provide  the  reader  with  a  "gold  mine" 
of  information. 

The  theory  of  diffraction  by  convex  surfaces  cannot  be  readily 
separated  from  a  large  body  of  work  in  applied  mathematics.  There¬ 
fore,  the  engineer  who  finds  himself  facing  a  practical  problem 
involving  diffraction  by  a  convex  surface  finds  that  he  is  con* 
fronted  with  an  almost  chaotic  mass  of  literature  in  which  there 
are  many  gaps  in  the  practical  information  to  say  nothing  of  the 
fact  that  there  is  a  lack  of  a  coherent  and  effective  general 
theory.  It  Is  with  regrets  that  the  present  author  finds  himself 
in  the  position  of  adding  to  the  confusion  and  the  frustration  of 
the  "newcomers"  by  releasing  the  present  material  in  a  form  such 
that  a  considerable  background  is  required  in  order  to  pick  out 
results  which  may  be  helpful  in  a  particular  practical  problem. 

The  author  would  like  to  illustrate  his  sympathy  for  the  reader 
who  is  a  "newcomer"  to  the  diffraction  field  by  relating  an 
experience  which  occurred  during  the  course  of  this  contract* 

The  author  is  frequently  asked  to  recommend  books,  reports,  and 
papers  which  can  provide  an  engineer  with  a  means  of  learning 
what  results  are  currently  available  for  him  to  use  in  connection 
with  problems  associated  with  diffraction  by  a  convex  surface, 
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For  several  yoars,  the  author  has  been  telling  his  colleagues 
that  the  book  that  they  were  seeking  was  about  to  be  published 
as  Vol.  1,  Diffraction  by  Convex  Surfaces  in  the  International 
Series  of  Monographs  on  Electromagnetic  Waves  which  was  begun 
several  years  ago  by  Pergamon  Press*  The  author  of  this  book 
was  to  havo  been  Academician  V,  A*  Fock  of  Leningrad  University* 

The  present  author  had  been  considerably  influenced  by  a  series 
of  papers  by  Fock  which  he  had  discovered  in  the  mid-1950's. 

With  the  cooperation  of  P.  Blacksmith,  M*  D.  Friedman,  and  others, 
the  author  had  made  available  to  a  limited  circle  of  readers  a 
collection  of  13  papers  by  Fock,  together  with  a  summary  of  Fock's 
contributions  by  Academician  V.  I.  Smirnov  and  an  appendix  which 
contained  a  pertinent  paper  by  Academician  M.  A.'  Leontovich. 

It  was  the  understanding  of  the  present  author  that  when  Fock 
visited  the  United  States  in  the  late  1950*3  that  he  had  refused 
permission  for  the  collection  of  papers  to  be  issued  in  book-form 
on  the  grounds  that  the  papers  were  incoherent  and  that  he  intended 
to  prepare  a  monograph  in  which  a  unified  presentation  of  his 
research  would  be  presented.  However,  even  behind  the  "Iron  Cur¬ 
tain"  the  scientists  apparently  find  the  days  and  nights  passing 


Although  the  present  author  has  since  become  sufficiently  ac¬ 
quainted  with  the  literature  to  realize  that  much  that  he  loarned 
from  Fock's  papers  could  have  been  learned  from  papers  by  White, 
Pekeris,  Pryce,  Furry,  and  others,  the  author  recognizes  the  fact 
that  the  clarity  of  presentation  and  the  thoroughness  of  the  in¬ 
vestigations  which  were  found  in  Fock's  papers  were  such  that  he 
can  best  describe  Fock's  influence  upon  his  own  work  by  asserting 
that  Fock  was  his  "teacher." 

’H*Air  Force  Cambridge  Research  Center,  Diffr.-ction,  Refraction, 
and  Reflection  of  Radio  Waves :  Thirteen  Papers  V.  A.  Fock, 

N.A.  Logan  and  P.  Blacksmith,  eds..  Report  AFCRC-TN-57-102, 

ASTIA  Document  No.  ADH7276,  Bedford,  Mass.,  Juno,  1 957 
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in  such  swift  processions  that  one  has  to  sometimes  face  reality 
and  admit  that  the  goal  which  one  has  set  for  oneself  is  too  am¬ 
bitious#  Anyway,  it  was  a  great  disappointment  to  the  present 
author  when  in  mid-1965  the  long-promised  Pergamon  Press  volume 
appeared  in  print.  This  monograph  is  nothing  more  than  17  papers 
by  Pock  (with  several  having  been  written  with  co-authors)  which 
(except  for  minor  corrections)  appear  in  their  original  form. 
Except  for  the  inclusion  of  papers  published  since  1957,  the  book 
which  is  now  available  is  essentially  the  same  collection  of 
"raw"  reference  material  which  the  present  author  and  his  associ¬ 
ates  had  sought  to  provide  to  scientists  in  the  United  States 
when  the  391-page  paperbound  APCRC  report  was  distributed  in  1957. 
The  author  strongly  urges  the  serious  student  of  diffraction 
theory  to  acquaint  himself  with  these  papers  by  Pock.  However, 
since  these  are  research  papers  and  the  material  has  not  been 
put  together  in  "textbook  style,"  the  reader  may  find  Pock's  book 
a  difficult  source  from  which  to  acquire  a  basic  knowledge  and 
background  upon  which  to  build  the  ability  to  read  the  hundreds 
of  papers  which  are  available  in  this  subject  area.  Furthermore, 
since  no  effort  is  made  to  relate  the  material  in  Pock's  book  to 
the  more  recent  publications  of  other  authors,  the  reader  will 
have  to  "forage"  for  himself  to  learn  what  other  results  are 
available  to  him.  Making  a  literature  survey  requires  considera¬ 
ble  "detective  work"  since  a  number  of  the  modern  authors  have 
worked  independently  of  one  another  and  cross-references  to  each 
other's  works  are  often  conspicuous  by  their  absence. 

There  are  sufficient  gaps  in  our  present  state  of  knowledge  in 


V.  A.  Pock,  Electromagnetic  Diffraction  and  Propagation  Prob¬ 
lems,  New  York,  Pergamon  Press,  1965 
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this  subject  area  that  any  book  or  monograph  published  today 
would  be  virtually  out-of-date  by  the  time  it  appeared  in  print. 
This  is  particularly  true  at  the  present  time  when  the  availabil¬ 
ity  of  the  electronic  computer  is  making  it  possible  for  us  to 
attempt  to  obtain  numerical  results  which  were  "impossible"  during 
World  War  II  when  the  widespread  use  of  high  frequency  radio  waves 
created  a  need  for  results  from  diffraction  theory  for  those  cases 
in  which  classical  geometrical  optics  failed  to  provide  an  ex¬ 
planation  of  the  observed  phenomena.  As  an  example  of  the  pro¬ 
gress  which  has  been  made  in  the  computer  field,  it  is  interesting 
to  cite  the  fact  that  Aiken'  made  the  observation  in  194-5  that 
"...if  it  had  been  possible  to  run  the  computation  without  inter¬ 
ruption  forty-five  days  would  have  been  sfficient  time  to  complete 
the  tables..."  of  Airy  functions  which  Furry  and  other  scientists 
needed  in  their  studies  of  wave  propagation*  One  of  the  FORTRAN 
IV  programs  which  is  given  in  this  report  could  be  used  on  the 
UNI VAC  110?  to  produce  these  identical  tables  in  approximately 
thirty  minutes.  The  a-  thor  can  also  cite  a  more  recent  example 
based  upon  his  own  experience.  Upon  some  output  sheets  from  the 
IBM-650  which  were  used  to  prepare  the  curves  for  the  scattering 
properties  of  perfectly  conducting  spheres  which  anpear  in  the 
appendix  of  the  monograph  of  King  and  Wu'H*  there  appear  some 


The  Staff  of  the  Computation  Laboratory,  Tables  of  the  Modified 
Hankel  Functions  of  Order  One -Third  and  of  Their  Derivatives, 
Cambridge,  Mass.,  Harvard  University  Press,  194-5 

iHf 

R.  W*  P*  King  and  T.  T.  Wu,  The  Scattering  and  Diffraction  of 
Waves,  Cambridge,  Mass.,  Harvard  University  Press,  1959*  (Graphs 
in  appendix  illustrate  current  distributions  and  bistatic  cross 
sections  for  porfectly  conducting  spheres  for  ka  =  1.1(0.6)9*5> 
10,  and  20,) 
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penciled  notes  to  indicate  that  these  computations  required 
forty-five  minutes  for  a  set  of  E-plane  and  H-plane  curves 
for  a  single  value  of  the  parameter  ka.  It  is  now  possible 
to  generate  this  same  data  on  a  computer  such  as  the  UNIVAC 
1107  in  less  than  forty-five  seconds* 

However,  as  the  present  author  looks  back  at  his  computing 
experience,  his  respect  for  the  amazing  speed  of  the  modern 
electronic  computer  does  not  leave  him  standing  in  awe  as  much 
as  doos  the  realization  that  programming  languages  such  as 
FORTRAN  IV  offer  the  modern  scientist  a  powerful  tool  which 
was  virtually  beyond  his  wildest  dream  less  than  20  years  ago. 

One  has  to  have  grown-up  with  the  "computer  age"  to  really  ap¬ 
preciate  what  a  change  has  been  made  possible  by  the  develop¬ 
ment  of  mathematically-oriented  programming  languages  which  en- 
enable  a  scientist  who  is  not  a  "computer  specialist"  to  per¬ 
form  millions  of  mathematical  manipulations  at  the  rate  of 
thousands  per  second* 

The  author* s  first  major  computation  job  involved  some  diffrac¬ 
tion  patterns  for  a  circular  cylinder  and  the  work  was  carried 
out  in  the  late  19i|C  *  s  by  a  group  of  ladies  who  worked  for 
months  at  Friden  and  Marchant  desk  machines.  Even  when  two 
ladies  would  work  in  tandem  on  worksheets  which  were  laid  out  in 
identical  manners,  the  detection  of  errors  was  a  very  frustrating 
task.  With  human  hands  and  minds  at  work,  it  was  virtually  im¬ 
possible  to  eliminate  blunders  caused  by  an  error  in  lookup  in 
a  table,  in  transfering  a  number  into  the  keyboard,  copying  the 
number  from  the  register  onto  the  work  sheets,  an  error  in  placing 
a  decimal  point,  and,  ABOVE  ALL,  one  had  to  contend  with  frequent 
replacement  of  the  computer  personnel  so  that  with  even  a  moderate 
size  group  there  was  usually  always  a  "new  girl."  Anyway,  much  of 
this  was  drastically  changed  a  few  years  later  when  the  author 
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set  out  to  compute  the  scattering  diagrams  which  are  contained 
in  tho  appendix  of  the  monograph  by  King  and  Wu.  The  author 
had  started  some  of  these  computations  on  desk  machines  of 
the  Friden  and  Marchant  vuriety,  but  he  was  bogged  down  in 
trying  to  detect  the  errors  so  as  to  be  able  to  construct  the 
scattering  patterns.  At  this  point,  the  services  of  G.  E* 

Hoynolds  and  M«  R,  Hoes  were  enlisted  and  they  came  up  with 
a  set  of  instructions  which  made  it  possible  to  obtain  the 
desired  computations -free  of  human  error-  on  the  IBM-650  com¬ 
puter.  Although  the  manner  in  which  these  programmers  managed 
to  get  the  computer  to  perform  was,  to  the  author,  a  sort  of 
"black  magic,"  the  author  does  recall  the  excessive  handling 
of  thousands  of  IBM  cards  as  different  portions  of  the  compu¬ 
tation  were  handled  by  the  limited  "memory"  of  the  computer  and 
the  final  results  obtained  by  having  hundreds  of  cards  read  back 
into  the  machine  and  the  final  answers  assembled.  This  was  a 
far  cry  from  the  tedious  and  frustrating  manner  of  trying  to 
obtain  the  results  by  hand,  but  the  specialists  trained  in 
programming  the  computer  were  an  essential  part  of  the  team. 

The  development  of  the  FORTRAN,  ALGOL,  MAD,  and  similar  "languages" 
has  made  it  possible  for  the  scientist,  if  he  so  desires  (and 
budget  conditions  can  sometimes  make  desire  into  a  necessity), 
to  dispense  with  tho  programmer  for  many  of  the  day-to-day  type 
-of  calculations.  The  introduction  of  these  langi  ages  hav^  had 
an  important  effect  in  that  they  are  generally  languages  which 
are  independent  of  a  particular  computer  and  hence  a  scientist 
who  has  developed  a  program  for  his  computer  (which  night  be  a 
UNIVAC  V  07,  for  example)  may  be  able  to  share  tho  program  with 
another  scientist  who  has  acess  to  a  totally  different  computer 
(such  as  an  IBM  709ig)  •  This  is  a  remarkable  new  aspect  of  coopera¬ 
tion  between  scientists  and  makes  it  possible  for  one  to  build  up¬ 
on  the  experience  of  other  workers.  In  the  days  of  hand  computation 
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many  of  tbs  present  concepts  of  programming  were  in  use.  A  work¬ 
sheet  properly  laid  out  with  all  the  instructions  explicitly 
displayed  at  the  headings  of  the  proper  columns  constituted  an 
algorithm  (a  set  of  explicit  rules  for  carrying  out  a  computat- 
tion)  for  the  numerical  problem  which  was  under  consideration. 
However,  except  for  the  layout  for  certain  problems  such  as  an 
harmonic  analysis  of  a  set  of  data,  it  was  very  uncommon  for 
one  scientist  to  pass  on  to  another  his  "set-up"  for  the  arriving 
at  the  numbers  which  he  presented  in  his  tables  and  graphs. 

The  situation  has  now  markedly  changed  with  the  development  cf 
the  new  programming  languages.  The  Communi cations  of  the  Associa¬ 
tion  for  Computing  Mac  hi  nery  have  been  supplying  a  medium  for 
the  publication  of  algorithms  written  in  the  ALGOL  language  for 
the  past  several  years.  However,  the  largest  cooperative  effort 
in  making  programs  available  for  use  by  persons  or  groups  other 
than  the  initiators  is  the  IBM  SHARE  system.  The  rapid  advances 
in  computers  in  the  past  several  years  has  made  it  almost  mandatory 
that  a  program  which  is  to  be  effectively  shared  with  another 
user  be  written  in  a  standard  language.  For  example,  the  use 
of  a  machine -oriented  language  should  be  avoided  whenever  possible. 
The  present  author  knows  of  one  extremely  large  program  which  was 
coded  in  the  FORTRAN  ASSEMBLY  PROGRAM  (FAP)  language  and  the 
need  has  now  arisen  to  convert  this  program  to  be  used  on  a  com¬ 
puter  which  uses  a  different  assembly  language.  The  net  result 
is  that  a  team  of  programmers  are  engaged  in  translating  a  FAP-coded 
program  into  FORTRAN  IV  so  as  to  be  able  to  have  the  program 
compile  upon  other  computers  than  the  IBM-7090-7094  for  which  it 
was  originally  prepared.  Because  compilers  can  be  expected  to 
change  relatively  rapidly  over  the  riext  few  years,  the  use  of 
a  standard  language  such  as  FORTRAN  IV  is  highly  recommended. 
Although  the  different  compilers  may  accept  only  certain  "dialects" 
of  FORTRAN  IVf  the  changes  which  must  be  made  in  going  from  one 

compiler  to  another  are  rather  minor  if  one  restricts  oneself  to 
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the  use  of  features  which  are  available  on  the  widest  class  of 
compilers.  A  useful  reference  for  FORTRAN  IV  is  the  report*  of 
the  American  Standards  Association  (ASA)  FORTRAN  Working  Group. 

Their  report  lists  side-by-sido  a  set  of  standards  for  FORTRAN 
(which  is  FORTRAN  IV)  and  BASIC  FORTRAN  (which  is  FORTRAN  II). 
McCracken”  has  attempted  to  collect  in  tabular  form  some,  of 
the  characterisitics  of  over  two  dozen  programming  languages 
which  are  being  referred  to  as  FORTRAN  IV.  Unfortunately,  in 
many  compilers  FORTRAN  II  is  not  solely  a  subset  of  FORTRAN  IV 
and  hence  not  all  FORTRAN  II  programs  can  be  compiled  on  soft¬ 
ware  which  compiles  FORTRAN  IV  programs.  The  language  situation 
promises  to  be  a  bit  more  confused  in  mid-1966  when  the  manuals 
and  the  compilers  will  be  available  for  IBM  Operating  System/360. 
Although  this  new  language  has  been  called  FORTRAN  VI,  NPL  (New 
Programming  Language),  and  MPPL  (Multi-Purpose  Programming  Language), 
the  most  recent  announcements  apparently  refer  to  it  as  PL/l  (Pro¬ 
gramming  Languag e/One ) •  However,  some  of  the  early  indications 
are  that  FORTRAN  IV  as  it  is  now  defined  will  most  likely  be  a 
subset  of  the  more  versatile  IBM  programming  language. 

The  carrying  out  of  certain  portions  of  the  work  of  the  present 
contract  has  been  hampered  by  the  fact  that  much  of  the  work 
prior  to  this  contract  had  involved  the  use  of  a  set  of  FAP- 
coded  SHARE  routines  known  as  NPREC.  The  conventional  FORTRAN  II 
compilers  did  not  provide  means  for  the  input  and  output  of  dou¬ 
ble  precision  numbers,  and  the  floating  point  numbers  wore  re¬ 
quired  to  lie  within  the  range  lo"-^  and  10^  .  We  had  not  only 


W.  P*  Heising,  "History  and  Summary  of  FORTRAN  Standardization 
Development  for  the  ASA,"  Comm.  Assoc.  Comput.  Mach. ,  Vol.  7 
Oct.,  1964,  pp.  590-625 

■WD.  D.  McCracken,  "How  to  Tell  If  It‘s  FORTRAN  IV,"  Datamation, 
Vol.  11,  Oct.,  1965,  pp.  38-^1 
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the  need,  in  certain  algorithms,  to  greatly  exceed  the  range  of 
the  numbers  permitted  in  FORTRAN,  but  we  also  wanted  to  have  the 
ability  to  input  and  output  more  than  the  8-digits  that  were 
maximum  number  of  digits  which  the  FORTRAN  compiler  would  handle. 
The  author  was  confronted  with  several  problems  where  the  cancel¬ 
lation  of  numbers  of  comparable  size  was  so  complete  that  answers 
to  even  several  significant  figures  could  not  be  obtained  with 
the  relatively  simple  algorithm  unless  many  significant  figures 
could  be  manipulated.  Nearly  a  decade  ago  the  author  showed 
that  the  use  of  high  precision  could  be  used  to  sum  certain  di¬ 
vergent  series  in  diffraction  theory  and  this  led  to  the  develop¬ 
ment  at  the  Air  Force  Cambridge  Research  Center  of  the  capability 
of  working  with  quadruple  precision  numbers  which  consisted  of 
floating  point  numbers  of  37  significant  figures.  However,  the 
capability  developed  at  AFCRC  was  limited  to  the  computer  available 
to  them  because  this  was  a  machine -language  coded  program.  It 
was  not  until  I96I  that  the  author  learned  of  the  existence  of 
a  FAP-coded  SHARE  program  which  would  enable  a  FORTRAN  programmer 
to  compute  in  double  precision  floating  point  arithmetic.  This 
very  ingenious  program  had  been  prepared  by  R*  I.  Berggren,  J.  C. 
Cysbers,  R.  Hafner,  and  L.  Sonneville  of  the  Rocketdyne  Division 
of  North  American  Aviation,  Inc.  The  prograr  sed  three  conseou- 
tive  36-bit  words  to  store  a  single  number,  wich  one  word  being 
used  for  the  exponent  and  two  words  for  the  fraction.  This  arrange¬ 
ment  made  it  possible  to  work  with  floating  point  numbers  which 
consisted  of  more  than  21  decimal  digits,  and  with  exponents  whose 
absolute  value  could  not  exceed  (2^-1)  «  3,ij.xl0  .  Although  this 
set  of  subroutines  could  be  employed  in  a  FORTRAN  II  program,  its 
use  was  rather  clumsy.  When  it  was  announced  in  the  Fall  of  I96I4. 
that  the  UNIVAC  1107  which  was  to  be  installed  at  Lockheed  in  the 
Spring  of  1965  was  to  have  a  double -precision  capability  of 

Air  Force  Cambridge  Research  Center,  Cambridge  Computer  Interpre¬ 
tive  Routine  for  Quadruple  Precision  Numbers,  Report  TN-59-155# *959 
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21-significant  decimal  digits,  the  author  resolvod  to  attempt  to 
convert  to  FORTRAN  IV  for  the  UNIVAC  1107  and  carry  out  much  of 
the  previous  work  which  had  involved  the  use  of  the  NPREC  sub¬ 
routines  by  employing  the  relatively  simple  double-precision  of 
the  new  computer.  However,  upon  delivery  it  was  found  that  the 
UNIVAC  1107  performed  double-precision  by  software  operations 
which  limited  the  precision  of  the  numbers  to  17  decimal  digits. 
Nevertheless,  the  greater  simplicity  of  the  use  of  FORTRAN  IV 
as  compared  with  the  use  of  FORTRAN  II  supplemented  by  the  NPREC 
subroutines  (together  with  the  constant  anxiety  to  the  effect 
that  a  systems  change  on  the  IBM  7094  might  result  in  the  NPREC 
subroutine,  coded  in  FAP,  no  longer  being  compatible  with  the 
system  tapes  being  installed  in  the  more  advanced  system  monitors 
being  made  available  by  IBM)  led  the  author  to  seek  to  continue 
to  strive  towards  the  use  of  the  FORTRAN  IV  compiler  for  the 
UNIVAC  1107#  Although  the  loss  of  4  to  5  significant  figures 
when  the  FORTRAN  IV  program  was  coded  to  replace  the  FORTRAN  II- 
NPREC  program  proved  to  limit  a  few  of  the  problems  that  could 
be  handled,  two  far  more  important  limitations  appeared.  Since 
the  manipulations  had  been  almost  solely  performed  internally 
in  the  computer  and  the  magnitude  of  the  numbers  involved  in  many 
of  the  algorithms  had  not  been  known  to  the  author,  it  came  as 
quite  a  shock  to  realize  that  many  of  the  algorithms  which  had 
worked  successfully  when  using  the  NPREC  subroutines  could  not  be 
used  at  all  on  the  UNIVAC  1107  (or,  on  the  FORTRAN  IV  compiler 
for  the  IBM  7094)  because  the  exponents  exceeded  the  magnitude 
of  10^  which  is  an  inherent  property  of  both  the  IBM  and  the  UNIVAC 
compilers.  Most  compiler  designers  have  apparently  decided  that 
the  need  for  the  manipulation  of  such  large  numbers  is  restricted 
to  such  special  applications  that  only  the  compilers  for  the  Control 
Data  Corporation  (CDC  3000  and  6000  series)  and  Philco  (2000  series) 

computers  take  into  consideration  these  needs,  and  even  here  the 

3  0  8  6 1 6 

restrictions  are  to  10"5  and  10°  ,  respectively. 
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A  second  surprise  that  came  with  the  attempts  to  use  the  more 
sophisticated  UNIVAC  1107  computer  was  the  receipt  from  the 
compiler  of  messages  reading  "•  • • UNRESOLVABLE  AMBIGUITY  CAUSED 
BY  SOURCE  LANGUAGE  ERROR..."  when  attempts  were  made  to  run 
certain  FORTRAN  II-NPREC  programs  on  the  UNIVAC  1107  after  the 
conversion  process  (consisting  mainly  of  changing  read  and  write 
statements  and  the  making  of  allowances  for  some  minor  changes 
such  as  the  replacement  of  C0SF{X)  by  COS(X)  for  single-preci¬ 
sion  cosines  and  DPCOS(X)  by  DCOS(X)  for  double-precision  cosines) 
had  been  carried  out.  The  difficulty  can  be  traced  to  several 
new  sophistications  of  the  newer  software  and  hardware  of  the 
new  generation  of  electronic  computer  of  which  the  UNIVAC  1107 
is  a  typical  example.  With  the  newer  compilers,  one  is  dealing 
with  both  new  hardware  and  new  software.  One  of  the  hardware 
difficulties  apparently  arises  from  the  fact  that  greatly  in¬ 
creased  operation  speed  is  achieved  by  using  a  set  of  film 
registers  to  store  the  subscripts  which  are  used  during  the 
execution  of  a  DO-loop.  This  means  that  for  most  programs  a 
very  significant  saving  in  computer  time  is  saved  since  the 
subscripts  are  not  computed,  stored  in  memory,  and  then  retrieved 
as  was  the  case  in  the  earlier  hardware.  However,  if  one  has 
made  excessive  use  of  subscripts  in  a  DO-loop,  the  system  apparent¬ 
ly  becomes  saturated  and  informs  the  programmer  that  an  unresolva- 
ble  ambiguity  has  been  encountered.  Therefore,  in  such  cases  the 
original  algorithm  has  to  be  recoded  and  broken  down  into  smaller 
units.  A  not-too-dissimilar  situation  can  occur  with  rather 
long  arithmetic  expressions  that  involve  a  great  deal  of  multiply¬ 
ing,  dividing,  raising  to  a  power,  etc.,  and  the  user  has  been 
lax  in  the  use  of  parentheses.  The  compilers  have  apparently 
been  designed  to  try  to  "look  ahead”  and  optimize  an  expression 
and  it  is  possible  that  a  lengthy  expression  which  was  compiled 
by  "brute  force"  on  an  earlier  FORTRAN  II  compiler  may  result 
in  a  message  regarding  an  unre solvability  in  the  source  language 
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when  submitted  to  a  more  sophisticated  compiler.  This  latter  type 
of  difficulty  is  readily  avoided  by  using  parenthesis  wherever 
they  help  the  "human  reader  '  to  understand  what  is  reauired  and 
the  result  v/ill  generally  be  that  the  "inhuman  compiler"  will 
also  encounter  loss  difficulty  in  understanding  what  it  is  that 
the  programmer  wishes  to  have  the  computer  do  with  his  lengthy 
set  of  instructions.  Although  it  is  discouraging  to  find  that 
a  program  that  already  works  on  a  less  sophisticated  compiler 
and  computer  may  need  to  be  di’astically  modified  to  be  acceptable 
upon  the  newer  equipment,  the  greater  flexibility  of  the  FORTRAN 
IV  language  and  tne  greater  speed  of  compilation  and  of  execution 
of  the  generation  of  computers  more  than  offsets  the  inconveniences. 

However,  the  difficulties  associated  with  the  fact  t.  at  the  num¬ 
ber  of  decimal  digits  in  a  double-precision  number  is  16  for  the 
IBM  7094  and  17  for  the  UNIVAC  1107,  i.’hile  the  magnitude  of  the 
numbers  may  not  exceed  10^^,  remains  a  serious  limitation  for  a 
number  of  computing  algorithms.  In  spite  of  the  fact  that  its 
use  is  somewhat  clumsy,  the  author  would  like  to  see  the  old 
NPREC  subroutines  revised  so  as  to  be  compatible  with  FORTRAN  IV 
and  be  acceptable  to  the  "systems  tape"  on  which  is  "located" 
the  FORTRAN  IV  compiler.  Although  the  author  knows  of  no  efforts 
which  will  lead  to  this  capability  for  the  UNIVAC  1107  or  H08, 
the  author  knows  that  a  group  at  the  Ames  Research  Center  of  the 
National  Aeronautics  and  Space  Administ nation  are  in  the  process 
of  preparing  a  FORTRAN  IV  version  of  the  NPREC  subroutines  which 
will  go  several  steps  beyond  the  original  NPREC  subroutines  and 
which  may  permit  the  use  of  triple-  and  quadruple-precision.  When 
this  sot  of  subroutines  has  been  debugged  and  submitted  to  the 
IBM  SHARE  library,  the  author  looks  foward  to  employing  it  for 
many  problems  which  have  been  currently  stymied  because  tho  algo¬ 
rithm  known  to  the  author  would  require  drastic  revision  before 
the  quantity  can  bo  computed  with  tho  normal  range  of  precision 
and  magnitude  that  the  FORTRAN  compilers  have  been  designed  to 
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cope  with  in  their  everyday  use.  That  this  class  of  problems  is 
not  purely  academic  and  confined  to  only  a  few  problems  such  as 
those  encountered  by  the  present  author  can  be  seen  by  observing 
that  there  have  recently  appeared  several  papers  that  deal  with' 
"arbitrary  precision"  floating-point  computations  and  the  associ- 
ated  input-output  conversion  techniques. 

Further  evidence  of  the  fact  that  this  type  of  increased  facility 
for  the  electronic  computer  is  more  widespread  than  one  might 
imagine  at  a  first  consideration  of  the  problem  can  be  seen  from 
the  fact  that  R.  K.  Holmberg  of  the  National  Bureau  of  Standards, 
Boulder,  Colorado,  has  prepared  a  special  set  of  IBM  7090  sub¬ 
routines  which  are  known  as  the  EPREC  or  "Extended  Precision 
Arithmetic  Package."  Whereas  the  NPREC  package  from  North  Ameri¬ 
can  Aviation  used  two  words  for  the  fraction  and  one  word  for  the 
exponent,  the  EPREC  package  requires  just  one  word  for  the  frac¬ 
tion  and  one  word  for  the  exponent.  The  result  is  that  the 
precision  of  the  number  is  essentially  the  same  as  in  convention¬ 
al  FORTRAN,  but  overflow  and  underflow  problems  are  postponed 
until  much  larger  numbers  are  encountered  since  the  routine  will 
handle  numbers  as  large  as  10^^®. 

The  drawback  of  the  U3e  of  software  such  as  the  NPREC  and  El  REC 
subroutines  is  that  a  considerable  amount  of  the  core  storage 
(it  takes  nearly  ij.000  "words"  to  store  the  NPREC  subroutines) 
is  consumed  in  making  the  subroutines  available.  The  author 
hopes  that  in  the  near  future  that  the  computer  manufacturers 

A.  H.  Stroud  and  D.  Secrest,  "A  Multiple-Precision  Floating-Point 
Interpretive  Program  for  the  Control  Data  160lj., "  Computer  J#,  Vol. 
7,  Jan.,  I96i|.,  pp.  62-66 

Y.  Ikebe,  "Note  on  Triple-Precision  Floating  Point  Arithmetic  with 
132-Bit  Numbers,"  Comm.  Assoc.  Comput.  Mach. ,  Vol.  8,  March,  19&5* 
pp.  175-177 
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will  become  more  aware  of  the  special  needs  of  scientific  com¬ 
putation  and  build  in  the  ability  to  handle  numbers  of  greater 
precision  and  larger  range  in  the  hardware  itself.  At  least 
one  manufacturer  seems  to  have  made  a  good  start  in  this  direc¬ 
tion, namely  the  Honeywell  Series  200.  The  programmer  can  specify 
by  a  parameter  card  at  the  beginning  of  the  source  program  an 
integer  N  which  will  determine  the  number  of  "characters1'  to 
be  employed  for  each  quantity  which  is  the  appear  in  the  pro¬ 
gram  that  follows*  Each  "character"  consists  of  6  binary  bits 
and  hence  the  fact  that  any  number  of  "characters"  between  3  to 
12  can  be  specified  means  that  the  programmer  can  specify  by 
means  of  a  control  card  whether  the  program  is  to  use  floating 
point  numbers  that  range  f  :‘om  an  accuracy  of  5  digits  to  20 
digits.  The  range  of  normalized  floating  point  values  is  given 
as  10  £0  1()+616  a  rQCen£  brochure  on  the  Honeywell  Model 

4200.  It  is  interesting  to  observe  that  because  of  the  variable 
word  length  made  available  to  the  programmer,  that  the  "dialect" 
of  FORTRAN  IV  which  is  used  on  this  Honeywell  computer  does  not 
include  the  type  declarations  COMPLEX  and  DOUBLE  PRECISION.  It 
is  obvious  that  the  need  for  double  precision  has  been  eliminated 
because  of  the  choice  of  word  length  that  is  made  available  to 
the  programmer,  but  the  denial  of  the  complex  arithmetic  ability 
found  in  other  FORTRAN  compilers  means  that  the  programmer  must 
work  out  the  real  and  imaginary  parts  of  all  quantities.  However, 
the  author  can  forseo  the  day  when  a  later  generation  of  this 
compiler  will  have  the  complex  arithmetic  built  into  the  compiler. 
The  author  hopes  that  other  compiler  designers  -will  sue  the  ad¬ 
vantages  to  the  scientific  computer  of  having  the  ability  to  con¬ 
trol  the  precision  by  means  of  a  "control  card"  and  that  the  need 
for  clumsy  subroutines  (written  in  assembly  languages  such  as 
FAP  for  the  IBM-7091},  and  in  SLEUTH  for  the  UNI  VAC  1107)  to  per¬ 
form  calculations  of  high  precision  with  "large"  numbers  will 
be  eliminated  in  a  future  generation  of  FORTRAN  IV  compilers. 
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The  time  "ran  out"  6n  the  present  contract  before  the  author  had 

the  opportunity  to  employ  the  Stromberg-Carlson  i|.020  film  plotter 

which  is  available  as  part  of  the  computer  facilities  at  LMSC. 

* 

A  subroutine  has  been  prepared  by  M.  H.  Seigel  for  a  customer 
on*  another  contract  who  wished  to  make  contour  plots  (similar  to 
the  familiar  geological  contour  maps)  of  the  radar  reflectivity 
of  certain  targets  as  a  function  of  the  polar  angles  0  and  the 
azirautal  angles  <p,  when  the  angles  are  treated  in  the  contour 
plot  as  a  number  pair  (&*<p)  in  a  complex  plane*  It  is  hoped 
that  in  future  work  that  this  mode  of  presentation  will  be  fre 
quently  enqployed  in  the  author's  efforts  to  depict  to  his  readers 
the  behavior  of  diffraction  phenomena  as  a  function  of  the  complex¬ 
valued  impedance  parameter.  This  new  plotter  opens  up  a  broad 
new  field  of  applications  for  the  visual  presentation  of  data. 

The  reader  is  urged  to  consult  Pig.  1  of  a  recent  paper  by  Chezem 
where  it  is  shown  that  the  "beautiful"  three-dimensional  presen¬ 
tations  of  the  behavior  of  functions  which  have  long  intrigued 
physicists  who  thumb  through  the  pages  of  Jahnke  and  Emde  have 
now  been  brought  within  the  reach  of  any  programmer  who  has  ac¬ 
cess  to  a  versatile  electronic  plotter  such  as  the  SC  l±020. 

The  author  hopes  to  continue  the  work  which  is  reported  upon  in 
this  document.  He  looks  foward  to  the  day  when  sufficient  know¬ 
ledge  of  the  means  by  which  the  required  functions  can  be  evalu¬ 
ated  will  have  been  acquired  so  that  the  user  need  only  follow  a 
"cook-book"  type  of  set  of  instructions  to  obtain  numerical 
results  for  a  practical  problem.  Just  as  the  housewife  seldom 


# 

Lockheed  Missiles  and  Space  Company,  Digital  Contour  Plotting 
Techniques,  by  M.  H.  Seigel,  Report  ISSA-507#  Sunnyvale,  Calif* 
June,  1965 

C.  G.  Chezem,  "Note  on  "Three-Dimensional"  Plotting  As  a  Techni¬ 
que  for  Finding  the  Z«»bs  of  Functions  in  the  Complex  Plane," 
Computer  J. ,  Vol.  8,  Oct.,  1965*  P»  288 

xxii 

LOCKHEED  MISSILES  &  SPACE  COMPANY 


has  any  knowledge  about  the  complicated  chemistry  taking  place 
in  her  cooking  utensils,  so  also  the  electronics  engineer  sel¬ 
dom  has  a  need  to  actually  know  the  fine  details  of  asymptotic 
expansions.  Airy  functions,  etc.,  in  order  to  arrive  at  the 
guidelines  which  he  requires  from  theory  provided  he  can  have 
before  him  the  proper  "cook-book"  type  of  instructions  as  to 
how  to  obtain  the  numerical  information  which  will  describe  his 
physical  phenomena.  There  has  already  been  an  enormous  amount 
of  work  reported  upon  by  investigators  who  have  found  diffraction 
theory  a  fertile  area  from  which  to  pluck  a  subject  to  develop 
into  a  paper  for  publication.  However,  in  spite  of  the  large 
amount  of  tables  and  graphs  which  are  available,  the  investiga¬ 
tor  who  seeks  to  obtain  some  results  "...for  an  engineering  study 
which  must  be  completed  by  a  week  from  Friday..."  will  usually 
find  his  situation  quite  hopeless.  When  he  goes  to  the  library 
to  do  his  literature  survey  the  chances  are  quite  good  that  he 
will  find  scores  Qf  papers  which  are  quite  confusing  because 
although  the  authors  are  treating  essentially  the  same  problems 
by  essentially  the  same  methods,  they  persist  in  using  their  ovn 
personal  preferences  for  the  notation  for  the  various  functions 
involved  and  hence  a  comparison  of  the  results  of  the  papers  will 
be  quite  difficult.  Then,  after  he  has  mastered  the  papers  (long 
after  the  "due  date"  for  the  engineering  study)  he  will  almost 
certainly  find  that  certain  difficult  aspects  of  the  theory  have 
been  glossed  over  and  that  the  filling  in  of  these  gaps  requires 
considerable  experience,  mathematical  ingenuity,  and  competence 
in  numerical  analysis  and  computer  programming. 

The  author  has  worked  at  this  subject  area  for  long  enough,  and 
he  is  aware  of  his  own  personal  limitations,  and  therefore  his 
dreams  of  providing  a  "relatively  simple"  set  of  rules  and  pro¬ 
grams  for  the  practical  engineer  have  become  less  ambitious  with 
the  passing  of  s  veral  years.  However,  the  dream  persists  and 
the  author  hopes  that  his  next  reports  will  come  closer  to  help¬ 
ing  his  engineering  colleagues  than  does  this  present  report. 
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Section  1 

THE  DIFFRACTION  FUNCTIONS 


1 


i 


( 


This  research  program  is  concerned  with  the  theory  and  applica¬ 
tion  of  the  Green’s  function  D(x,'y,yo»q)  defined  by 

(1.1) 

(1.2) 

(1.3) 

The  solution  of  this  problem  involves  the  Airy  functions 


Boundary  [  8D  nl 
Condition  l  qDJ, 


Condition  4  Jy^ 

Radiation  r  1  /  8D  .  r-  \1 

Condition  -lV*  D)]=0 

•7 


0<y< 

0<x< 


(^■'hu111"1  (i-4) 

•o 

w2  2(t)  -  VW  [ Bi  (t)  ±  1  A1  (t)  ]  =—==-Jexp(-  |x3  +  xtjdx 

o 

«o 

±7=1  e*pI'l^x3  +  x,)]d:t  fl-5> 

0 

«o 

v(t)  =^-jwi(t)-w2(t)l  =VF  Al(t)  «^L/cos(-!-x3  +  xt)dx  (1.6) 

l  ’  o 


* 


It  is  possible  to  express  this  Green’s  function  in  the  form  of 

a  Fourier  integral  or  in  the  form  of  a  "normal  mode"  expansion 

which  involves  roots  t_  which  are  solutions  of  (1,8). 

s 


1-1 


fc 
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D<*.  7,  70,  q)  -  j-f  j  «P  (Ixt)  [wx(t  -  7y)  r(t  -  7j 

—m 

V’  (t)-qv(t) 


w  x(t)  -  qw^t) 

"  wqMlxy  j) 

'.-I  [*'1<V]S-t.[’ri«V]i 


*l<t-  7j  WjCt-y)]^ 


(1.7) 


where 


w'ittJg)  -  q  w1(ts)  =  0  (1.8) 

In  some  applications,  it  is  convenient  to  renormalize  D(x,y,y^,q) 
in  order  to  emp! 

V(0,0,0,0)  =  2. 


in  order  to  employ  a  function  V(x,y,yQ,q)  which  has  the  property 


V  (x,  y,  yo,  q)  ■  2V-lxx  D(x,  y,  yQ,  q) 

(1.2) 

4  ♦*S  ♦(*-*)*- 

°7 

(1.10) 

(1. 11) 

When  y  «>,  it  is  convenient  to  express  D(x,y,y  ,q)  in  the  form 


D(*.  J,  yo,  q) 


2V5T  $▼" 

•  r\ 


E  (x  -  ,  y,  q) 


(1.12) 


E 


J—  <**>  lT<t ~ ^ ~  wiM* 


+  1  —  +yE  «  0 

0y  0* 


.  (» •«■) 


=  o 


(1. 13) 


(1. 14) 


y-o 
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r-*£s*r&  «.<!#  ’U*.  ..SO.  »V‘ .  ‘  ’ 


<  >s*v  ■  w.-.  >'■>-  v  ^  > 


It  is  often  convenient  to  decompose  E(f;,y,q)  into  a  "plane  wave" 
field  EQ(£,y)  and  a  reflected  field  P(£,y,q)« 


E0«.  y)  =  |  e*P  (i4t)v(t-y)dt 

-oo 

=  exp  (i£y  -  i 

P«.  y*  4  9  -  i  J “POM  W  (t-y) 

V7T  J  (t)  -  qwx(t)  1 


dt 


(1.15) 

(1.16) 


1*1  Applications 

The  function  V(x,y,yQ,q)  is  well  known  in  the  theory  of  the  pro¬ 
pagation  of  the  ground  wave  around  the  earth* s  surface  undor  the 
conditions  of  "normal  refraction"  (i.e*,  in  the  absence  of  ducts 
and  atmospheric  inhomogeneities)*  As  an  example,  we  cite  the 
problem  of  finding  the  Hertz  potential  for  a  vertically-directed 
electric  dipole  located  at  z  =  rQ  on  the  polar  axis  in  the  region 
exterior  to  a  sphere  of  radius  a*  Let  the  Hertz  potential  in 
free  space  be  described  by 

UQ  =  exp (ikR)/ ([(.xR)  ,  r  =  yj  p2  +  (z  -  rQ)2  0  *1 7) 


The  field  in  the  presence  of  the  sphere  must  satisfy  the  equations 


8(0)  8  (r  -  rQ 

- 5 . 

2*7 nr  sin  0 
o 

f  ♦k((4)1/3  »1D-0  .  *-« 

The  solution  is  generally  given  in  the  form 


(1.18) 


(1.19) 
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(1.20) 

(1.21) 

(1.22) 


The  attenuation  function  V(x,y,y  ,q)  is  often  written  in  a  form 

which  employs  a  so-called  "height-gain”  function  f  (y) 

s 

00  exp  (ixt8) 

V  (x,  y,  yQ  q)  =  2v0^x^ - fg(y)  ^(y^  (1.23) 

8*1  Vq 


(1.24) 

(1.25) 


In  the  pioneering  work  of  van  der  Pol  and  Bremmer  (Ref.  1)  in 
the  late  3-93° 's*  the  attenuation  function  V(x,y,yQ,q)  was  quite 
adequate  because  of  the  low  antenna  heights  and  the  relatively 
long  radio  wave  lengths  which  were  of  interest  •  However,  after 
the  development  of  radar  in  the  early  191-1-0 * s  it  became  trery  im¬ 
portant  to  treat  the  case  of  very  short  wavelengths  and  very 
great  heights.  The  calculations  which  were  made  by  van  der  Pol 
and  Bremmer  from  regions  deep  in  the  shadow  to  just  within  the 
lighted  region  had  been  made  on  the  basis  of  (1.7).  Fig.  1-1 
is  taken  from  one  of  the- classic  papers  by  these  authors  and 
shows  how  by  using  an  increasing  number  of  terms  that  the  varia¬ 
tion  of  the  field  can  be  followed  from  its  region  of  deep  shadow 
below  the  horizon  to  points  within  the  lighted  region  where  the 
dashed  lines  in  Fig.  1-1  show  the  envelop  as  predicted  by  optical 
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Pig.  1-1  Variation  of  Field  Strength  Near  the  Horiz 


theory.  When  the  asymptotic  form  for  the  height-gain  factor 
given  by  (1.2 5)  was  introduced  into  (1.23),  the  residue  series, 
or  "normal  mode"  expansion,  failed  to  converge  except  for  points 
below  the  optical  horizon#  Since  this  situation  corresponded 
to  the  very  practical  problem  of  predicting  the  high  altitude 
coverage  of  ground-based  radars,  the  problem  was  very  vigorously 
attacked  by  scientists  in  the  United  States,  England,  and  in 
Russia.  In  194-1*  Burrows  and  Gray  (Ref.  2)  (in  a  notation  which 
is  quite  different  from  that  which  we  are  using)  expressed  the 
results  of  the  van  der  Pol-Bremmer  theory  for  this  case  in  the 
form 


Pig.  1-2  Source  on  the  Surface  of  a  Spherical  Interface 
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In  I9l*f>,  Fock  iRef.  3)  published  a  similar  result  (in  the  same 
notation  we  have  used)  and  gave  a  table  of  for  4  =  i|»5 

(0,l)ij..5.  It  was  long  overlooked  that  Burrows  and  Gray  (Ref.  2) 
gave  a  curve  for  V.^4,0)  and  V^^oo)  for  4>0  in  their  original 
paper.  The  quantity  plotted  in  their  graph  was  defined  by 

(li-«2)wi<‘i)  .  /hi  L  \ 

The  curves  given  are  for  q  =  0  and  q  =  00,  with  L  >  0. 


FL(q)  = 


These  results  of  Burrows-Gray  and  Pock  are  only  valid  for  natural 
units  of  height  y  of  the  order  of  two  to  five.  For  larger  heights, 
it  is  desirable  to  use  the  reciprocity  principle  and  use  the  fields 
on  the  surface  which  are  induced  by  a  plane  wave.  This  problem 
was  studied  by  Pock  (Ref.  3)«  Fock  described  his  results  as  "The 
Principle  of  the  Local  Field  in  the  Penumbra  Region."  According 
to  this  principle:  "The  transition  from  light  to  shadow  on  the 
surface  of  the  body  takes  place  in  a  narrow  strip  along  the 
boundary  of  the  geometrical  shadow..  The  width  of  this  strip 
is  of  the  order  of  (Aa  /ti)3,  where  a  is  the  radius  of  curvature 
of  the  normal  section  of  the  body  in  the  plane  of  incidence. 

If  the  geometry  is  as  illustrated  in  Fig.  1-3,  then  the  principle 


Fig.  1-3  Plane  Wave  Incident  Upon  a  Convex  Surface 
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is  expressed  in  the  following  formulae. 

3 

Hy  =  H°  [exp<ikx  +  |-)]  V1(4,q)  (1.29) 

,  3 

Hx  =  i(ka/2)  »  H°  [exp(ikx  +  |-)  ]  f(£)  (1.30) 


The  current  distribution  functions  V^(£,q)  and  f(£)  are  defined  as 
limiting  forms  of  Eq.  (1-23)  which  results  from  a  use  of  Eq.  (1-25) 


V1  «•  «*>  =y£?w 


exp(i^ts) 

(ts  -  q2)w1(ts) 


1 

77 


/ 


exp(i£t) 


w/(t)  -  qw^t) 


dt 


(1.31) 


and 


f(€) 


<Ji5\o  -  QV^l.q) 


I  exp(Ht)  . 

J 


(1.32) 


For  x  <  0  these  formulae  transform  into  the  equations  of  geometric 
optics.  This  property  can  be  readily  verified  by  noting  that  for 
4  tending  to  large  negative  values  that  the  special  functions  have 
the  behavior 


Vi(€,q) 

f($) 


2  exp(-i£3/3) 


1  +  i(qA) 

i2£  exp(-i$3/3) 


For  the  special  case  4=0  (i.e.,  the  horizon)  we  know  that 
V^(0,0)  =  1.399  and  f(0)  =  O.Y66  exp  (-in:/3)  •  The  behavior  for  the 
for  other  values  of  q  is  depicted  in  Fig.  1-lj.. 
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Behavior  of  V1(0,q) 


- ' vf <-g;«i'K%1’  *w&r  ;•«*■'  1  «<i*&*. '  <{J  -w*i  •-r«vu-K»i-^ro*.^M»r w-nr^tw;^ 


The  principle  which  was  enunciated  by  Pock  in  19 45>  was  extended 
to  the  case  when  both  the  source  and  the  receiver  were  above  the 
surface  by  the  papers  of  Pekeris  (Ref.  4)  in  1947  and  Fock  (1951)* 
However,  let  us  first  review  the  manner  in  which  the  elevated 
source  and  receiver  were  handled  in  the  work  of  van  der  Pol  and 
Bremmer  (Ref.  1). 

The  starting-point  for  the  discussion  will  be  the  exact  solution 
for  the  Hertz  potential  for  a  vertical  electric  dipole.  The  prob¬ 
lem  can  be  discribed  as  follows: 


Differential  Equation 


vWV-Mr-.>H(e) 


2rr  sin  0 

2  2  2  2 
k  -  w  €^0  for  r>a  j  kj  -  u  ♦  i  u  for  r<  a 


Boundary  Condition 

jj  (rU)  and  k^U  continuous  across  r  ■  a 


Periodic  Condition 


Radiation  Condition 


U  (0±2ni7r)  -  U  (0) 


11m 
r — ► 


U.33) 

(1.34) 

(1.35) 

(1.36) 

(1.37) 


The  classical  methods  for  the  solution  of  a  problem  of  this  type 
involves  the  expansion  of  the  field  in  a  series  of  spherical 
harmonics.  The  resulting  representation  for  U(e,r,ro,r)  involves 
a  complex  combination  Of  spherical  Hankel  functions.  If  we  let 
r  and  r  represent,  respectively,  the  larger  and  the  smaller  of 
the  two  radial  distances  r  and  rQ,  then  the  exact  so  lutions  take 
the  form  of  the  following  series: 
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.UK?  r 


4a&fcnfc 


U(e,  r,  r0,D 


IF  (krHkr^  ^  <2n  + 
^2),(k»-fr^2)(ka) 
(kaj+rt^fla)  * 


l)\^]  (kr>)tf(kr<> 

W(kr)^1)(kro)|pn(cos6) 


(1.38) 


M,2) 

n 


(*) 


H 


(1.2) 
n  +  1/2 


(*) 


^n(x)  =  J?Jn+l/2  (X) 


(1.39) 


r 


k  M 
Til(V) 


(1.1+0) 


The  classical  procedure  involves  the  transformation  of  the  sum 
into  an  integral.  From  the  integral,  one  extracts  an  integral 
which  can  be  evaluated  by  the  method  of  stationary  phase  to  yield 
the  reflected  wave.  Before  we  consider  the  form  taken  by  the 
result,  we  must  make  some  geometrical  definitions  by  introducing 

Fig.  1-5. 


Source 


Receiver 


Fig.  1-5  Reflection  from  a  Convex  Surface 


1-11 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


•>  •*’r-*vjne.'/«:^»»>r-;'.  - 


0<e  r'  r«-  r)~  ^  ^  ™Jlo<n + 1/21  TfSrSpS 

*®M  t’1’^  [  Pn  (COB  6)  -  1 1  (COB  6)  ]  dn 

~  <^R)  +  1  \  /  *  «ln  a  ooa  a  +IT 

4ir«  ^5T|y  rrQ  sin  0  cos  a  -  i r 


V'Mto*!  +y%,tt+  8iT^T5  (  “>1  lk(H0  * Ri>]  (1-4D 


Van  der  Pol  and  Bremmer  showed  that  this  formula  agrees  with  the 
approximation  based  upon  the  attenuation  function  Eq,  (-1-20) 
provided  the  comparison  is  made  in  the  vicinity  of  the  first  and 
second  lobe  just  above  the  horizon.  However,  for  points  well 
above  the  horizon,  the  attentuation  function  fails  to  agree  with 
the  stationary  phase  (geometrical  optics)  result. 

It  would  be  interesting  to  seek  a  formula  which  agrees  with  the 
classic  result  involving  V(x,y,yQ,q)  for-  points  near  the  horizon, 
but  which  is  in  better  agreement  with  the  stationary  phase  result 
for  points  well  above  the  horizon.  Such  a  formula  has  been  found 
in  the  course  of  the  studies  made  by  the  present  author.  It  in¬ 
volves  the  reflected  field  R(x,y,yQ,q)  which  can  be  defined  by 
separating  the  Green ‘s  function  D(x,y,yQ,q)  into  a  free  space  field 
D0U,y,yo)  and  a  secondary  field  which  for  points  above  the  hori¬ 
zon  can  be  interpreted  as  a  reflected  field.  The  decomposition  is 
made  as  follows: 

D(x,y,y0,q)  =  Do(x,y,yo)  +  RU,y,yQ,q)  U-W 
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^ ...  -Jr  s m?i  a-fe^ , . -ifcvx •*■***' •*  *•*- 


f 


D0<x.y.y0)  /  6Xp  (“)  wi(t-y)  vft-y^  dt 


exp 


(if)  r  v3  x  (y-yJ‘  i 

(1-42) 


2J*x 


R(x.y.y0.q)  - ~s  J  exp  <**>  wffipqw^t)  wi  (* - y)  »i  (‘  -  y„)  *  d-w) 


The  method  of  stationary  phase  can  be  used  to  show  that 

R<t  +  {„.  C2  +  2«,  tj*2«0,  ti—f 


- IcWkrij  ->  <'“*>  U-4W 


where 

w*  =  f  <f3  +  )  +  2m  <f2  +  )  +  M2  (£  +  Cq) 

It  will  often  be  more  convenient  to  absorb  the  phase  factor 
in  Eq.  (1-45)  into  the  definition  of  the  reflection  function 
and  express  the  results  in  terms  of  the  modified  reflection 
function  S(p.,£,£o,q) 

S(Ai,  t,  £q,  q)  =  exp  (-iw*  )  R(f  +  £q,  £2  +  2#,  £2  +  2 mCq,  q) 


d-45) 


_ _  1  ,  1  q  -  in  I  H _ 

H-*°o  T  V  7T  q  +  liw  ■W2tto  +  M(t  +  f0) 


U-46) 


The  new  formula  for  the  region  of  direct  visibility  then  takes  the 
form 

D(e,  r.  VD.^p 


\H-  |ik<D0+D  >1 s<"- £-  £«-  *  (1‘W) 


1-13 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


where 


(1-48) 


For  points  well  above  the  horizon,  -»  »  as  ka  ■+  ®  since  cos  a  >  0. 
Therefore,  we  observe  that  with  the  above  definitions  of 
and  n  our  new  formulation  agress  with  the  classical  results  ob-  ■ 
tained  from  a  stationary  phase  evaluation  of  the  exact  solution. 

The  new  formulation  has  the  advantage,  however,  of  leading  to 
results  which  are  useful  up  to  the  horizon.  In  fact,  it  can  even 
be  used  in  the  region  just  beyond  the  horizon. 


The  asymptotic  forms  that  appear  in  Eq.  (1-44)  and  Eq.  (1-4®) 
are  only  valid  provided  the  parameter  \i  is  large.  From  Eq.  (1-4®) 
we  see  that  since  a  tends  to  90°  as  one  approaches  the  horizon 
that  the  value  of  n  may  become  small  (and  even  vanish)  in  this 
region  regardless  of  how  large  the  radius  of  curvature  may  be 
in  comparison  with  the  wavelength  (i.e.,  no  matter  how  large  ka  = 
2ita/\  may  be).  Therefore,  if  we  continue  to  require  that  both 
Z,  and  be  very  large,  but  leave  ^  unrestricted,  we  will  find 
that  the  asymptotic  properties  of  the  field  will  have  to  be  des¬ 
cribed  in  terms  of  a  function  V11(^,q)  which  we  will  refer  to  as 
the  reflection  coefficient  function.  If  we  use  the  leading  term 
in  the  asymptotic  expansion  described  by  Eq.  (1-25)  we  find  that 


Vil(^,q)  =  lim 


y  -*•  oo 
J  -+  CO 


* 


V 


y/T+TJVTy^ 


H-iV/2^3/2)l 


v  (i  +  Vy  +  Vyjj\  y,  y0,  q) 


d-49) 
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We  can  represent  V^(£,q)  by  means  of  a  residue  series  (involving 

the  roots  t_  defined  by  Eq.  (1-8))  or  by  means  of  a  Fourier  inte- 
s 


gral. 


exp  ( i{t  ) 


'  (*.-  <•>!  <V] 


exp  ltir/4,] 


exp  (lii)  (*)  l-SLXm .  dt 


(1-50) 


However,  V1;^(4,q)  is  singular  when  £  -*■  0  and  hence  it  is  conveni¬ 
ent  to  define  a  closely  related  function  q)  which  is  an  entire 

function  of 


V2(£>q)  =  7nUiq)  ~  (2V^  £)”  exp(inA) 


(1-51) 


If  we  use  the  properties  which  we  have  just  cited,  we  can  show 
that  the  function  S(n-,£,£o,q)  defined  by  Eq.  (1-46)  has  the 
property 


rr  exp  (- 1  -j- p3 ) 

<"•  «■  'o'  «  TTt  VTi  .ut  4ux  +  rr  vn<-2"'  * 


(1-52) 


to>1 
n  >  0 


If  we  reconsider  the  function  Rlx,y,yo,q),  we  see  that  these 
properties  lead  to 


R  (£  +  £„,  £2  +  2«,  £2  +2m£0, 


+  /<(£+£ 


Vn(-2M.  q)*xp(i«*-  (1"53) 


For  points  well  above  the  horizon  (i.e.,  for  large  positive  values 
of  |i,  the  reflection  coefficient  function  V11(-2n,q)  has  the 
asymptotic  behavior 
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U-54) 


vn  I-2"'  *TE5 r  Jt  «p(‘  f  /) 


vii  <-*'*■ « Hl(r  »3  -  -I1)] 


d-55) 


When  the  asymptotic  estimates  for  V11(-2p,,q)  are  used  in  Eq,  (1-52) 
and  Eq*  (l-lj.7),  we  are  led  back  to  the  result  which  was  given  in 
Eq*  ( 1  —41 )  •  However,  Eq*  (I-I4.I)  was  valid  only  for  points  well 
above  the  horizon  and  we  have  now  laid  the  groundwork  for  an 
asymptotic  estimate  which  agrees  with  the  predictions  of  Eq.  (1-lj.l) 
when  the  parameter  p.  is  very  large  and  positive  but  which  has  the 
advantage  of  holding  for  points  in  the  vicinity  of  the  horizon* 
Before  we  proceed  to  discuss  the  behavior  on  the  horizon  itself, 
let  u3  first  obtain  a  result  which  is  valid  in  the  vicinity  of 
the  horizon  and  which  will  contain  the  familiar  Fresnel  integral 
which  we  should  expect  to  encounter  in  this  region  on  the  basis 
of  the  considerations  of  physical  optics.  For  our  purposes  it 
is  convenient  to  introduce  the  modified  Fresnel  integral  K(t) 
which  was  employed  by  Fock  (Ref.  5)« 

00 

K(t)  =  exp^-iT2  -  i  J  exp(is2)ds 

T 

e*p(i  j) 


T—  » 


2VT  T 


U-56) 


From  the  property  described  by  Eq.  (1-51),  we  observe  that 

H  K  (M#  +  V2  (£,  q)  11  (£ »  3)  (1-57) 

£  >  0 

We  will  define  the  "horizon"  to  be  the  locus  of  points  for  which 
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i  Alt' 


(1-58) 


x  =  (-^y  +  \/y~)  and  we  will  introduce  the  parameter 

^  =  X  -  Vy  “ 

which  will  he  positive  below  the  horizon,  zero  on  the  horizon, 
and  negative  above  the  horizon*  We  also  define  the  parameters 
p  and  i 


*y  *  Wr 


$  t  =  m 


(1-59) 


Let  P(x,y,yQ)  be  the  Fresnel  diffraction  field 


FU,y,y0)  =  ^  ~  exp[i  §(y3/2  +  y3/2)]  |»K(r),  5  >  0  (l-60a) 


+  exp 


[l(-4  +  f<y*y„)  +  ^^)]  «  «o  <i.60b) 


We  can  then  show  that 


v<x.y0y.«i)-7inr  PU*y'7o)  +  ^^e*p|‘f(v3/2  +  yo/2)]v2<f.q>  (1-61) 


y  —  * 

y^-00 


If  we  let  p  tend  to  infinity  we  obtain  from  (1-61)  the  result 


V(x,y,yQ,q) 


/  Vy  VyT 


Vn(€,q)  - ►  G(x,y,y0) 


(1-61) 


V  4  00 
1.0 

y  -*  a> 

P  -6  00 


where  G(x,y,y  )  =  0  when  £  >  0  and 
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+ 


3  (y  -  y  )' 

G(x,y,y0)  =  exp[i(-  ^  +  |(y  +  yQ)  +  — — 


)] 


when  4  <  0*  The  result  in  Eq.  (1-61)  reveals  that  the  function 

describes  the  reflected  field  in  the  lighted  region  (i.e., 
£  <  0)  and  the  same  function  describes  the  diffracted  field  in  the 
shadow  region  (i.e.,  £  >  0).  In  the  vicinity  of  the  horizon  we 
need  to  employ  the  function  V2(£,q).  On  the  horizon  (i.p.,  £  =  0) 
we  find  that 


V(V?  +  tJ7q,7*70$cl)  - -  [  |  +  jj  Vp(0,  q)  Jexp(iA)  (1-62) 

y  -*  oo  p 

Y  -*  oo 

Jo 

where 

A  =  |(y3>/2  +  y3^2) 

In  Jig.  1-6  we  present  an  illustration  which  shows  the  behavior 

#Fig.  1-6  was  previously  presented  by  the  author  in  Ref .6.  Data 
has  been  generated  and  a  much  more  detailed  plot  has  been  begun. 
However,  the  author  became  ’’side-tracked"  on  this  task  when  it 
was  found  that  as  q  ->  Q,  where  Q  is  real  and  positive,  that  the 
data  revealed  an  irregular  behavior.  The  author  became  intrigued 
with  this  phenomena  and  investigated  the  behavior  of  the  enalog’.e 
of  V2(0,q)  in  the  problem  of  diffraction  by  a  circular  cylinder. 
Computations  made  with  the  exact  solution  also  showed  similar 
results  to  those  found  with  the  data  for  V2(0,q).  The  author 
strongly  suspects  that  the  arratic  behavior  is  caused  by  errors 
introduced  into  the  numerical  work  because  of  the  fact  that  the 
expression  w^#(t)  -  qw^(t)  which  appears  in  the  denominator  of 
the  integral  defining  V2(£,q)  vanishes  for  a  point  close  to  the 
contour  of  integration.  The  author  hopes  to  be  able  to  devote 
time  in  the  immediate  future  to  the  task  of  completing  this  very 
detailed  contour  plot  of  72(0,q). 
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...  frfrir.r.  :^as!A.a,.:w-v^a  • 


'  T 


^ 5  -s«5.  s.r 


of  V2(0,q)  as  a  function  of  q.  The  locus  for  which  <p  =  arg(q)  = 
45°  was  previously  presented  in  a  paper  by  Wait  and  Conda  (iRef.  7) 
The  reader  will  observe  that  the  form  taken  by  q  in  Pig.  1-6  has 
been  taken  to  be 


q  =  26k  exp(icp) 


(1-63) 


This  form  was  chosen  in  order  that  the  curves  might  supplement 
the  curve  presented  by  Wait  and  Conda  who  also  used  A  in  the  man¬ 
ner  displayed  in  Eq.  (1-63) • 

If  we  apply  the  result  in  Eq.  (1.61)  to  the  function  S(n,£,£Q,q) 
defined  in  Eq.  (I-J4.6)  we  find  that 

s(M>»^#^0#q)^7^  4\/f  exP  (-i  T  **8)[  ~v  K  +  v2*"2/i’ 


where 


t  r*"0 
H°~*  0 


T  =  -  2/i  17 


VTT 


(1-65) 


If  Eq.  (1-614.)  is  used  in  Eq.  (l-lj.7)  we  obtain  a  useful  extension 
of  the  classical  reflection  formulae.  On  the  horizon,  p  =  0, 
and  the  theory  reveals  that  we  have  the  approximation 


exp  (ikR) 

U(e,r,rQ,r)  ~  -  +  M(e,r,r0)  V2(0,q) 


(l-66a) 


IpiR 


where 


M(e,r,r0)  =  TT  iff*  7IH5T  “p(lk<D  +  Do>]  (1-66to) 


o 

If  we  let  r  and  rQ  tend  to  infinity,  we  obtain  the  result 


U(e,r,rn,r) 


ro^* 
r  -» • 


7  +  *  (t)  Vronr  v* <0-  * 


(1-67) 
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The  factor  "1/2"  which  appears  as  the  first  term  inside  the 
traces  of  Eq.  (1-67)  is  the  familiar  Fresnel  field  factor  for 
the  field  on  the  shadow  boundary*  The  effects  of  the  curvature 
of  the  surface  which  is  tangent  to  the  line  joining  the  source 
and  the  receiver  is  contained  in  the  term  which  contains  the 
function  V2(0, q)* 

The  function  U(e,r,ro,r)'  arose  in  the  problem  of  an  axially  sym¬ 
metric  source  above  a  spherical  surface.  We  can  show  that  very 
similar  results  can  be  obtained  when  the  diffracting  surface  is 
a  circular  cylinder.  For  this  case,  we  can  again  use  Fiq.  1-5 
and  define  p.,  £,£  ,  and  q  as  in  the  case  of  the  sphere.  Let  us 
denote  the  Green1  s  function  for  the  cylinder  problem  by  C(e,r,ro, 
r).  The  optical  results  for  this  function  are  of  the  form 


C(e,  r,  r0,  r)  - 


e«p[l(kR  +  lr/4)I 


cob  cH-ir 
cob  a  -  if 


^ibi)0  +  a(f>  +  cob  a  expfikfD  +  D^]  |  (1-68) 


For  points  near  the  horizon,  we  can  use  use  the  same  arguments 
which  led  to  Eq.  (1-67)  to  show  that 


C(0,  r,  rQ,  r  )— 


D  +  D 
_ o 

2kDD 

o 


v2«).q)| 


s«rz-4J(i-69) 


r  — » » 

The  case  rQ  -►  qo  corresponds  to  the  problem  of  reflection  of  a 
plane  wave  from  a  circular  cylinder.  This  problem  follows  from 
the  results  given  in  Eqs.  (1-68)  and  (1-69)  is  we  use  the  approxi¬ 
mation 


exp 
VSirkft 


sm 


exp  (lkrj 

75'lrKr  exP  (~ikr  cob  $  ) 


(1-70) 


o 

and  factor  out  the  term  exp(ikro)/ (VtiTilcr0) .  We  discuss  the  case 
of  a  cylinder  illuminated  by  a  plane  wave  in  more  detail  in 
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Section  3* 


Let  us  turn  now  to  consider  the  two  parameter  functions  which  are 
the  limiting  forms  of  V(x,y,yQ,q)*  These  have  been  discussed  in 
considerable  detail  by  Logan  (Ref*  8)* 

When  y  =  yQ  =  0  we  obtain  the  function  VQ(£,q)  which  possesses  the 
repr  es  entations 


V0«,q)=  \  V<{.  0,  0,  q) 


m  <,*p<i  ,/4>  y 

s=i  s  ' q 


e*p(-l  w/4)  ft  I 


exp(i^t) 


Wj(t) 


w j(t)  -  qwj(t) 


dt 


(1-71) 


For  £  >  0  the  residue  series  in  Eq*  (1-71)  converges  fast  enough 
to  be  a  practical  means  of  computing  VQ(£,q)*  For  E,  -*■  0  it  be¬ 
comes  completely  impractical  to  sum  the  residue  series  and  it 
becomes  more  attractive  to  follow  Pekeris  (Ref*  4)  and  express 
the  integral  in  Eq*  (1-71)  in  the  form 


« ■  k  m 


exp(igt) 


w*  (t) 


•exp(ifx) 


*1*  (t)  -  qw^t) 


dt 


(1-72) 


Pekeris  then  used  an  asymptotic  representation  for  the  integrand 
which,  in  our  notation,  is  of  the  form 


w1(t)  1 

— - - -  *  — -  d-73) 

v1  (t)  -  qw^t)  Vt  -  q 


to  suggest  that  the  integrand  should  be  broken  into  two  components 
as  in  the  following  equation: 
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1 


I 


W-,  (t) 


1  y/t  w-  (t)  -  w«'  (t) 

+  - i - - -  (1-71*.) 


^'(t)  -  qw^t)  Vt  “  q  (Vt  “  q)[w1*(t)  -  qWj^t)] 


We  can  then  use  the  property  of  the  Airy  function 


w1  [texp(ifn)  ]  =  exp(i£]t)w2(t) 
to  express  v_(c,q)  in  the  form 


(i-7S) 


00 


co  exp  (if*) 


dt 


(if*] 

00 

exp(i£t)  FjJtjqldt 

0 

00 

+  ^  -J £  exp(-  ^  g  £t)  )dt 


(1-76) 


where 


Fl(t,q)  = 


Vt  w1(t)  -  (t) 

(Vt  -  q)[w1'(t)  -  qWjU)] 


(l-77a) 


.  Vt  w~(t)  +  w0' (t) 

Pp(t#q)  3  exp(ifo)—  ■■  a?* - - - B - 

(Vt  +  q  )  [w?#  (t)  -  q  Wp(t) 


(l-77b) 


Pekeris  observed  that  the  first  integral  in  Eq#  (1-76)  leads  to 
the  Weyl-van  der  Pol  formula,  i.e., 
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2  y?/  *f“^«  =  1  -  2oeXp(-,2)  [ 

o»«Xp(i§*)  11  ioo 

where  a  is  the  Soramerfeld  Numerical  distance" 


c 

p 

exp (a  ) da 


(1-78) 


a  =  q\/-i£  (1-79) 

Pekeris  evaluated  the  integrals  which  contain  the  factors  P1(t,q) 
and  F2(t,q)  by  means  of  numerical  integration.  The  author  knows 
of  mo  later  writers  who  have  employed  these  techniques  to  evaluate 
Eq.  (1-76).  The  technique  of  numerical  integration  is  well  known 
for  the  case  of  the  functions  V1(^,q)  and  V£(£,q),  but  the  decom¬ 
position  discovered  by  Pekeris  has  escaped  the  attention  of  those 
writers  whose  papers  the  author  has  consulted.  The  integral  in 
Eq.  (1-78)  leads  to  the  error  function  of  complex  argument. 


The  function  VQ(f;,q)  can  be  shown  to  be  a  solution  of  the  integral 
equation 


V0({,q)-exp(-li{^- 


|({ -x)-2iq  l*irsT  (1-80) 

In  Ref.  Q  the  author  has  discussed  representations  for  the  two 
limiting  cases,  namely 

v(5)  =  V0U,0)  =  ”PH  '/*)  JL  f  exp(l{t)  dt  tl-81) 

-«0  1' 

u (x)  =  lira  |2i|q2V  U,q)|  =  3*/4)  *3/2  f  exp<Mt)^^dt(l-82) 

q  -  •  1  St  -«  l'  ; 

In  Fig.  1.7  we  illustrate  the  behavior  of  the  real  and  the 
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imaginary  parts  of  11(4) •  In  Pig*  1#8  we  illustrate  the  behavior 
of  the  modulus  of  u(g)« 

In  Pig*  1*9  we  show  the  behavior  of  the  real  and  imaginary  parts 
of  v(£).  In  Pig.  1*10  we  illustrate  the  behavior  of  the  modulus 
of  v(g). 

For  small  values  of  £  we  can  compute  u(g)  and  v(g)  from  series 
which  progress  in  successive  powers  of  £-^2*  The  theory  behind 
these  representations  has  been  developed  in  Ref*  3*  The  series 
are  of  the  form 

(Text  continues  on  p*  1-28) 


€ 

Pig»  1*8  Attenuation  Function  u(£)  (Modulus) 
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1*9  Attenuation  Function  v(^)  (Real  and  Imaginary  Parts) 


In  Eq«  (I-83)  the  coefficients  A^  are  the  coefficients  of 
in  the  asymptotic  expansion  of  the  logarithmic  derivative  of  the 
Airy  function 


Ai^a) 
Ai  (a) 


00 


I 


1  15  _1_ 

“572"  "  64  4 

a  at 


,  1105 
2048 


1695  1  414125  1  59025  1 

“  1024  7  65536  17/2  '  2048  10 

a  a  a 


12820  31525  1  2421  83775  1  _ 

+  8388608  21/2  “  262144  13 

at  at 


(1-85) 


In  Eq«  (I-84)  the  coefficients  Bn  are  the  coefficients  of 
in  the  asymptotic  expansion  of  the  logarithmic  derivative  of  the 
derivative  of  the  Airy  function 


35  log  Al'(o)  -  « 


,  JS-  +  I1  7  1  1  21  1  1463 _ 1 

4  a  32  5/2  64  4'  2048  ll/2 

a  a  at 

2121  1  495271 1  136479  1 

1024  7  '  65536  “Tt72  4096  10 

a  a  a 

14457  13003  1  268122561  1  (1 

8388608  23/2  262144  13  V  D; 

a  a 

In  Table  1-1  wa  present  numerical  values  for  the  coefficients  An 
and  Bn« 

In  Tables  1-2  and  1-3  we  present  numerical  values  for  the  functions 
u(^)  and  v  (4 )  • 

The  author  is  preparing  a  revision  of  Ref.  8  in  which  computer 
programs  for  these  functions,  as  well  as  for  V^(^,q)  and  V2(£,q), 
will  be  given. 
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Table  1-1 


VALUE  OP  AND  Bn  OCCURING  IN  ASYMPTOTIC  EXPANSIONS  OP  THE 
LOGARITHMIC  DERIVATIVES  OP  Ai(a)  AND  Ai'  (a) 


n  ^ 

•  -0.100000000000000000000D  01 

1  -0. 2500000000000000000000+00 

2  >0. 1562500000 0000000000 OD+OO 

3  -0.2543750000000000000000+00 
lj.  +0. 53955078 1250000000  000D+00 

5  -0.1655273437500000000000  01 

6  +0 .631 9046020 50 78 1250 CO OD  01 

7  -0.28820800781250000001. 00  02 

8  +0.1528300672769546508790  03 

9  -0.9238577842712402343760  03 

10  +0 .6271 454 0283 1956744 194D  04 

11  -0.4724208757281303405760  05 

12  +0.391093797395304136444D  06 

13  -0.3529629188485443592070  07 
14.  +0.3449235942252913105220  08 

15  -0.3o2859054 16732421 14480  09 

16  +0.4088748195362339901330  10 

17  -0  •  491 3293 1466 1619090 11  OD  11 

18  +0.627198459188666032326D  12 

19  -0.8476113904588119413080  13 

20  +0.1208973890556541256600  15 

21  -0.1814969990037191692640  16 

22  +0.2860712227905159673920  17 

23  -0.4723356097177817303610  18 
24.  +0.6152770573647957202450  19 

25  -0.1468316451549669026440  21 

26  +0.2754497571977765017470  22 

27  -0.537378756984207398462D  23 

28  +0 . 1U8866223659917805940D  25 

29  -0.228710461424380230366D  26 

30  +0.4976297540887670081890  27 

31  -0.1120053306415097156680  29 

32  +0.2604962088415983171310  30 

33  -0. 6253790 324690046383Q2D  31 

34  +0.1548249536347570439070  33 
3?  -0 .394908 1501 6 136472 3226D  34 

36  +0.1036892117909023149580  36 

37  -0.280 0265945098526364 16D  37 

38  +0.7772460294729027465220  36 < 


-0.100000000000000000000D  01 
+0.250000000000000000000D+00 
-0.2187500000000000000000+00 
+0.3281250000000000000000+00 
-0.714355468750000000000D+00 
+0 .2071289062500000000000  01 
-0.755723571777343750000D  01 
+0.333200683593750000000D  02 
-0.172342419981956481933D  03 
+0.102280640029907226562D  04 
-0.6847766478363424539570  04 
+0.5103850423836708068850  05 
-0.4190134175500750425270  06 
+0.375636973o84705591202D  07 
-0.365073309173042538587D  08 
+0.3823036645856400914490  09 
-0.4291191967989357845500  10 
+0.5139435428913010276410  11 
-0.6541734453977020495600  12 
+0. 88182840831890 1625950D  13 
-0.1254961777546632107620  15 
+0.1880247882841056585080  16 
-0.295829251279511604806D  17 
+0.487657445864043740510D  18 
-0.8404886489567539850730  19 
+0 . 151 169864003790799746D  21 
-0.2832409862502998550210  22 
+0.551957349739728293224D  23 
-0.111703709893164884145D  25 
+0.2344464495924759867620  26 
-0.509656139639392228718D  27 
+0.1146172123615960472510  29 
-0.266364897571689195131D  30 
+0.6390063444708365032580  31 
-0.1580916183840369800040  33 
+0.4029841569270238636850  34 
-0.1057464429752899052500  36 
+0.2854215332731231637780  37 
-0.791798924680840649638D  38 
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Table  1*2 


THE  ATTENUATION  FUNCTION  u(^) 


1 

Real 

Imag. 

Modulus 

Argument 

0 

1.0000 

0 

1.0000 

0 

0.1 

0. 9802 

0. 0192 

0.9804 

1.12 

0.2 

0.9440 

0.  0528 

0. 9455 

3.20 

0.3 

0. 8974 

0.  0922 

0. 9021 

5. 86 

0.4 

0. 8429 

0. 1334 

0.  8534 

9.00 

0.5 

0  7822 

0.1738 

0.  8013 

12.51 

0.6 

0.  7156 

0. 2123 

0.  7465 

16.52 

0.7 

0. 6487 

0. 2434 

0.  6929 

20.  57 

0.8 

0. 5792 

0.  2700 

0.  6390 

24.  97 

0.9 

0. 5090 

0.  2902 

0. 5859 

29.68 

1.0 

0.4403 

0.  3035 

0.  5348 

34.58 

1.1 

0. 3740 

0. 3102 

0. 4859 

39.67 

1.2 

0.3112 

0.  3105 

0. 4396 

44.  94 

1.3 

0. 2526 

0. 3050 

0. 3960 

50.36 

1.4 

0. 1991 

0.2944 

0. 3554 

55.  93 

1.5 

0. 1510 

0. 2796 

0. 3178 

61.63 

1.6 

0. 1086 

0.  2615 

0. 2831 

67.45 

1.7 

0. 0719 

0.  2409 

0.  2514 

73.38 

1.8 

0. 0409 

0.2187 

0. 2225 

79.40 

1.9 

0.  0154 

0. 1957 

0. 1963 

85.  50 

2.0 

-0.  0051 

0. 1726 

0. 1727 

91.68 

2.1 

-0.  0209 

0. 1501 

0. 1515 

97.  93 

2.2 

-0. 0326 

0. 1285 

0. 1326 

104. 24 

2.3 

-0. 0407 

0, 1083 

0. 1157 

110.61 

2.4 

-0.  0458 

0.  0898 

0. 1008 

117.  02 

2.5 

-0.  0483 

0.  0730 

0. 0875 

123.48 

2.6 

-0. 0487 

0. 0581 

0. 0759 

129. 98 

2.7 

-0. 0476 

0.  0452 

0. 0656 

136. 50 

2.8 

-0.  0453 

0.  0341 

0. 0567 

143. 06 

2.9 

-0.  0421 

0.  0247 

0. 0488 

149. 63 

3.0 

-0. 0384 

0.  0169 

0. 0420 

156. 23 

3.1 

-0. 0345 

0.0106 

0. 0361 

162. 85 

3.2 

-0. 0304 

0. 0056 

0. 0309 

169. 49 

3.3 

-0. 0264 

0.  0018 

0. 0265 

176. 13 

3.4 

-0. 0226 

-0:  0011 

0. 0226 

182. 79 

3.5 

-0. 0190 

-0. 0032 

0. 0193 

189.46 

3.6 

-0. 0158 

-0. 0046 

0. 0165 

196. 13 

3.7 

-0. 0129 

-0. 0054 

0. 0140 

202.81 

3.8 

-0. 0104 

-0.  0059 

0. 0119 

209.50 

3.9 

-0.  0082 

-0.  0060 

0. 0101 

216. 19 

4.0 

-0.  0063 

-0. 0059 

0. 0086 

222. 88 
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Table  1-3 

THE  ATTENUATION  FUNCTION  v(%) 


* 

Real 

Imag. 

Modulus 

Argument 

0.1 

0. 9901 

0. 0098 

0. 9901 

0. 57 

0.2 

0. 9720 

0. 0271 

0. 9724 

1.59 

0.3 

0.  9486 

0. 0484 

0. 9498 

2. 92 

0.4 

0.  9210 

0.  0721 

0. 9238 

4. 47 

0.5 

0. 8899 

0. 0969 

0. 8952 

6.22 

0.6 

0.  8559 

0. 1221 

0.  8646 

8.12 

0.7 

0.  8195 

0. 1469 

0.  8325 

10. 16 

0.8 

0. 7810 

0. 170, 

0.  7995 

12.33 

0.9 

0. 7410 

0. 1929 

0.  7657 

14.  59 

1.0 

0. 6999 

0. 2134 

0.  7317 

16. 96 

1.1 

0. 6581 

0.2317 

0.  6977 

19.40 

1.2 

0. 6159 

0.2477 

0. 6638 

21. 91 

1.3 

0. 5737 

0. 2612 

0.  6304 

24.48 

1.4 

0. 5317 

0. 2723 

0. 5976 

27. 11 

1.5 

0.4908 

0.  2809 

0. 5655 

29.  79 

1.6 

0. 4506 

0. 2970 

0. 5342 

32.50 

1.7 

0.4115 

0. 2908 

0. 5039 

35, 25 

1.8 

0. 3739 

0.2924 

0.4747 

38. 03 

1.9 

0. 3379 

0. 2920 

0. 4466 

40.  83 

2.0 

0. 3036 

0. 2897 

0.4196 

43.66 

2.1 

0.2710 

0. 2857 

0. 3938 

46.  51 

2.2 

0. 2404 

0. 2801 

0.3692 

49.37 

2.3 

0.2117 

0. 2733 

0. 3457 

52.24 

2.4 

0. 1850 

0. 2653 

0. 3265 

55.12 

2.5 

0. 1602 

0. 2564 

0. 3024 

58.01 

2.6 

0. 1373 

0. 2468 

0. 2824 

60. 91 

2.7 

0. 1163 

0. 2365 

0.2636 

63.81 

2.8 

0. 0972 

0. 2258 

0. 2458 

66.72 

2.9 

0. 0747 

0. 2148 

0.2291 

69.63 

3.0 

0.0640 

0. 2035 

0.2134 

72.55 

3.1 

0. 0499 

0. 1923 

0.1986 

75.46 

3.2 

0. 0372 

0. 1810 

0. 1848 

78. 38 

3.3 

C.  0260 

0. 1698 

0. 1718 

81.30 

3.4 

0. 0161 

0. 1589 

0. 1597 

84. 22 

3.5 

0.0074 

0. 1482 

0. 1484 

87.14 

3.6 

-0. 0002 

0. 1378 

0.1378 

90.06 

3.7 

-0. 0067 

0. 1277 

0. 1279 

92.98 

3.8 

-0. 0122 

0. 1180 

0. 1187 

95. 90 

3.9 

-0. 0169 

0.1088 

0. 1101 

98. 82 

4.0 

-ot  »oo 

0.09M 

0. 10S1 

101.74 
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Table  1-3  (Gontld) 


Real 

Imag. 

Modulus 

4.1 

-0. 0240 

0.0915 

0. 0946 

4.2 

-0. 0265 

0.0836 

0.0877 

4.3 

-0. 0285 

0.0761 

0. 0812 

4.4 

-0. 0299 

0. 0690 

0.0752 

4.5 

-0. 0309 

0. 0624 

0. 0697 

4.6 

-0. 0315 

0.0562 

0. 0645 

4.7 

-0. 0318 

0.0505 

0.0597 

4.8 

-0. 0318 

0.  0452 

0.  0552 

4.9 

-0. 0315 

0. 0402 

0.0511 

5.0 

-0. 0310 

0.0357 

0. 0472 

5.1 

-0. 0303 

0.0315 

0. 0437 

5.2 

-0.0294 

0. 0276 

0.  0404 

5.3 

-0. 0285 

0. 0241 

0.  0373 

5.4 

-0. 0274 

0. 0209 

0. 0345 

5.5 

-0. 0263 

0.0180 

0.0319 

5.6 

-0.0251 

0.0154 

0.0295 

5.7 

-0. 0239 

0.0130 

0. 0272 

5.8 

-0. 0226 

0.  0109 

0.0251 

5.  9 

-0.0214 

0.  0090 

0. 0232 

6.0 

-0. 0202 

0. 0073 

0.0214 

6.1 

-0.0189 

0.  0058 

0. 0198 

6.2 

-0.0177 

0.  0044 

0.0183 

6.3 

-0.0165 

0. 0033 

0. 0169 

6.4 

-0. 0154 

0.0022 

0.0156 

6.5 

-0. 0143 

0.0013 

0.0144 

6.6 

-0.0132 

0.  0005 

0.0132 

6.7 

-0. 0122 

-0.0001 

0.0122 

6.8 

-0.0113 

-0. 0007 

0.0113 

6.9 

-0.0103 

-0.0012 

0.  0104 

7.0 

-0.0095 

-0.0015 

0.0096 

7.1 

-0. 0086 

-0.0019 

0. 0088 

7.2 

-0. 0079 

-0. 0021 

0. 0082 

7.3 

-0. 0072 

-0. 0023 

0.0075 

7.4 

-0. 0065 

-0. 0025 

0. 0069 

7.5 

-0.0058 

-0.0026 

0. 0064 

7.6 

-0.0053 

-0.0027 

0. 0059 

7.7 

-0. 0047 

-0. 0027 

0. 0054 

7.8 

-0. 0042 

-0.0027 

0.0050 

7.9 

-0. 0038 

-0.0027 

0.  0046 

8.0 

-0.0033 

-0.0026 

0.  0043 
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Argument 

104. 66 
107.58 
110.50 
113.42 
116.34 
119.25 
122.17 
125. 09 
128.01 
130.93 
133.  85 
136. 77 
139.69 
142. 61 
145. 52 
148.44 
151.36 
154. 28 
157.20 
160. 12 
163. 04 
165.96 
168. 87 
171. 79 
174. 71 
177.63 
180.55 
183.47 
186.39 
189.30 
192.22 
195. 14 
198.06 
200.98 
203.90 
206.82 
209. 73 
212.65 
215.57 
218.49 
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Section  2 


THE  ROOTS  ts  OP  w1#(tg)  -  qwj^tt  )  =0 
2«1  Notation  for  the  Root  Defining  Equation 

In  electromagnetic  diffraction  problems  which  involve  the  propa¬ 
gation  of  waves  around  a  convex  surface,  one  often  has  to  solve 
for  the  roots  t  of  the  equation 

w1'(t)  -  qw^t)  =  0  (2-1) 

where  w^' (t)  =  dw^Ctj/dt  and  q  is  a  given  "constant"  which  can 
generally  be  related  to  the  physical  quantities  in  such  a  manner 
that  we  can  speak  of  q  as  being  related  to  the  "surface  impedance. 
The  function  w1(t)  is  the  Airy  function  introduced  by  Pock  (Ref. 

1)  and  used  extensively  by  him,  by  Wait’  (Ref.  2),  by  Logan  (ref. 
3),  by  Logan  and  Yee  (Ref.  [{.),  and  by  others.  The  function  w^t) 
satisfies  the  Airy  differential  equation 

-  ty  =  o  (2-2) 

dt 

and  can  be  defined  by  the  integral  representation 

exp(|z3  -  zt)dz  (2-3) 


For  real  values  of  £  it  is  convenient  to  resolve  w^(t)  into  its 
real  and  imaginary  parts  by  defining 

w1(t)  =  u(t)  +  iv(t)  (2-14.) 

where,  for  real  values  of  t,  both  u(t)  and  v(t)  are  real. 

*Wait  denotes  our  w^t)  by  Wg(t),  and  our  w2(t)  by  w^(t). 
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The  integral  definitions  of  u(t)  and  v(t)  for  real  t  can  be 
taken  to  be 


v(t) 


00 

■m  f 

.3  .  .  3  v 

“<l> 

0 

sin| 

(t  +  u)+  eltp('T  +  xt) 

(2-lj.a) 


(2-4b) 


The  Airy  functions  are  so  fundamental  in  the  mathematical  discus¬ 
sion  of  a  variety  of  physical  phenomena  that  it  is  almost  unex¬ 
plainable  that  such  an  important  function  had  not  received  a 
universally  accepted  notation  prior  to  the  beginning  of  World 
War  II*  The  author  has  observed  that  this  function  is  now  finding 
its  way  into  more  and  more  textbooks,  but  the  notation  which  seems 
to  be  "catching  on"  the  most  firmly  is  that  which  is  due  to 
Jeffreys  and  Miller  (Ref*  5)»  The  functions  which  were  tabulated 
by  Miller  were  denoted  by  Ai(x)  and  Bi(x)  and  defined  by  the  inte¬ 
grals 

«°  3  . 

Ai(x)  =  i  J  cos  +  xt)  dt  (2-5a) 

o 

Bi<x)  =  ^  /  £  sin  +  xt)  +  exp(-  xt)  J  dt  (2-£b) 

Since  Eqs*  ( 2— J+)  and  (2-5)  differ  by  only  a  factor  of  the  form 
it  is  very  easy  to  employ  both  these  notations  since  the  con¬ 
version  between  them  is 


v(t)  =  /jr  Ai  (t) 


u(t)  =  V7  Bt(t) 


w  (t)  «  [b! (t)  +  i  Ai (t)] 


w2(t)  =  /^Bi(t)  -  iAi(t)] 
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The  need  for  the  Airy  functions  in  the  theory  of  radiowave  propa¬ 
gation  during  World  War  II  was  so  great  that  each  research  group 
adopted  its  own  notation.  In  the  classic  work  published  just  be¬ 
fore  the  start  of  the  War,  van  der  Pol  and  Bremmer  (Ref.  6)  had 
employed  approximations  for  the  Hankel  functions  H^^(kr)  which 
involved  the  Hankel  functions 

Hj1^)  ,  H(i}(z)  ,  Ho1  ^  (z)  ,  H^U) 

a  a  'a  “15' 

and  much  of  the  computational  effort  associated  with  their  work 
revolved  around  finding  the  roots  Tg  which  were  determined  by 
the  equation 


exp(-lV3)HW  |^<-2Ts)y2 

» vs  1 1  <- 


(2-6) 


When  Furry  and  his  co-workers  at  the  Radio  Research  Laboratory 
at  Harvard  University  became  interested  in  these  problems  they 
observed  that  by  defining 

2  3/2 

K  =  -  * 

3 

that  they  could  simplify  the  theory  by  working  with  a  set  of 
modified  Hankel  functions  of  order  one-third  which  were  defined 
by  means  of  the  relations 


hj(x) 

dhjOc) 

dx 


(d,/*«h®/,( §  *3/z)  ■  (rv/3H<v>j 


\  J  =  l»2  (2-7) 
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Tables  of  these  functions  (Ref*  7)  were  computed  on  the  famous 
Automatic  Sequence  Controlled  Calculator  (dr  "Mark  I"  as  it  came 
to  be  affectionately  called  by  its  users)  which  had  been  presented 
to  Harvard  University  by  the  International  Business  Machines 
Corporation  in  1944*  In  the  introduction  to  the  tables.  Furry 
points  out  that  the  functions  are  solutions  of 


+  *  hj  =  0 


and  that  they  are  related  to  the  Airy  functions  being  used  by 
Miller  and  the  English  workers  by  means  of  the  relations 


hjjx)  =  k  [Ai(-x)  -  iBi(-x)] 
h2(x)  =  k*[Ai(-x)  +  iBi(-x)] 

where 

k  =  (l2)1^exp(-in/6)  ,  k*  =  (12)  1^exp  (+in/6) 

The  digression  which  we  have  made  above  to  point  out  some  of  the 
differences  in  notation  for  the  Airy  functions  is  far  from  com¬ 
plete,  For  a  more  complete  discussion,  the  reader  is  referred  to 
a  report  by  Logan  (Ref*  3)  *  However,  in  order  to  proceed  with 
the  study  of  the  roots  of  (t)  -  qw^(t)  =  0,  the  author  feels 
that  the  reader  should  have  before  him  the  following  relations; 


=  -  V^(12)“1^exp(-i^n)h1  (-t) 

(2-6a) 

=  V=fiTt  expUfiOH^1)  [£ (-t)3/2| 

(2-8b) 

=  u(t)  +  iv(t) 

(2-8c) 

=  y/%  (3i(t)  +  iAi (t)  ] 

(2-8d) 

=  2^/%  exp(ix/6)Ai[texp(i|ai) ) 

(2-8e) 
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r  .»W- 


(2-9) 


Prom  Eq.  (2-8e)  we  readily  see  that  the  solutions  a  of 

s 

Ai'(-ag)  +  q  exp(iix)  Ai(-ag)  =  0 

are  the  same  as  the  solutions  of  Eq.  (2-1),  namely, 

Wf' (tg)  -  qw1(tg)  =  0 
provided  we  observe  that 

tg  =  agexpU^x)  (2-10) 

If  we  use  Eq.  (2-7)  and  Eq.  (2-8b),  we  find  that 


where 

=  -<-t,)3/2  =  —  (“2x  .  )3/2  (2-U) 

3  3  3  3  s  l 

Therefore,  we  observe  from  a  comparison  of  Eq.  (2-6)  and  (2-11) 
that  the  roots  tg  which  were  studied  by  Pock  are  essentially  the 
same  as  the  roots  ^  which  were  studied  by  van  der  Pol  and 
Bremmer  and  by  Bremmer  (Ref.  8). 

Since  van  der  Pol  and  Wyngaarden  IRef.  9)  were  influenced  by  the 
work  and  the  tables  of  Furry  (Ref.  7)»  their  Eq.  (4)#  namely 

h(ng)  =  b  h'(^s)  (2-12a) 

can  be  shown  to  be 

h2(tig)  =  b  h2'(ng)  •  (2-1 2b) 

Since  the  modified  Hankel  functions  possess  the  properties 

#  JL 

The  relationship  is  t  =  23q;  „  since  Fock  lets  s  =  l,2,3»-#» 

s  s-1 

whereas  van  der  Pol  and  Bremmer  let  s  =  0,1,2, •••* 
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V^ETexp  ( ) Hi 1 ^ ( £  ) 


(2-11) 


f 


h^Z)  =  (h2(z*)  3* 


hj/  (z)  =  [h2'  (z*)  3* 


(where  the  asterisks  denote  that  the  complex  conjugate  quantities 
are  to  be  employed),  we  observe  from  the  property 


q  = 


y  <y 

wi(ts) 


v<-y 

y-y 


(2-13) 


that  the  roots  t_  are  related  to  the  roots  u  (of  Ref*  9)  by 

s  s 

the  simple  property 

t  =  complex  conjugate  (-u  ) 
s  s 


Further  confusion  has  been  fostered  by  the  fact  that  a  number  off 
authors  are  employing  an  Airy  function  A(z)  defined  by 


00 


A(z)  =  J'coafa^  -  zx)dT  (2-llj.a) 

which  is  related  to  the  more  conventional  Airy  function  Ai(x)  by 
means  of  the  relations 

i  ■§  i 

Ai(x)  =  ^  A(-3^x)  ,  Ai'  (x)  a  -  \  A '  (-3*x)  (2-llfb) 


From  Eq#  (2-9)  we  see  that 

Wi'(t8)  exp(ifx)Ai' (-ag)  3^exp(-i^it)A(33as) 

w1(tg)  Ai(-ag)  A(3^aa) 

where  t_  and  a_  are  related  as  in  Eq#  (2-10)# 
s  s 


(2-15) 


The  remarks  which  vre  have  made  above  are  sufficient  to  show  the 
reader  that  he  may  expect  to  find  the  equivalent  of  Eq#  (2-1) 
appearing  in  many  disguises  as  he  looks  through  the  literature# 


From  the  property 


q(t) 


d  w'(t) 

=  —  {log[Wl(t)l>  =  -i— 
dt  w^t) 


(2-16) 
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we  observe  that  the  inverse  problem  to  the  finding  of  the  roots 
of  Eq,  (2-1)  can  be  described  as  "studying  the  behavior  of  the 
logarithmic  derivative  of  the  Airy  function  w1(t)«" 

The  occurrence  of  equations  such  as  Eq,  (2-1)  is  not  limited  to 
the  radiowave  propagation  problems.  For  example,  Jeffreys  (Ref,  10) 
considered  an  elastic  wave  propagation  problem  which  led  him 
to  study  the  problem  of  obtaining  the  roots  £  of  the  equation 

Ai> (-£) 

-  =  K 

Ai(-S) 

where  k  is  a  constant. 
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the  Airy  function  and  its  derivatives  are  well  known.  Interest  in 
these  roots  goes  back  to  as  early  as  I838  when  Airy  showed  that 
the  "rainbow  integral" 

00 

W(ra)  =  J  cos[  3y(w^  -  raw) jdw 
0 

could  be  used  to  describe  the  maxima  and  minima  of  the  system  of 
spurious  (or  supernumerary)  rainbows  which  are  observed  near  the 
inner  edge  of  the  primary  bow  or  the  outer  edge  of  the  secondary 
bow.  Numerical  results  for  these  quanties  depended  upon  finding 
the  roots  of  W(m)  =  0  and  W'  (m)  =  0.  Airy's  first  numerical  cal¬ 
culations  led  him  to  a  determination  of  the  first  minimum  and 
the  first  two  maxima.  By  l8i|8  he  had  extended  the  results  to  find 
the  location  of  the  second  zero.  Then,  in  a  classic  paper  which 
appeared  in  1850,  Stokes  gave  values  (computed  to  ij.  decimals)  of 
the  first  50  zeros  and  the  first  10  maxima.  During  World  War  II, 
Miller  (Ref.  5)  obtained  values  (to  8  decimals)  of  the  first  $0 
zeros  of  Ai(x)  and  Ai'(x).  These  results  proved  to  be  inadequate 
for  some  applications  being  made  by  the  present  author,  and  in 
1958  he  received  15-decimal  values  of  these  zeros  from  G.  F.  Miller 
and  P.  H.  Haines  at  the  National  Physical  Laboratory  (Teddington, 
England).  In  the  following  year.  Sherry  (Ref.  11)  published  values 
for  the  first  $0  zeros  which  are  accurate  to  25  decimals. 

Let  us  now  return  to  Eq.  (2-17)  and  denote  the  roots  for  q  =»  0 
by  Tg  and  the  root  for  q  ■+  «  by  t*.  Then  we  have 

w^t")  =  0  ’  V  ^3)  =  0  (2-19) 

whero  * 

t”  =  asexp(i£x)  ,  =  Psexp(i£it)  (2-20) 

where  a  and  p  are  the  roots  of  the  Airy  function  and  its  derivative 
s  s 

Ai(-Og)  =  0  ,  Ai'(-Pg)  =  0 

Values  for  these  constants  are  given  in  Tables  2-1  and  2-2.  Values 
are  also  given  for  the  "turning  values"  of  the  functions. 
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Table  2-1 


ROOTS  AND  TURNING  VALUES  OF  Ai(-a) 


8 

a 

8 

Al'(-a8) 

1 

2.  33810  74104  59767 

+  0.  70121  08227  20691 

2 

4.  08794  94441  30971 

•  0.  80311  13696  54864 

j  3 

5.  52055  98280  95551 

-(-0.  86520  40258  94152 

4 

6.  78670  80900  71759 

-0.  91085  07370  4S602 

5 

7.  94413  35871  20853 

+  0.  94733  57094  41568 

6 

9.  02265  08533  40980 

-0.  97792  28085  69499 

7 

10.  04017  43415  58086 

+  ).  00437  01226  60312 

8 

11.  00852  43037  33263 

-1.  02773  86888  20786 

9 

11.  93601  55632  36263 

+  1.  04872  06485  88189 

10 

12.  82877  67528  65757 

-1.  06779  38591  57428 

11 

13.  69148  90352  10718 

+  1.  08530  28313  50700 

12 

14.  52782  99517  75335 

-1.  10150  45702  77497 

13 

15.  34075  51359  77997 

+  1.  11659  61779  32656 

14 

16.  13268  51569  45771 

-1.  13073  23104  93188 

IS 

16.  90563  39974  29943 

+  1.  14403  66732  73553 

16 

17.  66130  01056  97057 

-  1.  15660  98491  16566 

17 

18.  40113  25992  07115 

+  1.  16853  47844  87525 

18 

19.  12638  04742  46962 

-1.  17988  07298  70146 

19 

19.  83812  98917  21500 

+  1.  19070  61311  58776 

20 

20.  53733  29076  77567 

-1.  20106  07915  19823 

21 

21.  22482  99436  42097 

+  1.  21098  75148  68287 

22 

21.  90136  75955  85131 

-1.  22052  33738  97260 

23 

22.  56761  29174  96503 

+1.  22970  07015  09681 

24 

23.  22416  50011  21681 

-1.  23854  78753  29632 

25 

23.  87156  44555  35918 

+  1.  24708  99452  59407 

26 

24.  51030  12365  89678 

-1.  25534  91404  75735 

27 

25.  14082  11661  48964 

+1.  26334  52827  50799 

28 

25.  76353  14009  82756 

-1.  27109  61262  18604 

29 

26.  37880  50521  37232 

+1.  27861  76388  24258 

30 

26.  98698  51116  06368 

-1.  28592  42371  22704 

31 

27.  58838  78098  82445 

+1.  29302  89834  49956 

32 

28.  18330  55026  3r.645 

-1.  29994  37525  11048 

33 

28  .  77200  91652  37435 

+1.  30667  93729  32094 

34 

29.  35475  05587  66288 

-1.  31324  57481  80648 

35 

29  .  93176  41190  8  6  556 

+  1.  31965  19603  77514 

36 

30.  50326  86114  18505 

-1.  32590  63598  38441 

37 

31.  06946  85851  83756 

+  1.  33201  66426  47702 

38 

31.  63055  56580  12659 

-1.  33798  99181  42291 

39 

32.  18670  96529  52051 

+1.  34383  27678  48983 

40 

32.  73809  96090  00269 

-1.  34955  12971  47445 

41 

33.  28488  46819  01402 

+  1.  35515  11807  15907 

42 

33.  82721  49495  08652 

-1.  36063  77026  40532 

43 

34.  36523  21338  63659 

+1.  36601  57919  26784 

44 

34.  89907  02503  45312 

-1.  37129  00540  34239 

45 

35.  42885  61927  47888 

+1.  37646  47989  60084 

46 

35.  95471  02618  98629 

-1.38154  40663  17105 

47 

36.  47674  66443  74809 

+  1.  38653  16477  85955 

48 

36.  99507  38469  94501 

-1.  39143  11072  66471 

49 

37.  50979  50920  05016 

+  1.  39624  57990  06725 

50 

38.  02100  86772  55254 

-1.  40097  88839  49769 

51 

38.  52880  83050  94249 

+  1.  40563  33445  05322 

52 

39.  03328  33832  72514 

-1.  41021  19979  25998 

53 

39.  53451  93007  23018 

+1.  41471  75084  44110 

54 

40.  03259  76807  54176 

-1.  41915  23983  05068 

55 

40.  52759  66138  89718 

+  1.  42351  90578  16189 

56 

41.  01959  08723  32490 

-1.  42781  97545  1  5052 
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Table  2-2 


ROOTS  AND  TURNING  VALUES  OP  Ai'  (-(3) 


• 

AIM,) 

1 

1.  01879  29716  47471 

+  0.  53565  66560  15700 

2 

3.  24819  75821  79837 

-0  .  41901  54780  32564 

S 

4.  82009  92111  78736 

|  +0.  38040  64686  28153 

4 

6.  16330  73556  39487 

-0  .  35790  79437  1  2292 

5 

7.  37217  72550  47770 

+  0.  34230  12444  11624 

6 

8.  48848  67340  19722 

-0.  33047  62291  47967 

7 

9.  53544  90524  33547 

40.  32102  22881  94716 

8 

10.  52766  03969  57407 

-0.  31318  53909  78682 

9 

11.  47505  66334  80245 

+0.  30651  72938  82777  ( 

10 

12.  38478  83718  45747 

-0.  30073  08293  22645 

11 

13.  26221  89616  65210 

-t-0.  29563  14810  01913 

12 

14.  11150  19704  62995 

-0.  29108  16772  03539 

IS 

14.  93593  71967  20517 

40.  28698  07069  99202 

14 

15.  73820  13736  92538 

-  0.  28325  27361  25021 

15 

16.  52050  38254  33794 

40.  27983  93053  60411 

16 

17.  28469  50502  16437 

-0.  27669  44450  68930 

17 

18.  03234  46225  04393 

40.  27378  13856  46685  i 

18 

18.  76479  84376  65955 

-0.  27107  02785  76971 

19 

19.  48322  16565  67231 

40.  26853  65782  82176 

20 

20.  18863  15094  63373 

-0.  26615  9868215709 

21 

20.  88192  27555  16738 

40.  26392  29929  60829 

22 

21.  56388  77231  98975 

-0.  26181  14056  94794 

23 

22.  23523  22853  43913 

40.  25981  26701  51466 

24 

22.  89658  87388  74619 

-0  .  25791  60753  32572 

25 

23.  54852  62959  28802 

40.  25611  23337  79654 

26 

24.  19155  97095  26354 

-0.  25439  33426  46825 

27 

24.  82615  64259  21155 

40.  25275  19925  76574 

28 

25.  45274  25617  77650 

-0.  25118  20133  88409 

29 

26.  07170  79351  73912 

40.  24967  78484  21125 

SO 

26.  68341  03283  22450 

-it,  24823  45513  98365 

SI 

27.  28817  91215  23985 

40.  24684  77011  60296 

32 

27.  88631  84087  68461 

-0.  24551  33306  87119 

S3 

28.  47810  96831  02278 

40.  24422  78676  45060 

34 

29.  06381  41626  38199 

-0.  24298  80842  90143 

35 

29.  64367  48146  32016 

40.  24179  10550  23721 

36 

30.  21791  81244  68575 

-0.  24063  41202  44844 

37 

30.  78675  56480  1 2503 

40.  23951  48554  15564 

38 

31.  35038  53790  83035 

-0.  23843  10444  66267 

39 

31.  90899  29584  30463 

40.  23738  06563  33468 

40 

32.  46275  27462  38480 

-0.  23636  1827a  53143 

41 

33.  01182  87766  34287 

40.  23537  28399  36488 

42 

33.  55637  56097  89422 

-0.  23441  21104  38024 

43 

34.  09653  90948  09138 

40.  23347  81753  92842 

44 

34.  63245  70546  35886 

-0.  23256  96793  53833 

45 

35.  16425  99025  53408 

40.  23168  53648  03788 

46 

35  .  69207  11985  10469 

-0.  23082  40630  53231  ' 

47 

36.  21600  81523  35199 

40.  22998  46861  64426 

48 

36.  73618  20799  46803 

-0  .  22916  62197  06428 

49 

37.  25269  88178  54148 

40.  22836  77166  46281 

50 

37.  76565  91005  38871 

-0.  22758  82910  18357 

51 

38.  27515  89047  30879 

40.  22682  71133  87890 

52 

38.  78128  97640  80369 

-0.  22608  34059  36628 

53 

39.  28413  90572  98596 

40.  22535  64383  68475 

54 

39.  70379  02724  88233 

-0.  22464  55241  61432 

5! 

40.  28032  32499  03719 

40.  22395  00171  79277 

50 

40.  77381  44056  64866 

-0.  22326  93086  02552 

2-10 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


There  are  two  series  which  have  played  such  a  role  in  the  calcu¬ 
lating  of  the  roots  t  (q)  of  Eq.  (2-17)  that  we  shall  refer  to 

o 

then  as  the  classical  expansions.  For  small  values  of  q,  we  can 
express  'u  (q)  in  the  form 

S 


oo 

.  .  o  v'  .  ,  o.  n 
Ts«»  =  Ts  +  2  A„<Ts)q 


n=l 


where 
Ax(r)  = 

A2(t>  = 

a3(t)  = 
A4(t)=- 

A5(t)  = 

A6(T)  = 
A?(r)  = 

A8<T>  " 

A9(T)  = 

A10<T>  ; 
All<T>  = 
a12(t)  = 


2r 

-A-+-A- 

3t2  2t5 


12t 

1 


8r 


21  7 

5r3  +  20r6  +  8r9 
29  77 


21 


45t1 


40t8  16T11 


33 


_l_  +  _76_+_143L+ _ 

_  4  7  10  ..  13 

7t  45t  40t  16t 


97 


163  429 


429 


140t6  40t9 


64r12  128t15 


1  |  13661  [  6769  | 
9t5  5670t8  720T11 
2309  820573 


2431  .  715 


14  17 

192t  128t 


3150t7  113400T10 


37961  46189  2431 

1800t13  1920t16  256t19 


1  .  1057  .  263653  .  4641  .  29393  .  _4199 

T  /V  *  r  4  A  T  4  F1  '  4  A  ' 


11t6  330t9  13200t12  100t15  640t18  256t21 


31907  3089423 


41580T8  267300T11  356400T 


18592951 
T3‘ 


48347  676039 


17 


480t  7680t 


20 


(2-21a) 

( 2-21 b) 
(2-21c) 

(2-21d) 

(2-21e) 

(2-2lf) 

(2-2lg) 

(2-21 h) 

(2-211) 

(2-21 j ) 

(2-21k) 

(2-2H) 

29-94  (2-2lm) 
1024t23 


(Text  continues  on  p#  2-16) 
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Table  2-3 


COEFFICIENTS  FOR  POLYNOMIAL  REPRESENTATION  FOR  A^(t) 


m 


m 


n  =  1 

1  .lOOOOOOOOOOOOOOOOOOOOE  1 
n  =  2 

1  -.5OOOOOOOOOOOOOOOOOOOOE  +0 
n  =  3 

1  .500000000000000000000E  +0 

2  .333333333333333333333E  +0 

n  =  4 

1  -.625000000000000000000E  +0 

2  -.533333333333333333333E  +0 

n  =  5 

1  .875000000000000000000E  +0 

2  .105000000000000000000E  1 

3  .200000000000000000000E  +0 

n  =  6 

1  -.131250000000000000000E  1 

2  -.192500000000000000000E  1 

3  -.6)|)|)|J|/|l|J|)|)|J|]|)|J|)ii|J|J|J|J|J|E  +0 

n  =  7 

1  .206250000000000000000E  1 

2  .357500000000000000000E  1 

3  .168888888888888888888E  1 

4  .11j.28571l42657ii428571l1.2E  +0 

n  =  8 

1  *'.33515625oooooooooooooe  1 

2  -.670312500000000000000E  1 

3  -.407500000000000000000E  1 

4  -.6928571i42857Hj.28571i)2E  +0 


.  m 

m  A 

n 

n  =  9 

1  .558593750000000000000E  1 

2  .1266lIl583333333333333E  2 

3  .940138888888688888886E  1 

4  .2ij.O93ii.7i4J4.26807760li4.l0E  1 

5  . Ill 11111111 1111111111E  +0 

n  =  10 

1  -.9J4-9609375000000000000E  1 

2  -.24.0567708333333333333E  2 

3  -.2l089l|l|l|l|)|l|i|/|W|l|i4Jti|J|.E  2 

4  723609347442680776009  e  1 

5  -.733015B73015873015871E  +0 

n  =  11 

1  ,l64023k37500000000000E  2 

2  .459265625000000000000E  2 

3  .464100000000000000000E  2 

4  .199737121212121212121E  2 

5  .320303030303030303030E  1 

6  .909090909090909090909E  -1 

n  a  12 

1  28704101 5625000000000E  2 

2  880259114583333333333E  2 

3  I00722916666666666666E  3 

4  -.52168773849607JS2C398E  2 

5  -.11 5578862701 084923306E  2 

6  -.76736411736411 736411 7E  +0 

n  =  13 

1  . 507841 796875000000000E  2 

2  .I69280598958333333333E  3 

3  .216316145833333333333E  3 

4  „  1 310316021 32435465766E  3 

5  . 37219566030677141 7878E  2 

6  .406 286343286343286 343E  l 

7  .769230769230769230769E  -1 
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•*,X.l«JfeSr  A.-' 


Table  2-3  (Cont'd) 


nM 

m  B 

n 

n  =  U\. 

1  -.906060351 562500000000E  2 

2  -.326i|69726562500000000E  3 

3  -.5.6o7796075oooooooooooe  3 

4  3196^9 39935o61i93506i|.9E  3 

5  -.1U057272727272727272E  3 

6  -.171803429903429903k29E  2 

7  -.79739300 3107368821651E  +0 

n  =  15 

1  .1  '  V349632H1250000000E  3 

2  v-  'u  '  74304687500000000E  3 

3  ,  ■ '■^loiniiiiiiimiiiE  3 

4  . 7623571 2809644059641  8e  3 

5  .313665989738656405314a  2 

6  .4983008976913738S1646E  1 

7  .49830089769137388I846E  1 

8  .666666666666666666666E  -1 

n  =  16 

1  2958631 89697265625000E  3 

2  -.122290118408203124996E  4 

3  20524708 3550347222214E  4 

4  -.1 78573479202365921  io8e  4 

5  -.8498462710537918870952  3 

6  -. 21293557969362598991 7E  3 

7  -.24235204^8901451282372  2 
6  -.8240814740814740814742  +0 

n  =  17 

1  •  53951 5228271484375000E  3 

2  •  2373867004394531 25000E  4 

3  .430097192382812500000E  4 

4  .412182204241071426552E  4 

5  .222876115625000000000E  4 

6  .668571732311805041197E  3 

7  .1009318045344011730542  3 

8  .5958616285675109204472  1 

9  .5882352941176470586232  -1 


m  Bn 

n=l8 

1  -.989111251831054687500E  3 

2.-.461585250854492187478E  4 

3  -.8978842122395833333332  4 

4  -.939836243851273'’ 40097E  4 

5  -. 5693590250064300411 22E  4 

6  -.1993008062^  348L631231E  4 

7  -.377697704l4792oo6ii6452  3 

8  -.  3284710087378932694 79E  2 

9  -.848107085361987322768e  +0 

n  =  19 

1  .1822047042S4667968750E  4 

2  .898876541 13769531 2500E  4 

3  •  18684250651 041 6666666E  5 

4  .21 20959279333043981 33E  5 

5  .1423367725456532921712  5 

6  . 570228663209453289 764e  4 

7  .I30627541158318984506E  4 

8  .1527192920196248942912  3 

9  .6985603015048265228492  1 
10  . 52631578947368421 0526E  -1 

n  =  20 

1  -.3370 787029266357421 87E  4 

2  -.175260925521850585926E  5 

3  -. 38772403857421 8750000E  5 

4  -.4744361 86085937500000E  5 

5  -. 349459286 71875COOOOOOE  5 

6  -.1578071661739758403262  5 

7  -.4251663977389440624522  4 

8  -.630600872299870'/ 518632  3 

9  -.4313443334672109550412  2 

lo  -.6699591533337663366572  +0 
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Table  2-3  (Cont'd) 


n  =  21 

•  62600  3  3C  54  35 18066406  3  E  4  1  “• 

•  8448 60306 172 8 39 50 609 9E  5  5  “• 

.22 18077 1971 1782510385E  3  9  “• 

•  34221 5 140 30456542 9660E  5  2 

.42483804337953074745 IE  5  6 

.80604882648945 88 8275 8E  1  *0  ”• 

•  8026308 1048 58 3984 3680E  5  3  “• 

•  13 185486258595 1041 8 79E  5  7  “• 

•  476 1904 76 1904 761 904 76E  -1  H  ”• 

•  105 31888005771 5 360440E  6  4  *• 

•  23842082 1 587937468 1 08F  4  8 


n  =  22 


1  -.116664252376556396484E  5 

5  —.20156717 44 01580286976E  6 

9  — .  100291468665 130554674E  4 

2  — .66 887504695 8923339788E  5 

6  —.11 1744 674 79046 62 5 804 2 E  6 

10  -. 55210099869122927787 IE  2 

3  -.1657990242614746093596  6 

7  —  .  393 101 246645 185084099E  5 

11  -.8900026202024513310696  *0 

U  -.2322402438420430119436  6 

O  -.8418900546689349840126  4 

n  =  23 

1  .  218 11 1428356 170654297E  5 

5  .4753906782589285713786  6 

9  .41 1886369631 84830 1327E  4 

2  .1308668570137023925666  6 

6  .2881429796860103131866  6 

10  .3115461864535694739206  3 

3  . 341843103881835937462E  6 

7  . 113410197140524639597E  6 

11  .9180268281714526948536  1 

k  .5091 160556489226 105 31E  6 

8  .2814566463616388245246  5 

12  •  434782608695652 17 39 13E  -1 


&  : 


n  =  24 

40895892 81678 19976607E 
1109913976446 13217352E 
1569 320 8 752 2 754605 138E 
25626092831 8500518773E 
7303590 11452684181048E 
15325684161040 50 7 36 58E 
70 3 62 166696802 7750568E 
31 822454602 7872606852E 
691 820872483 155839496E 
11 1027728216546349007E 
899677 5458 73 361 404822 E 


♦0.0  12  -• 90851 7 103462587 3 76971E  +0 


l:-. 

5 

9  -. 
13 
2  -. 

6 

10 

3  -. 
7  -. 

11 

12-.I 


n  =  25 

768 8427 84955 501 556397E  5 
25682771 46 14291433175E  7 
562917033135728290407E  5 
400000000000000000000E  -1 
5023106 19 50 42610167 90E  6 
18237 1638640773763620E  7 
6 7995046803293 46 8 8407E  4 
14460871 1121365865053E  7 
871 90205 176204023671 7E  6 
V5547281640320188148E  3 
24 100  3  3  22  866  2  5  74228  26  E  7 
276997776726792547006E  6 
10 342 32 34 10223938 107  IE  2 

n  =  26 

14489729408776760101 3E  6 
5-89565132268546919298E  7 
1921 327 9005 8 22 142 642 2E  6 
92 57216662211640  31195E  +0 
98530159979681 9686 773E  6 
44941 36755798536345 76E  7 
278221472923467098508E  5 
296 7952 9391 368 103023 IE  7 
23400572 11 579372922 19E  7 
2264795 5581 0393823808E  4 
5209506 35707 243485804E  7 
826 105244679 1436680 50 E  6 
85 1 539667318596 132586E  2 
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Table  2-3  (Cont!d^ 


n 


n  =  27 

1  .273694888832449913025E  6 

5  . 134374505289727923837E  8 

9  . 629C0866922786249C990E  6 

13  .  115443475348750467116E  2 

2  .193411054774931271846E  7 

6  .10945801 1043905248659E  8 

10  *  10664016233938420C720E  6 

11;  * 3703703703703703703 70E  -1 

3  . 608390448695458306109E  7 

7  .61 6771069907850 162 333E  7 

11  .  108034426488708692999E  5 

h  .  112183141044618414315E  8 

8  .239715060246644178531E  7 

12  •567681032941667107411E  3 


n  =  28 

1  -.518065325289994478226E  6 

5  -.304300245406774467754E  8 

9  198742410461970741227E  7 

13  -.10322532 44 2857114C090E  3 

2  -.379914571879329283979E  7 

6  -.2638 16640420520492 100E  6 

!0  -.38 72527 3 7866785 193645E  6 

-.941791 185622695343281E  +0 

3  -. 124571514935259269188E  8 

7  -. 159984327319558255999E  8 

11  -.472 7 86 39224 11 7359 50 10E  5 

-.24075065777713426 1851E  8 

-.679209804635 185435452E  7 

12  -. 325277504802 706190441E  4 


Rm 

Bn 


n  =  29 

1  .982537685894817 113876E  6 

$  .68509435  15271 94 882206E  8 

%  .  60 900239 06 90492040579E  7 

13  .7420691 90714986568101E  3 

2  .74672864 128006 1006436E  7 

6  . 62989637072729 94 26884E  8 

3-0  . 1343772838613880  64618E  7 

%  . 127842937775186016728E  2 

3  .  254005 10366232 1567484E  8 

7  . 409120542583336357359E  8 

11  . 192941280292826168173E  6 

15  . 34 482758 6206896 55172 4E  -1 

k  .515047991621 348825983E  8 

8  . 18846 12355 3000690 3840 E  8 

12  . 166129090115963891564E  5 

n  =  30 

1  -.  186682160320015251636E  7 

5  -.  153422227089157018162E  9 

9  — .18169512 04 45933290557E  8 

13  ~. 45582686622502 1524436E  4 

2  -.14685663278507 86 64 597E  8 

-.149 121 73951 5205056488E  9 

7°  -.4485299 16041438925783E  7 

Y  -.123492100520371284947E  3 

^  -.520699807126342296485E  8 

.  /  103297458045362313138E  9 

ft  -.7430681 5 1696 005201 308E  6 

Y  -.956867527724712135595E  +0 

ft  -.109871013399435436176E  9 

.  P  -.513323141719165900825E  8 

-.  774738326124100379836E  5 
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Numerical  values  for  the  coefficients  which  appear  in  Eqs.  (2-21b) 
through  (2-2lm)  are  given  in  Table  2-3*  We  have  expressed  the 
explicit  dependence  of  the  A^x)  upon  x  in  the  following  manner: 


\iM  =  3a 


,  M 

m=l 


m  ^m-1 


(2-2ln) 


where  M  is  the  "integral  part"  of  [  (n  +  1)/2J.  The  coefficients 
in  Table  2-3  have  been  obtained  by  means  of  the  NPREC  subroutines 
which  have  been  discussed  in  the  Preface.  The  reader  is  advised 
to  be  very  careful  if  he  employs  these  tables  for  n  >  20  since 
the  format  employed  in  the  computer  output  has  resulted  in  a  table 
in  which  m  successively  takes  on  the  values  1,5*9*  •••  in  the  order 
listed  under  the  heading  "m", 

When  the  magnitude  of  x  is  very  large,  the  dominant  terms  in  the 
expansion  will  be  the  terms 

hM  -1 
#  1 

Ao(t)  =  - -  +  •  •  • 

^  3'c2 

.  1 

A^vt)  =  — k  +  •  •  • 

5  5? 

We  recognize  these  coefficients  to  be  the  coefficients  in  the 

well  known  expansion 

tan|ic  =  coth^d/x)  ,  1.  [log(1  +  z)  .  log(1  .  x)] 

=  1  +  i  x‘  +  |  x*4-  +  y  x6  +  |  x8  +•••»  x2  <  1 

Therefore,  it  appears  that  for  very  large  values  of  x?  that 

s 

the  series  behaves  like  the  series  expansion  of 

t°  +  (l/y/tfjtanh^Cq/v^) 
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•a. 


Therefore,  in  order  for  the  series  in  Eq.  (2-21)  to  converge,  we 

must  require  that  the  magnitude  of  (q/V?)  be  less  than  unity. * 

s 

More  precise  definitions  of  the  radius  of  convergence  of  the 
soi’ies  in  Eq.  (2-21)  will  be  possible  after  we  discuss  the  roots 

P 

tc  for  which  i  (q  )  =  q  .  We  will  postpone  this  discussion  until 
s  s  c  c 

after  we  have  considered  another  classical  expansion  for  T_(q) 

S 


For  large  values  of  q,  we  can  express  t  (q)  in  the  form 

s 


where 


oo 

oo  o  oo  -n 

T.<«>  ■  %  +  £  an<Ts  »  “ 

(2-22a) 

n=l 

^(T)  =  1 

(2-22b) 

o 

II 

p 

(2-22o) 

¥T>  -1 

(2-22d) 

B4<t>  ’  1 

(2-22e) 

r2 

(2-22f) 

¥T>=ISr 

(2-22g) 

^(t)  =7r  +  28 

(2-22h) 

(2-221) 

V>-It4+IIt 

( 2-22 j ) 

The  author  has  not  found  the  time  to  investigate  tho  possible 
advantages  of  rearranging  the  series  in  Eq.  (2-21)  so  that  it  is 
of  the  form 


Ts(q)  =  + 


where  z  =  q/Vt^  • 


(1/Vt^) tanh-1z  +  ^ 

n=2 
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B10(^ 

Bu(t) 

B^ta) 

B1^(t:) 


97  3  423 

175  2520 


11  990 


2309  k  18842 

=  -  -  T4"  +  — -  T 

3780  27216 

1  ,  247464  o  11781 

=  T  +  -  T J  +  - 

13  1 63800  65520 


{2- 22k) 
(2-221) 
(2-22m) 
(2-22n) 


Numerical  values  fcr  the  coefficients  which  appear  in  Eqs,  (2-22b) 
through  (2-22n)  are  given  in  Table  2-4«  We  have  expressed  the 
explicit  dependence  of  the  Bn(x)  upon  1  in  the  following  manner: 

H 

Bn(-u)  =  V  Eg  t"-1  ( 2-220 ) 

m=£ 

where  M  is  the  "integral  part"  of  [  (n  +  l)/2].  This  definition 
is  quite  "wasteful"  since  the  series  actually  progress  in  succes¬ 
sive  power  of  However,  the  "book-keeping"  is  somewhat  easier 

if  we  use  the  form  in  Eq«  (2-22o)  so  as  to  have  a  single  form 
which  is  useful  for  all  n  instead  of  having  one  definition  for 
n  =  1,4*7,10,...,  another  for  n  =  2,5*8,11,...  and  a  third  defi¬ 
nition  for  n  =  3*8,9*12, ... • 

When  the  magnitude  of  t  is  very  large,  the  dominant  terms  in  the 
expansion  will  be  the  terms 

B-l  (t)  -  1 
B^(t:)  =  ^  + 

B^(tt)  =  +  •  •  • 

(Text  continues  on  p.  2-29) 

By  (t)  =  7j  J  +  •  •  • 
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Table  2-4 


COEFFICIENTS  FOR  POLYNOMIAL 


representation  for  Bn(x) 


n  =  i 

1  .100000000000000000000E  1 


n  =  2 


n  =  3 


+0.0 


1  +0.0 

2  .333333333333333333333E  +0 

n  =  4 

1  .250000000000000000000E  +0 

2  +0.0 

n  =  5 

+0.0 
+0.0 

.199999999999999999999E  +0 
n  =  6 

+0.0 

.388888888888888888888E  +0 

+0.0 

n  =  7 

.178571428571428571428E  +0 

+0.0 

+0.0 

.  142857142857142857142E  +0 

n  =  8 

+0.0 
+0.0 

.483333333333333333333E  +0 

+0.0 


n  =  9 

1  +0.0 

2  .506172839506172839506E  +0 

3  +0.0 

4  +0.0 

5  ,  111  11 11111 11 1111111  HE  +0 

n  =  10 

1  .I67851I42857142857142E  +0 

2  +0.0 

3  +0.0 

4  .554285714285^142857142  +0 

5  +0.0 


n  =  11 

1  *0.0 

2  ♦0.0 

3  .  9b6b6bob6b6S6S6!S6b6b5E  +0 

4  +o.o 

5  +0.0 

6  .9G90V0909090909090909E  -I 

n  =  12 

1  +0.0 

2  .692 '413  34  b  091  122B68699E  +0 

3  +0.0 

4  +0.0 

5  .6 1 Oa4bb60R46b60bU6560E  +0 

6  +0.C 

n  =  13 

1  . I/98076923076923076V2E  +0 

2  +0.0 
3  +0.0 

4  .  Jbl0  769?3076923C  76923E  1 

5  +0.0 
6  +0.0 

7  . 769230 769230 769230769E  -1 
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1 

2 
3 
h 

5 

6 
7 


1 

2 

3 

li 

5 

6 

7 

8 


1 

2 

3 

h 

5 

6 

7 

8 


1 

2 

3 

U 

5 

6 

7 

8 
9 


V'i«tw«‘  •yws*»r'- 


Table  2-ij.  (Cont»d) 


B* 

m 

b“ 

n 

n 

n  *  lU 

n  ■  18 

♦  0.0 

1 

♦  0.0 

♦0.0 

2 

.  13963268045778333844  IE  1 

17569441S813463432510E  1 

3 

♦  0.0 

+0.0 

ii 

♦  0.0 

♦  0.0 

5 

.6 18831 535268572305608E  1 

6577406720263663  I2099E  *0 

6 

♦  0.0 

♦0.0 

7 

♦  0.0 

8 

•732516 865850199183530E  +0 

n  *  15 

9 

♦  0.0 

♦  0.0 

n  ■  19 

9741 862629825592 7 8b5 3 E  +0 

♦  0.0 

1 

•253145914236139800049E  +0 

♦  0.0 

2 

♦  0.0 

2 154860670  1940 03 52733E  1 

3 

♦  0.0 

♦  0.0 

h 

•  758753905242627047 1 36E  1 

♦0.0 

$ 

♦  0.0 

666666666666666666666E  -1 

6 

♦  0.0 

7 

.367279988182243821 340E  1 

n  -  16 

8 

♦  0.0 

9 

♦  0.0 

208  00  1 .3  736263  7  36  26  373  E  +0 

10 

.5263157894736842 10526E  -1 

♦  0.0 

♦0.0 

n  -  20 

35348667V986679V36679E  l 

1 

♦0.0 

♦  0.0 

2 

♦0.0 

♦  0.0 

3 

•53 54 50 6400361520 18721E  1 

69 7718 94 771894 771894 6E  +0 

U 

5 

♦  0.0 

♦  0.0 

♦0.0 

n  -  17 

6 

7 

8 

9 

•  986 94 5 58 3 76 989 74 95 385E  1 

♦0.0 

♦  0.0 

♦  0.0 

•  76 32 96 376825 7885 90492 E  +0 

♦0.0 

10 

♦  0.0 

310391  373  15981 3869430E  1 

♦0.0 

♦0.0 

287828  7 1532451 364384  0E  1 

♦  0.0 
♦0.0 

588235294  1 1 764 70 5882 3E  -1 
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Table  2-ij.  (Cont'd) 


m 

m 

XU 

B* 

n 

n 

n  «  21 

n  =  2lx 

1 

o 

• 

o 

♦ 

1 

♦  0.0 

2 

.202745417063871194494E  1 

2 

.2972 19554537243524432E  1 

3 

♦  0.0 

3 

♦  0.0 

h 

♦  O.C 

lx 

+  0.0 

5 

.  157440383904422/05  12/E  2 

5 

.369624356174421/84 159E  2 

6 

+  0.0 

6 

+  0.0 

7 

♦  0.0 

7 

♦  0.0 

8 

.45317 80 C7C10206b56690E  1 

8 

.208/94 7 757520 3 8H91212E  2 

9 

♦  C.O 

9 

+0.0 

10 

♦  0.0 

10 

+  0.0 

11 

.476  1904761904761 90476E  -1 

11 

.8l58357351855803b6Hl7E  +0 

12 

♦  0.0 

n  =  22 

n  =  25 

1 

.319402531209392I11647E  +0 

2 

+  0.0 

1 

.4140129882805164/60031  +0 

3 

i 

♦  0.0 

2 

+  0.0 

U 

mj 

.  I54CS27H9982054989492E  2 

3 

♦  0.0 

5 

♦  0.0 

lx 

.3G0b3/MO574237167456E  2 

6 

♦  0.0 

5 

+  0.0 

7 

.  14721449/60752  16 1 l3b1E  2 

6 

♦  0.0 

8 

♦  0.0 

7 

.4984026bb363921736934E  2 

9 

♦  0.0 

8 

+  0.0 

10 

. 7VOH71 957570 1b 12 1532 7E  +0 

9 

+  0.0 

11 

♦  0.0 

10 

. 642232 53038C4 6 1706 099E  1 

11 

+  0.0 

n  =  23 

12 

+  0.0 

13 

.4OO0OOCCOOOOOOOOOOOUO!  -1 

1 

♦  0.0 

2 

+  0.0 

n  s  26 

3 

.908978 191 3890671 18850E  1 

lx 

♦  0.0 

1 

♦  0.0 

5 

+  0.0 

2 

♦  0.0 

6 

. 2V  1 9096C00706 79 1 38053E  2 

3 

.  15253422079  1  3939307951  2 

7 

♦  0.0 

>4 

♦  0.0 

8 

♦  0.0 

5 

+  0.0 

9 

. 544979968294424b 1 1692E  1 

6 

. /hi  1666403971241  34664E  2 

10 

♦  0.0 

7 

♦  0.0 

11 

♦  0.0 

8 

+  0.0 

12 

.434 7826C869 56521 7391 3E  -1 

9 

.284716455967603I49469C  2 

10 

+0.0 

11 

+0.0 

12 

.838631 I7242/U03732591E  +0 

13 

♦  0.0 

2-21 


LOCKHEED  MISSILES  &  SPACE  COMPANY 
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1 

2 

3 

k 

5 

6 

7 

8 
9 

10 

11 

12 

13 

lh 


1 

2 

3 

h 

5 

6 

7 

8 
9 

10 

11 

12 

13 

Ui 


1 

2 

3 

ii 

5 

6 

7 

8 
9 
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Table  2—4.  (Cont‘d) 


Bm 

n 

n  -  27 


♦0.0  10 

•  4389464 19058804238827E  1  11 

♦0.0  12 

♦0.0  13 

•  8 193899156484061 85682E  2  lU 

♦0.0  15 

♦  0.0 

•  798931b  7459 1626546954E  2 

♦  0.0 

♦0.0  1 

. 74455 120828592 1380796E  1  2 

♦  0.0  3 

♦  0.0  ii 

. 370370370370370370370E  -1  5 

6 

n  -  28  7 

8 

.547994727446052106553E  +0  9 

♦  0.0  io 

♦o.o  n 

•  5708099460633686 1 2048E  2  12 

♦0.0  13 

♦  0.0  lii 

.  150240  129621 784630233E  3  15 

♦0.0 

♦  0.0 

.37619767 3481 90 7091 30 5E  2 

♦  0.0  1 

♦0.0  2 

.85959869006250945754  IE  ♦O  3 

♦  0.0  i} 

n  ■  29  6 

7 

♦0.0  8 

♦  0.0  9 

.  253744437799965565890E  2  10 

♦0.0  11 

♦0.0  12 

.  19442 1833629856487095E  3  13 

♦0.0  Hi 

♦0.0  15 

.  12I834083587262924343E  3  16 
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B"1 

n 

n  *  29  (Cont'd) 

♦  0.0 
♦0.0 

.85 160562692332 1082365E  1 

♦0.0 

♦0.0 

.  34482758620689655 1724T  -1 
n  -  3CX 

♦0.0 

.6520693 145494  79024 577E  1 

♦  0.0 
♦  0.0 

. 1739863948241 I0754194E  3 

♦  0.0 
♦  0.0 

•26860342405694292 1449E  3 

♦  0.0 
♦  0.0 

.4 844 CO 30 9450 6 732 6399 0E  2 

♦  0.0 
♦  0.0 

.879005106581 182320399E  +0 

♦  0.0 

n  -  31 

.73756049654 1037550570E  +0 

♦0.0 

♦0.0 

. 105931337154864142296E  3 

♦0.0 
♦  0.0 

.415917 1900626266 18097E  3 

♦  0.0 
♦0.0 

.  17842497041 13090 17669E  3 

♦  0.0 
♦0.0 

.963 108 70 26 19 4589 5502 9E  1 

♦0.0 
♦  0.0 

•  32258064516 129 03 22580E  -1 
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Table  2-4  (Cont'd) 


l 


< 


T 


» 


m 

S 

n  =  32 

m 

1 

+  0.0 

1 

2 

♦  O.C 

2 

3 

.4  1924823  1668944404 366E  2 

3 

4 

♦  0.0 

4 

5 

♦  0.0 

5 

6 

.4679586402824881 ObbbOE  3 

6 

7 

♦  0.0 

7 

8 

♦  0.0 

8 

9 

.45300040334300482 1 725E  3 

9 

10 

♦  0.0 

10 

11 

♦  0.0 

11 

12 

.6 104 356890985809 32060E  2 

12 

13 

♦  0.0 

13 

14 

+  0.0 

14 

15 

.897063  30  724  1  9 1 762  7 I24E  +0 

15 

16 

+  0.0 

16 

17 

n  -  33 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 
17 


♦  0.0 

.  97  3  3054 1062  74659970  1  7F  1 

♦  0.0 
♦  0.0 

.  357246430V34908270574E  3 

♦  0.0 
♦  0.0 

•82051430433 30549 2 5158E  3 

♦  0.0 
♦  0.0 

.262699  I66255S3609904 IE  3 

+  0.0 
♦  0.0 

.  107680b5322V5b9486051£  2 

♦o.c 
♦  0.0 

. 30 30 3030 303030 30 30303E  -1 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 
:.5 
16 

17 

18 


B 


n 


m 

Jn 

34 


.  IC0635664362 1 86062203E  1 

♦  0.0 
♦  0.0 

.  W315907481  1  37  1654V02E  3 

+  0.0 
+  0.0 

.  iG7862 15300780753327  IE  4 

+  0.C 
♦  0.0 

.728377704 1 069869 56 73bE  3 

♦  O.C 

♦  0.0 

. 766369462 748673687546E  2 

♦  0.0 
♦  0.0 

.9 1 5945 7803 1 0687669 30 1 E  +0 

♦  0.0 


n  =  35 


♦  0.0 
♦  0.0 

.  6bb93C  9584  12462695714E  2 

♦  0.0 
♦  0.0 

.  IG3300 IC1C3S797622349E  4 

♦  0.0 
♦  0.0 

.  151645668948C97568796E  4 

+  0.0 
+  0.0 

.  3479556276523427rt3931C  3 

♦  0.0 
♦  0.0 

.  1  W848219539299997872E  2 

♦  0.0 
♦  0.0 

.2.857  142857142857  I4286E  -1 
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Table  2 -If  (Cont'd.) 


m 

m 

n 

n  *  36 

1 

♦  0.0 

1 

2 

.  145855972  18200  322S723E  2 

2 

3 

♦  0.0 

3 

h 

♦  0.0 

h 

5 

. 7 14072457 09 032 55 604 80E  3 

5 

6 

+0.0 

6 

7 

♦  0.0 

7 

8 

. 2 32 74 6 875 95 8 38 6466 983E  4 

8 

9 

♦  0.0 

9 

10 

♦  0.0 

10 

11 

. 1 12546659995619454964E  4 

11 

12 

♦  0.0 

12 

13 

+0.0 

13 

lk 

.920225807S42393257765E  2 

lk 

15 

+0.0 

15 

16 

+0.0 

16 

17 

.929794 I73880234481875E  +0 

17 

18 

♦  0.0 

18 

19 

n  =  37 

1 

. 138882245330245081978E  1 

2 

♦  0.0 

1 

3 

♦  0.0 

2 

h 

. 34720860260 1 5646 97373E  3 

3 

5 

+0.0 

U 

6 

♦  0.0 

5 

7 

.265621 I02200827879020E  4 

6 

8 

♦  0.0 

7 

9 

♦0.0 

8 

10 

.2656006007093866261 1  IE  4 

9 

11 

♦0.0 

10 

12 

♦0.0 

11 

13 

.46 7753264 38395 90 5 7265E  3 

12 

1U 

♦  0.0 

13 

15 

♦  0.0 

111 

16 

. J32193093687430132033E  2 

15 

17 

♦0.0 

16 

18 

♦0.0 

17 

19 

.2702702702 702 7 02 702 70E  -1 

18 

1  O 

19 

20 


n  -  38 


♦  0.0 
♦  0.0 

. I 1 2703307 190 1 755 78946E  3 

♦  0.0 

+0.0 

•22500381822571 52 07750E  4 

♦  0.0 
♦  0.0 

.467809904302998W1936E  4 

♦  0.0 
♦  0.0 

.  16814151.  7349817696730E  4 

♦  0.0 
♦  0.0 

. 1 105991064643640878I4E  3 

♦  0.0 
♦  0.0 

.944726  195  >*7637E  >0 

♦  0.0 

n  -  39 

♦  0.0 

.219305 190621489160779E  2 

♦  0.0 
♦  0.0 

. 139619I78164647016059E  4 

♦  0.0 
♦  0.0 

.622 326  72  7508 1 28649438E  .4 

♦  0.0 
♦  0.0 

.444676  14  1484  563893247E  4 

♦  0.0 

♦0.0 

.61 590 5494956 78032 3200E  3 

♦  0.0 
♦  0.0 

. 144897636706678639639E  2 

♦  0.0 
♦  0.0 

.2564 102564102564 10256E  >1 
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Table  2-lj.  (Cont'd) 


n 

n  =  hO 

. 19351 72767811 14409888E  1 

♦  0.0 
♦  0.0 

.616753  1124  143191  15503E  3 

♦  0.0 
♦  0.0 

•627188637079385633404E  4 

♦  0.0 


n 

n  ■  h2 

♦  0.0 

. 33068 3^223224854988 l 7t  2 

♦  0.0 
+  0.0 

.26801453655965849944  IE  4 

♦  0.0 
+  0.0 

.  15855640311338 1624728E  5 


9 

♦  0.0 

9 

+C.0 

10 

.6b65S875060l48221 1301E  4 

10 

♦  0.0 

11 

♦  0.0 

11 

.  15988303429U492282070E  5 

12 

♦  0.0 

12 

+  r.0 

13 

.244042  162C08581973662E  4 

13 

♦  0.0 

1U 

♦  0.0 

1U 

.345436142082464983944b  4 

15 

+0.0 

15 

♦  0.0 

16 

.  l313olo90592345907804E  3 

16 

♦  C.O 

17 

♦  0.0 

17 

. 1544023IG664294965845E  3 

18 

♦  0.0 

18 

♦  0.0 

19 

.958840 69CG5271 08 27498E  +0 

19 

*0.0 

20 

o 

. 

o 

+ 

20 

.972221 44 791602 30 50730E  +0 

21 

♦  0.0 

n  =  1+1 

1  +0.0 

1  +0.0 

j3  .  183685654290390146056E  3 

2  +0.0 

I  ♦o*0 

6  .4  76  1 62529966 7231 45  H8C  4 

ft  +0.0 

0  +0.0 

. 1351567410221 18691668E  5 

1°  +0.C 

II  +0.0 

12  . 7 1644691 3995236862058E  4 

V  +0.0 

^  +0.5 

*5  .7964 7502  I  37684 7604672E  3 

16  +0.0 

1?  ♦0.0 

ia  . 1579457423332667 I7849E  2 

19  +0.0 

20  *0.0 

21  . 24 39024 3 9024 3902 43902E  -1 


n  »  1*3 

.2718771 14305Hti03662u5E  1 

♦  0.0 
+  0.0 

. 1064645654 1918446407  IE  4 

♦  0.0 
♦  0.0 

.  14  30  W526365464376930E  5 

♦  0.0 
♦  0.0 

.  2  7566 85066684  ?  d7 2  724  7H  5 

♦  0.0 
♦  0.0 

.  1  !  1673  )14762345894471E  5 

+  0.0 
+  0.0 

.  10  I  37668267582  7567-63  3E  4 

♦  0,0 
♦  0.0 

.  171  32279 1 I53042V44977E  2 

♦  0.0 
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Table  2-ij.  (Cont'd) 


m  Bm 

n 

n  ■  U3  (Cont'd) 

21  +0.0 

22  .232558  1 39534883720930E  -1 


n  -  liU 

>0.0 

♦0.0 

. 29842768707 1 65 1 1 2  I 298E  3 

♦  0.0 

♦0.0 

.983584472976 1 6 78 4590 7E  4 

+0.0 

♦  0.0 

.37002283004 I062198861E  5 

+0.0 

♦0.0 

.27635640602 9 5660 34571E  5 

♦0.0 

♦0.0 

.47834 lbl60344l 05 85767E  4 

+0.0 


n  ■  hS  (Cont'd) 

.  169119797908843669737E  5 

♦0.0 

♦0.0 

.  127233340371341982467E  4 

♦0.0 

♦0.0 

.  185015449499883776497E  2 

♦0.0 

+0.0 

. 222222222222222222222E  -1 
n  -  1|6 

•  384  704424470 1654  7  1 650E  1 

♦  0.0 
♦  0.0 

.  189126854219205074072E  4 

♦  0.0 
♦  0.0 

.31668806544 12892 8040 3E  5 

♦  0.0 


17 

♦0.0 

9 

♦  0.0 

18 

.179809998641 15441 7543E  3 

10 

.8076490346353350 18204E  5 

19 

+0.0 

11 

♦  0.0 

20 

♦0.0 

12 

♦  0.0 

21 

.98494009697 1362322405E  +0 

13 

.460452673601 165755358E  5 

22 

♦0.0 

1U 

♦  0.0 

15 

♦  0.0 

n  -  1*5 

16 

.  649 >70694  34074682898 1 E  4 

17 

+  0.0 

1 

♦0.0 

18 

+0.0 

2 

.499857 I33083891529330E  2 

19 

.20767 1056924903042637E  3 

3 

♦0.0 

20 

♦  0.0 

h 

♦0.0 

21 

♦  0.0 

5 

. 506524962914818236122E  4 

22 

.  997058  3377 165 305 35067E  +0 

6 

♦0.0 

23 

♦0.0 

7 

♦0.0 

8 

.388043797  14  1 57803  1557E  5 

9 

♦0.0 

10 

♦0.0 

11 

.532 58 78750164923 66 58  IE  5 

12 

♦0.0 

13 

♦0.0 
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Table  2— 14.  (Cont’d) 


ra 


n  -  hi 


ra 


B 


ra 

J 

n 


n  3  1*8  (Cont'd) 


1 

2 

3 

h 

5 

6 

7 

8 
9 

10 

11 

12 

13 

ll* 

15 

16 

17 

18 

19 

20 
21 
22 
23 
2k 


+  0.0 
+  0.0 

.483529H65436153276786C  3 

♦  0.0 

+  0.0 

. 1990316549428861 73133C  5 

♦  0.0 

+0.0 

.9684 1 8836 30022 724 79480  5 

♦  0.0 
+  0.0 

.9831 13 04716378 56 4 3 4340  5 

+0.0 

+  0.0 

.249707 122714824143694E  5 

+  0.0 
♦  0.0 

.1576950164788917513630  4 

+0.0 
+  0.0 

.1990115033418093469900  2 

+  0.0 
♦  0.0 

.2127659574466085 106380  -1 


n  3  1*8 


1 

2 

3 

U 

9 

6 

7 

8 
9 

10 

11 

12 

13 

1U 

19 

16 


+0.0 

.757206C73914681944667C  2 

♦  0.0 
+  0.0 

.944 5644805445564674370  4 

+  0.0 
+  0.0 

.9178958978625322 160790  5 

♦  0.0 

f  n.o 

.  166540  I47102C742  71595E  6 

+  0.0 
+  0.0 

.7429363069174708377120  5 

+  0.0 
♦  0.0 


17 

18 

19 

20 
21 
22 
23 
2k 


.867 289 62998604754V 84 3E  4 

+  0.0 
+  0.0 

.23806925044 1722C* 1  1306  3 

+  0.0 
+  0.0 

. 100862968602923102630E  1 

♦  0.0 


n  3  k9 


1 

2 

3 

k 

5 

6 

7 

8 
9 

10 

11 

12 

13 

lk 

15 

16 

17 

18 

19 

20 
21 
22 
23 
2k 
29 


. 54 776591737586 55 8132 4E  1 

+  0.0 
♦  0.0 

•  327  3489  125642  166  3  9674E  4 

+  0.0 
♦  0.0 

.68385242972 10 1050863 6E  5 

+  0.0 

♦  0.0 

.225. 3  0951882 085 33 78955E  6 

+  0.0 

+  0.0 

. 174375106901002339348E  6 

+  0.0 
♦  0.0 

.  360507  1389712501 77468E  5 

♦  0.0 

+  0.0 

.1932631095537884770566  4 

♦  0.0 
+  0.0 

.21 3299719840503289 192E  2 

♦  0.0 
♦  0.0 

.204081632655 06 1224489E  -1 


I- 
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Table  2-l\.  (Cont'd) 


% 

n  *  50 


1 

2 

3 

h 

5 

6 

7 

8 
9 

10 

n 

12 

13 

Hi 

15 

16 

17 

18 

19 

20 
21 
22 
23 
2li 
25 


♦  0.0 
♦  0.0 

. 781599207896086962964E  3 

♦  0.0 
♦  0.0 

.395661 566842224857 11 3E  5 

♦0.0 

♦0.0 

.2439420693 14354378 12 3E  6 

♦  0.0 

♦0.0 

.  3269884809824877 38768E  6 

♦0.0 

♦0.0 

.  1 16523564381858609189E  6 

♦0.0 

♦  0.0 

.  1  1400826171  14738 1  S3 1 4E  5 

♦  0.0 
♦  0.0 

.27 1085978235346670236E  3 

♦  0.0 

♦0.0 

.  101970086223180909526E  1 

♦0.0 


[rTote  added  in  proof;-  The  user  who  wishes  to  conserve  storage 


in  an  electronic  computer  may  find  it  convenient  to  replace  Eq. 
(2-22o)  by 


t3(J-D 


where,  if  we  let  [•••}  be  interpreted  as  "the  integral  part  of" 

H  =  (2n  +  1)  -  3[(2n  +  1)/3J  ,  K  =  [ (2n  +  l)/3]  -  [n/2] 

For  example,  if  n  =  10,  we  would  have  \i  =  0,  K  =  2;  if  n  =  11, 
we  would  have  n  =  2,  K  =  2}  and  if  n  =  12,  we  would  have  \k  =  1, 
K  =  2.] 
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As  in  the  discussion  following  Eq.  (2-21),  we  recognize  the  coef- 

-1  -1 

ficionts  in  the  expansion  of  x  tanh  x  and  observe  that  the 

behavior  of  (q)  for  the  cases  in  which  the  magnitude  of  is 
s  s 

large  is  given  by 


Since  this  result  suggests  that  we  must  require  that  the  magnitude 

of  a/t^Al  150  less  than  unity  in  order  to  employ  the  expansion  in 

Eq.  (2-22),  we  see  that  as  the  magnitude  of  increases,  the  re- 

s 

gion  in  the  q-plane  for  which  this  expansion  can  be  employed 
"shrinks"  until  it  coalesces  upon  the  "point  at  infinity."  This 
is  in  sharp  contrast  with  the  expansion  in  Eq.  (2-21)  since  it 

can  be  employed  in  ever  enlarging  regions  in  the  q-plane  as  the 
magnitude  of  increases. 

We  observe  that  the  roots  for  q  =  0  and  q  ->  oo  lie  along  the  line 
arg(q)  =  60°,  and  lie  in  the  first  quadrant  of  the  T;-plane.  Much 
attention  has  been  given  in  the  literature  to  the  study  of  verti¬ 
cally-polarized  waves  propagated  over  the  convex  interface  between 
free  space  and  a  highly  conducting  homogeneous  sphere.  In  this 
case,  the  impedance  parameter  has  a  phase  of  the  order  of 
We  will  refer  to  these  as  the  "Watson  modes"  since  this  was  the 
type  of  problem  in  which  Watson  (and  later  van  der  Pol  and  Brem- 
mer)  was  interested  nearly  fifty  years  ago.  Since  World  War  II 
there  has  developed  an  interest  in  the  propagation  of  vertically- 
polarized  electromagnetic  waves  over  the  convex  surface  of  a  per¬ 
fect  conductor  which  is  either 
a)  slightly  rough 

*)  covered  with  a  thin  dielectric  layer,  cr 
c)  corrugated. 

These  modes  were  discussed  in  a  paper  by  Elliott  (Ref.  12)  and  we 
shall  therefore  refer  to  these  as  the  "Elliot  modes."  The  very  im¬ 
portant  problem  of  absorbing  layers  upon  a  convex  surface  can  be 
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often  shown  to  correspond  to  the  case  in  which  the  impedance 

o 

parameter  q  has  a  phase  of  the  order  of  90  •  Therefore,  the 
applications  which  are  being  encountered  are  such  that  it  be¬ 
comes  quite  important  to  be  able  to  find  the  roots  ^s(q)  ^or 
an  arbitrary  value  of  q.  Therefore,  it  has  become  important  to 
study  the  behavior  of  the  logarithmic  derivative  qta)  in  order 
to  understand  the  mapping  specified  by  the  functions  1  (q)  and 
q($)*  The  mapping  is  found  to  possess  certain  critical  values 

T°(q)  for  which 
s 

-t®  -  < 4  =  [V^sl/V^'l2  (2-23) 


I 


We  often  refer  to  these  points  as  the  "saddle  points*"  It  will 
be  observed  that  these  points  are  singularities  for  the  differ¬ 
ential  equation  for  dt/dq  given  in  Eq.  (2-18) 


Pig*  2-1  The  Logarithmic  Derivative  q(^)  s  (tJ/wjU) 
(  . .  phase  , - modulus) 
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o 


In  Pig.  2-1,  wo  have  attempted  to  illustrate  some  of  these 
properties  of  the  logarithmic  derivative  function  qta),  with 
emphasis  upon  illustrating  the  saddle  point,  the  Watson  modes, 
and  the  Elliott  modes.  A  more  detailed  illustration  is  given 
in  Pig.  2-2 


u 

r  *- 

if  50 

25 

2.0 

C 

1.5 

1.0 

OS 

0 

* 

0  03  1.0  I.S  2.0  2.5  3.0  35  4.0  4.5 

Real  r 

*  Pig*  2-2  The  Logarithmic  Derivative  q(x)  =  v^'  (tJ/w^  (t) 

(  -  phase  - - modulus) 
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Q 

The  critical  points  ts  correspond  to  points  at  which  two  modes 
coalesce.  They  are  very  Important  in  determining  the  radius  of 
convergence  (in  the  q-plane)  of  the  series  which  we  have  given 
in  Eqs.  (2-21)  and  (2-22).  The  first  two  of  these  points  have 
been  located  at 

qc  *  1. 731  exp (119*29°)  ,  qc  *  2.l35exp (123.52°) 

The  approximate  location  of  the  first  20  saddle  points  (or  criti¬ 
cal  points)  is  given  in  Table  2-5.  For  s  >  3,  these  critical 
points  can  be  found  from  an  asymptotic  representation.  From  the 
definition  given  in  Eq.  (2-23) »  we  see  that  the  location  of  the 
critical  points  Is  equivalent  to  the  problem  of  finding  the  roots 
of  the  function  f(^)  =  [w^t;)]^  -  /u[w^(t)]^.  We  can  show  that 


* 


Table  2-5 


THE  CRITICAL  POINTS  AND  CORRESPONDING  VALUES  OF  qc 


s 

Real  t° 

Imag  t:° 

Mod  qQ 

Arg  qc  (deg 

1 

2.343 

1.869 

1.731 

19.29 

2 

3.118 

3*347 

2.135 

23.52 

3 

3*  771 

4.573 

2.433 

25.25 

4 

4-353 

5.658 

2.672 

26.21 

5 

4.890 

6.658 

2.875 

26.83 

6 

5.409 

7.591 

3.053 

27.264 

7 

5.094 

8.472 

3.213 

27.586 

8 

6.358 

9. 3H 

3.358 

27.836 

9 

6 .804 

10.114 

3.491 

28.036 

10 

7.234 

10.888 

3.616 

28.200 

11 

7.651 

11.636 

3.732 

28.337 

12 

8.056 

12.36I 

3.841 

28.453 

13 

8.k50 

13.066 

3.945 

28.553 

14 

8.835 

13.752 

4.043 

28.640 

15 

9.212 

14.423 

4.137 

28.717 

16 

9.580 

15.078 

4.227 

28.785 

17 

9.941 

15.719 

4.313 

28.845 

18 

10.295 

16.348 

4*396 

28.900 

19 

IO.643 

16.966 

4.475 

28.949 

20 

10.986 

17.572 

4.552 

28.994 
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f('y)  is  a  solution  of  the  differential  equation 


-  Ivt  —  +  2f  =  0 
dTT  dx 

This  differential  equation  can  be  used  to  generate  a  Taylor  series 

for  f (t) •  If  we  then  use  the  fact  that  f  (t°)  =  0,  we  see  that  the 

s 

finding  of  the  roots  is  reduced  to  the  problem  of  inverting  the 
series  00  (n) 

f(Tg)  =  0  =  f  (t)  +  f'(T)(T°  -  t)  +  f  ni  T  ^Ts  “  T)n 

n=2 

Since  f'  (t)  =  -  [ w^  (t: )  3  and  f^ta)  =  -2w^  (tJw^  (t),  it  is  a  rather 

straight  foward  calculation  to  find  a  more  accurate  value  of  xc 

•  s 

once  we  know  w^('t)  and  w^' (t)  at  a  neighboring  point  t. 

Our  study  of  the  asymptotic  location  of  the  for  s 

s 

cated  that  they  can  bo  represented  in  the  form 

%  =  S(s)exp[i(fn  -  T(s)  ] 


oo  has  indi- 


(2-2ij.a) 


where 


Sis)  =  (3A)(X2  +  Y2)^  *  T(s)  -  ft  an  (Y/X) 

where  X  =  X(ii)  and  Y  =  Y(s)  possess  the  asymptotic  behavior 

log (12ns ) 


X(s) 


Y(s) 


■  2ns  — 


oo 


2ns 


00 


•log[l2ns  -  —  log(12ns)] 
ns 


(2~24b) 

(2-24c) 


If  we  study  the  behavior  of  the  lines  of  constant  phase  in  Fig.  2-2 

o  a 

we  observe  that  when  30  <  arg  q  <  210  that  all  the  root  loci  which 

0  OO 

start  from  t  move  along  paths  that  end  up  at  t  .  However,  for 
o  “  o  s 

-150  <  arg  q  <  30  there  is  a  type  of  root  loci  which  starts  from 

but  which  "slips  away"  and  runs  off  to  infinity.  We  will  desig- 
s 

nate  this  root  as  £Q(q).  From  Fig.  1,  we  see  that  the  root  TQ(q) 
corresponds  to  T^lq)  for  -139.2  <  arg  q  <  19#2  ,  to  T2(q)  for 
-lij.3.4  <  arg  q  <  -139*2  and  I9.2  ^  arg  q  <  23.4°,  etc. 
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For  the  special  case  of  the  surface  wave  modes  which  wo  have 
designated  as  the  "Elliott  modes,"  the  Impedance  parameter  is 
characterized  by  arg  q  —  0  •  For  this  case  we  can  compute  ^(q) 
for  q  »  2  by  means  of  the  relations 


Real  Tr0(q) 


+  +  U_L  4.539  1  8337  1 

q  2  q  8  4  82  7  32  10  512  13  2048  16 

q  q  q  q  q 


9659  _1_  416349  1  .  -25. 

512  19  4096  22  +  u  > 


(2-25a) 


,  2  r  **■ 

Iraag  ^0  (q)  «  2q  exp  y  -  - 


,3  - 


1  - 


397 

288q- 


6427 


1536q 


12 


7  31 

I2q^  i|8  q^ 
248025 
15360q15 


■] 


(2-25b) 


The  asymptotic  expansions  which  we  have  given  in  Eq*  (2-25)  for 
the  case  of  q  real  (i.e*,  arg  q  =  0  )  can  also  be  employed  to 
obtain  asymptotic  series  for  TQ(q)  for  -150°  <  arg  q  <  30°  if 
we  write 


p  1  1  p  4  o 

ta (q)  —  [ q  +  —  —+•••]  +  i2q  exp [ -  —  q  —1  **  •••]  (2—26) 

0  2  q  ’3 

where  further  terms  in  the  expansion  oan  be  obtained  from  Eqs. 
(2-25a)  and  (2-25b)  where  now  the  values  of  q  are  conqolex* 

In  Fig*  2-3  wo  have  indicated  the  regions  in  which  one  can  employ 
the  representations  for  t  (q)  which  we  have  given  in  Eqs*  (2-21), 
(2-22)  and  (2-26)*  The  boundary  for  Eq*  (2-26)  has  been  drawn 
with  dashed  lines  because  this  is  an  asymptotic  representation 
and  the  expansion  does  not  possess  an  exact  boundary  outside  of 
which  it  can  be  employed*  It  is  important  to  observe  that  there 
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Re:il  r 

Pig*  2-3  Boundaries  for  Regions  of  Applicability  of 
Eqs.  (2-21),  (2-22)  and  (2-26) 

are  root  loci  (computed  on  the  basis  of  Eq.  (2-21))  which  start 
from  q  =  0  at  and  which  cannot  be  "joined"  to  the  root  loci 
vcomputed  on  the  basis  of  Eq.  (2-22))  which  start  from  q  =  oo  at 
t”.  Since  the  expansions  given  by  Eqs.  (2-21)  and  (2-22)  be- 
come  useless  (from  a  practical  point  of  view)  before  the  theoreti¬ 
cal  boundaries  are  reached,  there  are  considerable  "gaps"  in  the 
complex  q-plane  which  cannot  be  reached  by  employing  these  clas¬ 
sical  expansions. 
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2*3  The  Root  Locu3  for  the  Ground  Wave  Problem 


Before  we  continue  with  the  discussion  of  methods  for  the  numeri¬ 
cal  evaluation  of  the  roots  t  (q),  let  us  consider  in  more  detail 
the  root  locus  which  we  have  referred  to  as  the  "Watson  modes," 

Up  until  about  a  decade  ago  the  only  interest  in  these  roots  was 
that  which  arose  out  of  the  problem  of  predicting  the  dif fract¬ 
ion  effects  associated  with  the  propagation  of  the  ground  wave 
around  the  earth's  surface.  The  rapidly  advancing  technology 
associated  with  the  development  of  missiles  and  satellites  has 
opened  up  a  broad  new  range  of  problems  in  which  the  microwave 
engineer  requires  the  ability  to  predict  the  diffraction  effects 
v/hen  radiowaves  are  radiated  from  (or  received  by)  an  antenna 
mounted  upon  a  convex  surface.  Another  broad. new  area  of  inter¬ 
est  is  that  associated  with  the  radar  reflection  characteristics 
of  bodies  whose  shape  includes  include  portions  that  come  within 
the  scope  of  the  problem  of  reflection  from  and  diffraction  around 
convex  surfaces.  The  development  of  the  laser  has  provided  physi¬ 
cists  with  a  source  of  coherent  electromagnetic  waves  and  now 
(Ref.  20)  there  exists  an  interest  in  this  diffraction  theory 
even  in  the  range  of  the  optical  wavelengths.  The  recent  paper 
by  Streifer  and  Kodis  (Ref.  21)  is  probably  only  the  precusor  of 
the  flood  of  papers  which  will  appear  within  the  next  decade  in 
which  the  logarithmic  derivative  of  the  Airy  function  will  play 
a  prominent  role. 

Prom  the  rotational  property  of  the  Airy  functions,  we  know  that 

wx' (t) 

q(t)  =  -  =  exp  (ifn) 

w1(t)  v[texp(ifn)] 


=  exp (ifn) 


Ai[texp(ifn)] 


(2-27) 


Therefore,  by  rotating  the  contour  plot  given  in  Pig.  2-2  and 


2-36 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


by  relabeling  the  lines  of  constant  phase,  we  obtain  the  contour 
plot  of  the  logarithmic  derivative  L(t)  =  Ai'(t)/Ai(t)  which  is 
given  in  Fig.  2-4. 

Let  us  consider  briefly  a  problem  in  which  both  the  logarithmic 
derivative  q(t)  =  w^' (t)/w^ ( t)  and  the  logarithmic  derivative 
L(t)  =  v' (t)/v(t)  occur.  In  the  study  of  diffraction  by  circular 
cylinders  we  have  to  solve  the  two  dimensional  differential  equ¬ 
ation 

\^~~2  +  -  —  +  “j?  +  k2l  ?(p,(p)  =  0  (2-28) 

LaP  P  aP  P  a<P  J 

Let  the  electrical  properties  of  the  cylinder  be  characterized  by 
while  that  of  the  outside  is  described  by  k.  The  cylinder  has 
a  radius  a.  We  will  use  an  exp(-iot)  time  dependence.  Since  the 
wave  must  be  outgoing  at  infinity  and  finite  at  p  =  0,  we  choose 


•8.8  -8.0  -2.5  -2.0  -1.8  -1.0  -0.5  0  0.8  1.0 

REAL  t 

Fig.  2-4  The  Logarithmic  Derivative  L(t)  =  Ai'(t)/Ai(t) 

(  -  phase  , - modulus) 
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a  solution  proportional  to 


where 


exp(±iocp)  H^(kp) 

,  p  >  a 

exp  (±io<p )  Jydc^p) 

,  p  <  a 

2  2 
k  =  (0  cp. 

,  p  >  a 

(2-29a) 

2  2 
k^  =  co 

t  P  <  a 

(2-29b) 

In  electromagnetic  diffraction  problems  which  involve  a  circular 
cylinder,  there  are  generally  two  cases  of  interest: 

(a)  f  =  E„  ,  electric  field  parallel  to  the  axis  of  the  cylinder 

z 

(b)  Y  =  Hz  ,  magnetic  field  parallel  to  the  axis  of  the  cylinder 

The  continuity  requirements  on  the  electric  and  magnetic  field  at 
the  Interface  p  =  a  lead  to  an  eigenvalue  problem  for  the  deter¬ 
mination  of  the  roots  u  defined  by 

Ju  (k1a)H^1) '  (ka)  -  ^J'  (k^jH^  (ka)  =  0  ,  Y  =  (2-30a) 

us  us  us  °s 

\Lk±  (k1a)H^1) #  (ka)  -  ^kJ'  (k^H^  (ka)  =  0  ,  f  =  Hz  (2-30b) 
s  s  s  s 

If  the  magnitude  of  kj^  is  much  greater  than  that  of  k,  we  can 
show  that  the  magnitude  of  k^a  is  much  greater  than  the  magnitude 
of  u  (for  small  values  of  s  If  we  order  the  o„  and  let  o*  be  the 
root  with  the  smallest  imaginary  part,  ^  156  t5ae  root  with  the 
next  smallest  imaginary  part,  etc.)  and  then  we  can  use  the  ap¬ 
proximation 

JG(kla) 

- -  =  -i  i/Ocja)^  -  of  /(k.a)  (2-31) 

VV> 

s 
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Therefore,  we  find  that  we  have  to  solve  the  problem  defined  by 

H^'Oca)  [  .itul^/^h/dCia)'2  -  /(^a)  ,  ?  =  Ez  (2-32a) 


H(1)  (ka) 
us 


-K^k/^M^a)2  -  of  / (ic^a)  ,  ?  =  H  (2-32b) 


When  ka  is  very  large,  there  are  roots  n  which  are  in  the  vicin- 

3 

ity  of  o_  =  ka.  Therefore,  we  can  use  the  Lorenz-Nicholson  asymp- 
s 


totic  approximation 

(ka)  ss  -  (i/\/^i )  (ka/2)-^  (t) 
where  w^(t)  is  the  Airy  function  and  t  is  defined  by 

.  i 

o  =  ka  +  (ka/2)at 

Therefore,  we  can  employ  the  approximation 


(2-33) 


(2-34) 


H^'tka) 


h(T) 

Hos  (ka) 


«  -(ka/2)^ 

W-j^  (t) 


(2-35) 


to  obtain  the  following  problem  which  is  to  be  solved  for  the 
roots  t 


ts  =  (ka/2)  a(us  -  ka) 


defined  by 


-1-  -(ta)  *  i(ka/2)^ 

wi(t  ) 


*kl  7  (kja)2  -  o2 

^k  (k^ 

^k  /  (kxa)2  -  u2 
lik,  (k.  a) 


(2-36) 


»  Y  =  Ez  (2-37a) 


,  f  =  Hz  (2-3Tb) 


If  we  make  the  further  approximation  of  replacing  u  by  (ka)  in 
the  radicals  of  Uq.  (2-37)  we  can  express  the  eigenvalue  problem 
in  the  form 
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Wi'(t>  J  4V 

.  *  =  Ez 

(2-38a) 

q(t.)  =  -i— -2-  =  { 

wi<t=)  u 

.  *  =  «z 

(2-38b) 

where  the  impedance  parameters  are 

qv  =  i(ka/2)^(k/k1)VTT 

(k/^)2 

(2-39 a) 

qh  =  i  (ka/2)^(k1  AhA 

(kAj.)2  ■  (k1/k)2qv 

(2-39b) 

Although  we  have  derived  Eq.  (2-38)  for  the  case  of  a  circular 
cylinder,  the  analysis  for  the  lossy  dielectric  sphere  leads  to 
an  identical  equation  in  the  limit  as  ka  -+  00,  If  the  diffracting 
obstacle  is  lossless,  we  observe  that 

arg(qv)  =  arg(qh)  =  90° 

However,  if  »  ooe^  we  find  that 

arg(qv)  =  b5° 

arg(qh)  =  135° 

Therefore,  we  observe  that 

45°  <  arg(qy)  <  90° 

90°  <  arg(qh)  <  135° 

Most  of  the  papers  published  to  date  have  dealt  with  the  eigen¬ 
value  problem  defined  by  Eq.  (2-38).  This  approximation  is  gen¬ 
erally  adequate  for  the  problem  of  studying  the  propagation  of  the 
ground  wave  around  the  earth* s  surface.  However,  in  problems 
which  arise  in  the  applications  of  microwaves,  the  condition 
that  k^a  be  much  larger  than  ka  is  not  satisfied  in  many  of  the 
situations  for  which  data  on  the  propagation  phenomena  is  desired. 
Let  us  sketch  a  method  which  can  be  employed  under  much  less 
stringent  conditions  than  those  which  must  be  satisfied  in  order 
to  have  the  problem  reduce  to  Eq.  (2-38)* 
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We  need  an  asymptotic  approximation  for  the  Bessel  functions 
which  is  valid  when  both  ka  and  ^a  are  large,  hut  the  relation 
Ik^al  »  |  ka|  need  not  hold.  A  suitable  asymptotic  estimate  is 
that  which  was  employed  in  the  mid-l930ls  by  Langer  and  which  has 
been  employed  in  the  more  recent  studies  made  by  Olver  (Ref.  22). 
In  order  to  simplify  the  asymptotic  formulae,  let  us  make  a  few 


definitions.  Let  £  =  £(z)  be  defined  by 

■|  =  log[  (1  +  yjl  -  z2)/z]  -  y/l  -  z2  (2-40a) 

and  then  define 

*(5)  =  [4^/(!  -  z2)]1^  (2-40b) 

Y(?)  =  2/[z$l5)]  (2-40C) 

The  Langer-Olver  asymptotic  estimates  are  then  given  by 

Vrc  (oz)  ~  -i§(5)o\(^)  (2-41) 

V5T  Hu(1)#(os)  •  if(«)o"*wi(o*«)  (2-4-2) 

Jy(uz)  a  #(4)u’*^  v(u%  (2-4-3) 

J'(oz)  »  -?(s)o“!v'  (vh)  (2-44) 

V 


In  order  to  use  Eqs.  (2-i.j.l)  through  (2-44)  in  Eq.  (2-30),  we  de¬ 
fine  the  quantities  z  and  z^  and  £  and  ^  by  means  of  the  rela¬ 
tions 

z  =  ka/us  ,  z1  =  k^/ug 

«  =  ?(z)  ,  =  S(zi) 

and  then  observe  that  the  logarithmic  derivatives  of  the  Bessel 
functions  which  occur  in  Eq.  (2-30)  can  be  expressed  in  the  form 
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J 


H*1)#(ka) 

H^)(ka) 

Vkla) 


-  2u~^(o/ka)-\/[l  -  (ka/o)2/(4S)  ] 


wj  (u*S) 
wx (o^S) 


2o“^(o/k1a)v^l 


-  O^a/u)2/^!)  ] 


▼*  (o*gl) 
v(u#qj 


(2-45) 

(2-46) 


The  subscript  s  on  »  has  been  suppressed  in  writing  Eqs*  (2-45) 

s 

and  (2-46).  We  can  then  replace  Eq*  (2-30a)  by  the  asymptotic 
approximation 


Wl'(of5)  •''(of?!) 

-y—  -  r  1  1  g . 

w1(u'3'^)  v(u|  Si ) 


£_ 

_«i 


(^a)2 

(ka)2 


(2-47) 


•where 


We  can  replace  Eq#  (2-30b)  by  a  similar  equation  in  which  the  only 

—1 

difference  is  that  T  is  replaced  by  f  • 


Eq*  (2-47)  provides  an  example  of  the  direction  in  which  future 
work  will  undoubtedly  be  directed.  In  Eq*  (2-38)  the  right  hand 
side  is  a  constant,  whereas  in  Eq.  (2-47)  we  not  only  have  a  right 
hand  side  which  is  variable,  but  it  has  the  interesting  property 
of  involving  the  logarithmic  derivative  of  the  Airy  function  v(t). 
In  some  situations  we  may  expect  to  find  roots  for  which  yg  »  k^a 
and  k^a  and  ka  are  widely  enough  separated  that  we  can  use  an 
asymptotic  estimate  for  the  left  hand  side  of  Eq*  (2-47)  and  then 
find  that  the  problem  to  be  solve  is 


v'  (p|  Si )  Ai' (u^  Si) 

v(ir*  Si)  Ai(u^  Si) 


Ffu^k^ka,!’) 
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where  F(os,k^a,ka,r)  may  in  some  problems  be  so  slowly  varying 
that  we  can  consider  it  to  be  a  constant  and  therefore  llnd  that 
the  problem  to  be  solved  is 

v'(t)  -  F  v ( t )  =  0  (2-49a) 

which  is  equivalent  to 

wj[texp(i^rc)  ]  -  Fexp(-i^jt)  w^  [texp(i^rc)  ]  =0  (2— Ip 9b) 

We  want  now  to  turn  away  from  this  more  general  problem  and  look 
more  closely  at  the  classical  ground  wave  propagation  problem* 
However,  we  hope  that  the  reader  sees  from  the  discourse  above 
that  there  exists  many  more  reasons  to  study  the  roots  of 

Wj/  (t)  -  q  w1  (t)  =0 

than  merely  the  fact  that  this  equation  plays  a  fundamental  role 
in  the  problem  of  propagation  of  radio  waves  around  the  earths 
surface* 

The  calculations  made  by  van  der  Pol  and  Bremmer  (Ref.  6),  Norton 
(Ref.  13),  Wyngaarden  and  van  der  Pol  (Ref.  9)»  and  Johler,  et* 
al*  (Ref*  15)  have  all  been  made  for  specific  frequencies  and 
electrical  properties  of  the  earth.  Such  calculations  play  an 
important  role  in  specific  engineering  applications.  However, 
from  the  point  of  view  of  making  calculations  which  can  be  adapt¬ 
ed  by  the  potential  user  to  a  class  of  problems,  there  are  advan¬ 
tages  to  be  had  by  following  the  procedures  which  were  employed 
by  Domb*  (Ref.  19)  and  Belkina  (Ref.  !?)• 


* 

Although  the  reference  is  to  a  paper  by  Domb,  the  author  would 
like  to  remind  the  reader  that  this  work  was  primarily  under  the 
technical  direction  of  M.  H*  L.  Pryce.  The  calculations  were  made 
in  l9i+2— ip  by  the  Admiralty  Computing  Service  and  the  contributors 
included  J*  C*  P.  Miller,  L*  Fox,  D.  H.  Sadler,  R*  H.  Corkan,  P. 

H*  Haines,  R.  0.  Taylor,  and  E.  M.  Wilson. 
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In  the  tables  of  Ref.  19»  it  is  assumed  that  the  impedance  para¬ 
meter  q  is  of  the  form 

q  =  Qexp(ii;5°) 

where  Q  is  real  and  positive.  Calculations  were  made  for  the 
first  five  roots  for 

Q  =  0.0(0.1)1.0  ,  and  |  =  0.0(0.1)1.0 

In  Table  2-5  we  list  the  values  that  were  obtained  for  the  first 
root  (q)  by  Domb  and  his  co-workers.  The  "tic"  marks  that  ap¬ 
pear  on  the  locus  for  45°  (the  ’’Watson  modes”)  correspond  to  the 
entries  in  Table  2-6. 

The  present  author  feels  that  there  is  a  definite  advantage  in 
the  presenting  of  the  results  in  terms  of  dimensionless  parame¬ 
ters  in  the  manner  employed  by  Pryce  and  Domb  (Ref.  .25),  Pryce 
(Ref.  24)  and  Domb  (Ref.  19).  In  order  to  emphasize  this  point, 
we  present  in  Table  2-7  the  values  for  the  root  ^(q)  which  were 
obtained  by  Johler,  Walters  and  Lilley  for  the  case  of  propagation 
over  typical  land  (e1  =  15.  =  Q.005  mho/m)  and  over  typical 

sea  (ei  =  8o»  5  mho/m)  for  frequencies  between  0  and  2000  kc. 


Table  2-6 

THE  ROOT  AS  CALCULATED  BY  ADMIRALTY  COMPUTING  SERVICE 


Q 

Real 

Imag 

1/Q 

Real 

Imag  t1 

0.0 

0.509 

0.882 

0.0 

1.169 

2.025 

o.l 

0.60k 

0.862 

0.1 

1.2^0 

1.953 

0.2 

0.698 

0.850 

0.2 

1.311 

1.877 

0.3 

0.790 

0.824-8 

0.3 

1.383 

1.790 

0.4 

0.880 

0.85k 

0.4 

1.449 

1.685 

0.5 

0.967 

0.868 

0.5 

1.497 

1.559 

0.6 

t.050 

0.891 

0.6 

1.510 

1.420 

O.y 

1.128 

0.921 

0.7 

1.486 

1.293 

0.8 

1.201 

0.958 

0.8 

U439 

1.189 

0.9 

1.267 

1.002 

0.9 

1.383 

1.110 

1.0 

1.326 

1.051 

1.0 

1.326 

1.051 
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Table  2-7 

TABLE  OP  ROOTS  T1(q)  OBTAINED  BY  JOHLER,  WALTERS  AND  LILLEY 


Cl 

=  15 

el 

=  80 

Frequency 

(kc) 

a  =  0.005  mho/m 

0  = 

5  mho/m 

Real 

Imag 

Real  t 

1  Imag  x± 

0 

0.5094 

0.8823 

0.5094 

0.8323 

0.1 

0.5115 

0.8811 

0.5095 

0.8823 

0.2 

0.5131 

0.8813 

0.5095 

0.8823 

0.5 

0.5173 

0.8802 

0.5096 

0.8822 

1.0 

0.5235 

0.8786 

0.5098 

0.8822 

2 

0.5346 

0.8759 

0.5102 

0.8821 

3 

0.5447 

0.8735 

0.5105 

0.8820 

4 

0.5542 

0.8714 

0.5108 

0.8819 

5 

0.5634 

0.8694 

0.5111 

0.8818 

6 

0.5722 

0.8676 

0.5114 

0.8818 

7 

0.5808 

0.8659 

0.5117 

0.8817 

8 

0.5892 

0.8643 

0.5119 

0.8816 

9 

0.5974 

0.8628 

0.5122 

0.8816 

10 

0.6055 

0.8614 

0.5124 

0.8815 

20 

0.6801 

0.8519 

0.5148 

0.8809 

30 

0.7477 

0.81483 

0.5170 

0.8803 

5o 

0.8696 

0.8542 

0.5210 

0.8793 

6o 

0.9254 

0.8625 

0.5229 

0.8788 

70 

0.9782 

0.8739 

0.5248 

0.8783 

80 

1.0281 

0.8879 

0.5266 

0.8778 

90 

1.0753 

0.9045 

0.5284 

0.8774 

100 

1.1197 

0.9233 

0.5301 

0.8770 

200 

1.4111 

1.1944 

0.5463 

0.8731 

300 

1.4628 

1.1952 

0.5612 

0.8698 

400 

1.4573 

1.6096 

0.5752 

0.8669 

5oo 

1.4173 

1.6992 

0.5886 

0.8644 

600 

1.  3835 

1.7538 

0.6016 

0.8620 

700 

1. 3569 

1.7906 

0.6142 

0.8600 

800 

1.3361 

1.8171 

0.6264 

0.8581 

900 

1.3193 

1.8373 

0.6384 

0.8564 

1000 

1.3055 

1.8531 

0.6502 

0.8549 

1100 

1.2940 

1.8660 

0.6618 

0.8536 

1200 

1.2843 

1.8766 

0.6732 

0.8524 

1300 

1.2759 

1.8856 

0.6843 

0.8513 

liiOO 

1.2687 

1.8933 

0.6954 

0.8504 

1500 

1.2623 

1.8999 

0.7062 

0.8497 

1600 

1.2566 

1.9057 

0.7170 

0.8490 

1700 

1.2516 

1.9108 

0.7276 

0.8485 

1800 

0.2471 

1.9154 

0.7380 

0.8481 

1900 

1.2430 

1.9195 

0.7484 

0.8479 

2000 

1.2393 

1.9232 

0.7586 

0.8477 
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0.5094  +  10.8823 


0.85 


3«.o  McA 


Pig.  2-5  The  Root  Locus  of  [Qexp  U45°)  J  for  0  <  Q  <  o #4 

In  Fig.  2-5  v;e  have  presented  ^in  strip  form)  a  greatly  magnified 
version  of  the  root  locus  for  arg(q)  =  45°  which  has  been  illus¬ 
trated  in  Pigs.  2-1  and  2-2.  Over  this  range  it  is  not  possible 

to  distinguish  between  this  locus  and  the  locus  of  points  which 

* 

are  obtained  from  the  tables  of  Ref.  15  for  f 'equencies  up  to 


Ref.  15  can  be  used  to  extend  Table  2-6  to  10,000  kc. 
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50  kc  over  "typical  land"  and  up  to  3000  kc  over  "typical  sea." 
The  portion  of  the  locus  which  is  given  in  this  figure  is  an  in¬ 
teresting  region  because  it  contains  the  "minimum"  in  the  imagi¬ 
nary  part  of  ^[Qexp(ii^5°)  ]  which  occurs  between  Q,  =  0.25  and 
0*30.  This  occurs  for  a  frequency  of  the  order  of  30  kc  over 
"typical  land"  and  of  the  order  of  2000  kc  over  "typical  sea." 

The  data  given  in  Ref.  15  reveals  that  when  the  frequency  is 
10,000  kc  that  the  corresponding  value  of  Q  is  of  the  order  of 
unity  in  the  case  of  "typical  sea."  If  one  plots  the  data  of 
Table  2-6  for  the  case  of  "typical  land"  on  a  scale  such  as  em¬ 
ployed  in  Pig.  2-5,  it  will  be  observed  that  as  the  frequency 
continues  to  increase  that  the  locus  pulls  slightly  ax^ay  from 
the  locus  for  arg(q)  =  kS° •  The  reader  who  is  interested  in  the 
relation  of  the  impedance  parameter  to  the  frequency  will  find 
tables  in  Ref.  15  for  quantities  denoted  by  K  and  \| /  .  The  rela- 

G  G 

tion  to  q  is 


In  Pig.  2  -6  we  have  plotted  several  sets  of  data  which  are  related 
to  the  behavior  of  the  root  locus  for  high  frequencies  when  T^(q) 
approaches  =  1.169  +  i2.025  as  the  magnitude  of  q  tends  to  in¬ 
finity.  The  lowest  set  of  points  (labeled  NBS  DATA)  is  taken  from 
Ref.  15  for  the  case  of  "typical  land."  The  highest  frequency 
considered  was  10  Me.  The  highest  set  of  data  in  this  figure  Is 
the  root  locus  for  arg(q)  =  45°*  Over  the  range  covered  by  this 
illustration  these  two  loci  are  virtually  parallel.  The  reader 
will  observe  that  the  magnitude  of  q  on  the  locus  based  on  the 
data  of  Ref.  15  is  of  the  order  of  10  at  a  frequency  of  3  Me. 

The  C.G.I.R.  atla3  of  ground  wave  curves  which  was  prepared  by 
Wyngaarden  and  van  der  Pol  does  not  overlap  with  the  data  of 
Ref.  15  since  the  frequency  range  is  taken  to  be  that  from  30  Me 
to  300  Me.  Furthermore,  the  electrical  parameters  are  not  the 
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same  in  the  two  sets  of  calculations.  The  parameters  employed 
were  as  indicated  below. 


Johler,  Walters 

Wyngaarden  and 

Source 

and  Lilley 

van  der  Pol 

Ref.  15 

Ref.  9 

=  15 

v±  =  10 

"Typical  Land" 

Oj_  =  0.005  mho/m 

0^  =  0.001  mho/m 

0 

00 

11 

T- 

CO 

e.  =  80 

"Typical  Sea" 

JL 

Oj_  —  5  mho/m 

o-l  =  4  mho/m 

The  curve  for  "typical  sea"  in  Fig.  2-6  is  virtually  parallel  over 
to  the  curve  for  arg(q)  =  45°  •  The  frequency  has  not  been  taken 
to  be  large  enough  for  us  to  see  how  the  locus  of  the  roots  for 
propagation  over  the  "typical  sea"  approaches  the  limiting  point 
at  t”.  However,  the  curve  for  "typical  land"  in  the  C.C.I.R. 
atlas  do  show  the  manner  in  which  that  locus  turns  and  heads  into 
the  limiting  point  along  the  locus  for  arg(q)  =  90°.  The  atlas 
prepared  by  the  Radio  Research  Laboratory  (Ref.  23)  covers  the 
frequency  range  from  30  to  10,000  Me  ,  but  the  roots  which  were 
employed  to  make  the  calculations  have  not  been  listed  in  the 
report. 

Except  for  the  "tic"  mark  which  is  used  to  mark  the  location  of 
the  root  for  q  =  O.lexp ( ii|_S° )  >  all  the  "tic"  marks  on  the  locus 
for  arg(q)  =  45°  are  taken  from  the  data  published  by  Belkina 
(ref.  17).  The  method  employed  by  Belkina  deserves  further  study 
because  it  is  perhaps  the  most  useful  method  of  presenting  data 
which  has  been  developed  to  date.  In  Eq.  (2-39)  we  have  given 
expressions  for  the  impedance  parameters  for  vertical  and  hori¬ 
zontal  polarization.  They  depend  upon  a,  <0,  e^,  p,^,  and  In 

the  ground  wave  problem  the  radius  a  is  fixed  (although  it  also 
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varies  if  we  take  into  account  the  fact  that  the  concept  of  an 
equivalent  earth's  radius  is  employed  to  take  into  account  the 
rate  of  change  of  the  index  of  refraction  at  the  earth's  surface*) 
hut  we  still  have  the  three  variables  and  <jj_  even  in  those 

cases  for  which  =  1.  Following  a  suggestion  mako  by  Fock, 
Belkina  used  the  approximation 


A  -  (k/k1 ) ' 


A  +  (k/k^2 


which  is  valid  when  the  magnitude  of  (k/k^)  is  small*  Belkina 
then  observed  the  manner  in  which  the  frequency  a)  enters  the  ex¬ 
pression  for  qv  of  Eq*  (2-39a )  and  assumed  that  qy  could  be  re¬ 
presented  by  an  expression  of  the  form 

in5/6 

q  =  ;Lln  .  (2-50) 

Vi  +  an 

This  expression  has  the  advantage  of  containing  only  two  para¬ 
meters  and  therefore  it  is  possible  to  conceive  of  making  computa¬ 
tions  for  a  range  of  values  of  a  and  n  which  will  servo  to  cover 
a  range  of  values  of  co,  and  o^.  This  is  a  very  clever 

transformation  since  we  have  two  adjustable  parameters  at  our 
disposal  in  Eq*  (2-50)  and  the  physical  problem  consists  of  two 
basic  variables,  the  wavelength  and  the  physical  nature  of  the 
earth's  crust  over  which  the  wave  is  being  propagated.  The  fact 
that  the  properties  of  the  earth's  crust  requires  two  real  para¬ 
meters,  e-L  and  for  its  description  forces  us  to  consider  the 
diffraction  phenomena  to  depend  upon  at  least  three  variables 
(three  only  if  we  assume  ^  to  be  constant  and  equal  to  the  value 
of  n  in  free  space)#  The  advantage  of  the  form  for  q  given  in 
Eq.  (2-5 0)  is  that  we  have  only  2  parameters  to  vary  and  hence  it 
becomes  feasible  to  attempt  to  compute  some  universal  data  which 
can  be  used  in  a  variety  of  physical  problems.  In  Table  2-8a  we 
have  reproduced  Belkina's  table  which  shows  the  combination  of 
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Table  2-8a 


TABLE  OP  VALUES  OP  THE  PARAMETER  log  n  SHOWING  DEPENDENCE  UPON 
PHYSICAL  NATURE  OP  THE  SOIL  OR  SEA  AND  ON  THE  WAVELENGTH  X 


Physical 

Nature 

of 

Soil 

Very 

Salty 

Sea 

Water 

slight¬ 

ly 

Salty 
Sea  ; 

Water 

slight¬ 

ly 

Sglty 

Sea 

Water 

Marsh 

Damp 

Soil 

and 

Meadow 

Soil 

Damp 

Soil 

and 

Meadow 

Soil 

C 

80 

80 

80 

15 

15 

15 

a 

2.108 

1,10« 

2.108 

1.107 

1.108 

2.108 

a 

0,010 

0,018 

0,024 

0,010 

0,023 

0,031 

* 

(meters 

log  n 

10 

0,425 

0,844 

1,021 

1,44 

2,04 

2,22 

20 

0,124 

0,543 

0,720 

1,143 

1,744 

1,924 

30 

-0,052 

0,367 

0,544 

0,967 

1,568 

1,748 

40 

-0,177 

0,242 

0,419 

0,842 

1,443 

1,623 

50 

-0,274 

0,145 

0,322 

0,745 

1,346 

1,526 

60 

-0,353 

0,065 

0,243 

0,666 

1,267 

1,447 

70 

0,420 

-0,001 

0,176 

0,599 

1,200 

1,380 

80 

-0,478 

-0,059 

0,118 

0,541 

1,142 

1,322 

90 

-0,520 

-0,110 

0,067 

0,490 

1,091 

1,271 

100 

0,575 

-0,156 

0,021 

0,444 

1,045 

1,225 

200 

-0,876 

-0,457 

-0,280 

0,143 

0,744 

0,924 

300 

-1,052 

-0,633 

-0,456 

—0,033 

0,568 

0,748 

400 

-1,177 

-0,758 

-0,581 

—0,158 

0,443 

0,623 

500 

-1,274 

-0,855 

-0,678 

-0,255 

0,346 

0.526 

600 

-1,353 

-0,934 

-0,757 

—0,334 

0,267 

0.447 

700 

-1,420 

-1,001 

-0,824 

-0,401 

0,200 

0,380 

800 

-1,478 

-1,059 

-0,882 

—0,459 

0,142 

0,322 

900 

1,529 

-1,110 

-0,933 

—0,510 

0,091 

0,271 

1000 

-1,575 

-1,156 

-0,979 

-0,556 

0,045 

0,225 

1100 

1,616 

-1,198 

-1,020 

-0,597 

0,004 

0,184 

1200 

-1,654 

-1,235 

-1,058 

-0,635 

-0,034 

0,146 

1300 

-  1,689 

-1,270 

-1,093 

-0,670 

-0,069 

0,111 

1400 

-1,721 

-1,302 

-1,125 

-0,702 

-0,101 

0,079 

1500 

-1,751 

-1,332 

—1,155 

-0,732 

-0,131 

0,049 

1600 

-  ’ ,779 

-1,360 

-1,183 

-0,760 

-0,159 

0,021 

1700 

-1,806 

-1,386 

-1,209 

-0,786 

-0,185 

-0,005 

1800 

- 1,830 

-1,411 

—1,234 

-0,811 

-0,210 

-0,030 

1900 

-1,854 

-1,435 

-1,258 

-0,835 

-0,234 

-0,054 

2000 

-1,876 

-1,457 

-1,280 

-0,857 

-0,256 

—0,076 

NoteiBelkina  expressed  the  conductivity  of  the  earth  in  the  form 
o0/o  where  a  is  the  conductivity  of  the  earth  and  a  is- the  con¬ 
ductivity  of  mercury  which  was  taken  to  be  lOlfij-O  (S2°cmr  • 
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Table  2-8b 


s 


THE  FUNCTION  q(d,n)  =  . . 

/  t+an 


lg» 

«  =  0,03 

a  s 

=  0,01 

Re^  ■»  Im  q 

Ref 

|  imfl 

-1,0 

0,1037891 

0,1037371  ' 

0,1038409 

-0,9 

0,1257434 

,1256642 

0,1258225 

-0,8 

0,1523415 

0,1522206 

0,1524621 

-0,7 

0,1845660 

0,1843816 

0,1847498 

-0,6 

0,223607 

0,223325 

0,223887 

-0,5  , 

0.270906 

0,270476 

0,271333 

-0,4 

0,328210 

0,327555 

0,328861 

-0.3 

0,397635 

0,396635 

0,398628 

—0,2  • 

0,481746 

0,480219 

0,483259 

-0,1 

0,583649 

0,581317 

0,585953 

0 

C. 707107 

0,703545 

0,710616 

0.1 

0,856679 

0,851236 

0,862020 

0,2 

1,037891 

1,029569 

1,046016 

0,3 

1,257434 

1,244705 

1,269788 

0,4 

1,523415 

1,503929 

1,542180 

0,5 

1,845660 

1,815804 

1,8/4132 

0.6 

2,23607 

2,19027 

2,27921 

0,7 

2,70906 

2,63873 

2,77429 

0,8 

3,28210 

3,17393 

3,38050 

0,9 

3,97635 

*3,80968 

4,12430 

1.0 

4,81746 

4,56015 

5,03891 

U 

5,83649 

5,43841 

6,16599 

1.2 

7,07107 

6,45394 

7,55738 

1.3 

.  8,56679 

.  7,60847 

9,27653 

1.4 

10,37891 

8,88952 

11,39862 

1.5 

12,57434 

10,26164 

14,00751 

1,6 

15,23415 

11,65625  ♦ 

17,18642 

1.7 

18,45660 

12,9648 

20,9998 

1.8 

22,3607 

14,0434 

25,4659 

1.9 

27,0906 

14,7388 

30,5303 

2.0 

32,8210 

14,9365 

36,0599 

2.1 

39,7635 

14,6074 

41,8749 

2.2 

48,1746 

13,8223 

47,8098 

2.3 

58,3649 

12,7195 

53,7664 

2,4 

70,7107 

11,4522 

59,7293 

2.5 

85,6679 

,  10,1478 

65,7465 
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Table  2-6b  (Cont’d) 

5 


THE  FUNCTION  q(a,n)  = 

y^7-h«n 


lg* 

a -0.02 

1  a  = 

0,03 

|  Re? 

im? 

Re? 

1  lm  q 

-1,0 

0,1036851 

0,1038927 

0,1036330 

0,1039444 

-0,9 

0,1255848 

0,1259014 

0,1255018 

0,1259836 

-0,8 

0,1520995 

0,1525824 

0,1519780 

0,1527024 

-0,7 

0,1841967 

0,1849331 

0,1840111 

0,1851159 

-0,6 

0,223043 

0,224166 

0,222760 

0,224444 

-0,5 

0,270045 

0,271758 

0,269612 

0,272182 

-0,4 

0,326896 

0,329509 

0,326232 

0,330152 

-0,3 

0,395628 

0,399613 

0,394613 

0,400591 

-0,2 

0,478678 

0,484757 

0,477123 

0,486240 

-0,1 

0,578958 

0,588229 

0,576573 

0,590476 

0 

0,699931 

0,714070 

0,696268 

0,717469 

0,1 

0,845695 

0,867256 

0,840058 

0,872384 

0,2 

1,021061 

1,053939 

1,012373 

1,061652 

0,3 

1,231620 

1,281748 

1,218199 

1,293298 

0,4 

1.483770 

1,560182 

1,462987 

1,577381 

0,5 

1.78468C 

1,901119 

1,752413 

1,926529 

0,6 

2,14211 

2,31944 

2,09188 

2,35658 

0,7 

2,56400 

2,83385 

2,48563 

2,88730 

0,8 

3,05767 

3,46777 

2,93526 

3,54298 

0,9 

3,62843 

4,25036 

3,43735 

4,35271 

1*0 

4,27717 

5,21731 

3,98016 

5,34946 

1,1 

4,99680 

6,41087 

4,53962 

6,56711 

1,2 

5,76723 

7,87812 

5,07600 

8,03403 

1,3 

6*54979 

9,66574 

5,53436 

9,76282 

1,4 

7,28329 

11,80968 

5,85280 

11,73901 

1,5 

7,88683 

14,31989 

5,98001 

13,91601 

1,6 

8,27453 

17,16533 

5,89537 

16,22415 

1,7 

8,3824 

20,2709 

5,61860 

18,59365 

1,8 

8,1948 

23,5356 

5,2007 

20,9779 

1,9 

7,7519 

26,8668 

4,7034 

23,3633 

2,0 

7,1316 

30,2098 

4,1810 

25,7645 

2,1 

6,4198 

33,5565 

3,6717 

28,2121 

2,2 

5,6878 

36,9341 

3,1979 

30,7423 

2,3 

4,9835 

40,3885 

2,7700 

33,3909 

2,4 

4,3338 

43,9710 

2,3908 

36,1908 

2,5 

3,7502 

47,7310  , 

2,0588 

39,1718 
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a  and  n  which  are  required  to  describe  the  variables  e^,  o ^  and 
X  which  enter  into  certain  diffraction  problems.  In  Table  2 -8b 
we  reproduce  the  table  given  by  Belkina  which  presents  the  values 
of  q  which  result  from  use  of  the  combinations  of  a  and  n  which 
are  contained  in  the  tables.  The  reader  will  observe  that  nega¬ 
tive  values  of  log  n  (i,e,,  n  <  1)  lead  to  combinations  of  the 
real  and  imaginary  parts  of  q  which  are  almost  equal  and  there¬ 
fore  the  argument  of  q  is  of  the  order  of  i\S°  •  However,  for 
large  positive  values  of  n  (and  a  >  0),  we  see  that  the  imaginary 
part  of  q  grows  much  faster  than  does  the  peal  part.  Therefore, 
these  data  reveal  that  the  family  of  root  loci  which  are  based 
upon  Eq,  (2-50)  will  parallel  the  locus  arg(q)  =  45°  for  small 
values  of  n,  but  then  will  puli  away  from  this  locus  and  turn  to 
approach  along  a  lino  which  is  parallel  to  the  imaginary  axis. 

Diffraction  theory  needs  the  ingenuity  and  inventiveness  which 
leads  to  the  recognition  of  the  importance  of  models  such  as  that 
contained  in  Eq,  (2-50),  Since  the  electrical  properties  to  be 
assigned  to  an  obstacle  are  often  not  known  exactly,  it  would  be 
a  great  advantage  to  have  the  calculations  which  are  published 
have  their  basis  in  a  relationship  similar  to  that  of  Eq,  (2-50) 
which  will  permit  the  construction  of  a  family  of  universal  curves 
which  can  be  relatively  easily  adapted  to  a  wide  variety  of  ap¬ 
proximate  physical  models. 

The  importance  of  seeking  universal  curves  is  clearly  indicated 
by  the  C,C,I,R.  atlas  (Ref,  9),  It  is  not  possible  to  plot  the 
roots  for  horizontal  polarization  on  the  graph  given  in  Pig,  2-5 
because  they  are  all  closely  clustered  around  Ti°»  This  suggests 
that  the  approximations  suggested  in  Appendix  E  (see  Eq,  (E-7) 
and  (E-8) )  could  be  used  to  obtain  the  data  for  horizontal  polari¬ 
zation  from  the  universal  functions  computed  for  q  =  «,  The  im¬ 
portance  of  these  concepts  was  apparently  appreciated  by  Pryce 
and  Domb  (Ref,  25),  but  later  writers  have  apparently  not  been 
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influenced  by  this  relatively  unknovm  work  which  was  carried  out 
in  England  during  World  War  II. 

The  papers  of  Norton  (Ref.  13)  and  Pryce  and  Domb  (Ref.  2$)  are 
seldom  referred  to  by  recent  writers.  However,  these  papers  are 
a  "must"  on  the  reading  lists  of  those  who  undertake  numerical 
work  in  diffraction  theory.  These  men  were  not  writing  a  paper 
just  to  add  another  paper  to  their  list  of  publications;  they 
were  writing  to  try  to  guide  engineers  towards  the  obtaining  of 
numerical  results  for  the  practical  problems  that  they  might 
encounter. 

Our  discussion  of  the  root  loci  for  the  ground  wave  propagation 
problems  have  led  us  away  from  our  development  of  numerical 
methods  for  solving  for  the  roots  and  associated  functions.  How¬ 
ever,  we  are  entering  an  era  in  which  we  can  expect  an  increase 
of  interest  in  diffraction  phenomena.  Even  if  scores  of  atlases 
are  prepared  which  will  illustrate  ti:e  diffraction  phenomena 
associated  with  dielectric  spheres  and  circular  cylinders,  the 
chances  are  quite  large  that  the  engineer  who  wants  an  answer  will 
have  difficulty  in  Interpolating  when  the  oxisiting  data  have  been 
obtained  for  a  set  of  values  of  the  electrical  parameters,  the 
radius  a,  and  the  wavelength.  Even  with  the  ability  to  employ 
the  electronic  computer  to  make  calculations,  it  is  still  worth 
keeping  in  mind  that  if  one  can  find  a  means  of  computing  a 
"universal"  function  that  one  might  not  noed  to  get  back  on  the 
computer  to  make  a  completely  new  computation  when  one  is  faced 
with  tho  problem  of  changing  the  parameters  of  the  problem. 

In  Appendix  C  we  have  given  some  coefficients  which  will  enable 
the  user  to  calculate  (on  a  desk  calculator)  the  roots  for  arg(q) 
in  tho  vicinity  of  h\5°  and  for  arg(q)  in  the  vicinity  of  0°.  These 
two  cases  appear  to  bo  the  one3  in  which  there  is  the  most  In- 
torost  at  present. 
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2 •!}.  Numerical  Values  for  the  Classical  Expansions 

The  expansions  which  are  designated  as  Eq.  (2-21)  and  Eq.  (2-22) 
havo  been  employed  in  the  papers  of  many  writers  since  the  first 
several  terms  were  given  in  the  classic  papers  of  van  der  Pol  and 
Bremmer  (Ref.  6).  Norton  (Ref.  13)  gave  the  first  several  terms 
with  numerical  values  for  the  coefficients.  Howe  (Ref*  lij.)  dis¬ 
cussed  the  obtaining  of  numerical  values  of  An  and  Bn  on  an  elec¬ 
tronic  computer.  Johler,  Walters,  and  Lilley  (Ref.  15)  have  given 
(in  a  slightly  different  notation)  the  explicit  dependence  of  the 
coefficients  upon  t  for  terms  up  to  and  including  A^q(t)  and 
B1±  (t)  . 

If  one  wants  specific  numerical  values  for  the  An(x)  and  Bn(n;), 
the  use  of  the  explicit  forms  for  these  coefficients  as  a  func¬ 
tion  of  1  is  to  be  discouraged  since  the  coefficients  (as  has  been 
shown  by  Howe  (Ref.  11}.)  and  by  a  group  at  Leningrad  University 
(Ref,  16))  can  be  readily  obtained  by  means  of  recursion  formulae. 
For  n  >  2,  the  recursion  formula  for  the  An  is 

nA0An  =  -[  (n-1)A1An-1  +  (n-2)  (A2  -  1)An-2  +  (n^jAy^ 

+  ...  +  2Ah_2A2  +  An-1A1] 

n-1 

(n-2)An-2  rcy^n-m  (2-51) 

m=l 

where  AQ  =  Psexp(i^jt)  and  AQA1  =1.  For  n  >  3#  the  recursion  for¬ 
mula  for  the  Bn  is 

s  BlBn-3  +  2B2Bn-l}.  +#  ••+(n"2)Bn-2Bl  +  in"1)Bn-lBo 
n-2 

=  Y,  "Vn— 2  (2-52) 

m=l 
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where  B0  =  asexp(i£n),  =  1  and  B2  =  0. 

Since  the  A^t)  and  Bn ( x)  are  complex  quantities,  the  calculations 

based  upon  Eqs.  (2-51)  and  (2 -52)  are  somev.'hat  more  involved  than 

one  might  suspect.  However,  one  can  readily  see  that  each  of 

these  quantities  must  be  of  the  form  of  a  real  number  times  the 

factor  exp(i-Jmit),  where  m  is  an  integer.  This  is  quite  obvious 

since  each  of  the  explicit  forms  is  representable  as  an  integral 

power  of  t  multiplied  times  a  polynomial  in  z  =  in  which  the 

coefficients  are  real.  Since  %  -  a  exp(i-^i)  or  x  =  B  oxp  (i-^ji) , 

3  3  3  3  s  s 

-  -a„  or  -  -p„,  and  hence  the  polynomial  is  real.  If  one 
s  s 

"plays  around"  with  the  explicit  forms  for  a  while,  it  becomes 
clear  that  a  suitable  set  of  real  coefficients  can  be  defined 
by  means  of  the  relations 


Cn(p)  =  An(T)exp(-i^n)exp(ifnn)  ,  t:  =  pexp(i£n:)  (2-53) 

Dn(a)  =  Bn ( t ) exp ( ) exp ( -if mi )  ,  t  =  aexp(i^n)  (2-^lp) 

Eqs.  (2-21)  and  (2-22)  then  take  the  forms 

CO 

Ts(q)  =  t  Ps  Gn(pg)qnexp(-ifrai)  ]exp(i^ii) 

00 

-tg(q)  =  [  aa  +  Dn  (ga )  g"nexp  ( if nx  )  ]  exp  ( i£x ) 

The  expressions  in  the  brackets  [•••]  becomes  purely  real  when 
q  =  Qexp(if-x)  or  q  =  Qexp(-i^x),  where  Q,  is  real  and  positive. 

In  this  case  the  roots  Tg(q)  lies  along  the  ray  argd)  =  311  and 
we  observe  that  this  Is  illustrated  by  the  root  loci  depicted  in 

Pig.  2-2.  In  Table  2-9  we  present  values  for  the  coefficients  Cn 
for  use  In  Eq.  (2-55)  for  s  =  1(1)5*  Similar  tables  of  the 
coefficients  Dn  for  use  in  Eq.  (2-56)  are  given  in  Table  2-10. 

(Text  continues  on  p.  2-61;) 
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Table  2-9 


COEFFICIENTS  IN  THE  EXPANSION  OP  t  ( q)  IN  SERIES  OP  POWERS  OP  q 

s 

8  ■  1 


n 

0. 101879279161*7 1*7108902E  1 

0.98l  5536893l*5656i*33l*97E  +0 
-  0.1*7  28  377  9  5253971*0  3l*10l*E  +0 

.131*1*0521)5  31 39  291*1*7  296E  +0 
-.71602938p'899209580269E  -2 

9877^2821206 3769602U7E  -2 
.2012881*7l681*l*997l*7356E  -2 
.13U6  21180390  28  36378  29E  -2 
-.9666818 39101 367906905E  -3 
-.1919U9h8h867699312399E  -3 
.l5557ll57l*35U53U98596E  -3 
. 1891668 90896791b 31U38E  -1* 
- . U08702910997  938817908E  -1* 
.21*179081*2855597  391*02  2E  -9 
.1005i*l*12l*693377l*37802E  -1* 

-.2l*60l)l*27i*l*3l58l3Ul821E  -9 
-.22  32577  296  269929U38  29E  -9 
.108h97h00961;019667067E  -9 

.  140970966681*901689698 3E  -6 
-.3800911il6l47h986776771E  -6 

-.U232222292U2223999779E  -7 
.  11617  9l7lil971700l48886E  -6 
-.101491801*6  3611990076  96E  -7 

-.311*8 21*  30296296 068917  3E  -7 
.92l*9296l6068793991*93l*E  -8 
.7  379281*67701 961020902E  -8 
-.1*181*23398118797691*298E  -8 
-.  131*771*620  3933387  29l*l*OE  -8 
.  19121*611097 1*987819081E  -8 
.98706 3691981 31981*0l66E  -10 
-.1*7  296  31*9270  3912022997E  -9 
.697 2928 3233189071*91*6 7F,  -10 
.  1291*  3890327127  3986629E  -9 
-.1*61 31*29767 291111*8689 3E  -10 
-.  2991*10698601* 3879279l*6E  -10 
.2011*1*82395216207 38 3l*2E  -10 
. 50  37231*1 3650091*38 3l*8lE  -11 
-.  7196880660911*0231* 3187E  -11 
-.739li09839l68562907067E  -13 
.22291110961*1159852 30 3E  -11 
-.  1*31*500398 391*768561 339E  -12 


hO  -.1*31*500398 391*768561 335E  -12 
1*1  -0 . 59  9  3658  37200  35197  22l*6E  -12 
1*2  . 2577626000  261*3i*357881*E  -12 

1*3  .1327798363801986  36363E  -12 

1*1*  -.1071*1*291 38  36lOOl*65795E  -12 
1*5  -.  1911*2228801 3878239006E  -13 
)*6  .371*  390791 3h68762659l*5E  -13 

1*7  -.176661*371*8  331*117  31j018E  -ll* 
1*8  -.1133710761*570  359586ll*E  -13 
1*9  . 290137  21l03051*1*11i85875f.  -ll* 

50  . 295191*85281*101 3236586E  -ll* 

51  -.1523011531*2661*9313070?  -ll* 

52  -.611338778961273750177E  -15 

53  .6061519309098892765921  -15 

51*  .66506  3951*08091* 9U87951E  -16 

55  -.201*952532715189813238E  -15 

56  .216788870500981051550E  -16 

57  .60237151*0781*81*583661*71  -16 

58  - .  1951191*6  27  81*6  37  9l*  37  38lC  -16 

59  -.150191*59909321*02315621  -16 

60  .9281*55715868)49731*97811,  -17 

61  ,2821*)  j52  308929290762  26E  -17 

62  -.3536753l< 91*1*79505029711  -17 

63  -.I580  36057657  32li02l670!  -18 

61*  .1157362981*79553011)11*01  -17 

65  -.1918176655671900865261  -18 

66  -.  328  3  361*2  9l*  37  361*9  7  913  3E  -18 

67  .129851*1299137175375791  -18 

68  .  771)861*18711*8  317811008E  -19 

69  -.57661*8l0893608i*781*2i*5E  -19 

70  -.126511778667 1*23999569E  -19 

71  .21071*31*91)6 20597 9 3U185E  -19 

72  -.  3761)  I168 902 8 1*68  27  3U860K  -21 

73  -.  6661671*927731*0296  36i*2E  -20 

7l*  .15187  7111*266  209778ll)l*E  -20 

75  .I8H1 31817 295651226915E  -20 

76  -.86762671*31  66  31*096  3  36e  -21 

77  -.3993l899l*6930125l5689E  -21 

78  .362225651*567513220069E  -21 

79  ,5l99l*725285l8l6508885E  -22 

80  -.12723201)976377  352l*608E  -21 
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Table  2-9  (Cont'd) 


COEFFICIENTS  IN  THE  EXPANSION  OF  t  (q)  IN  SERIES  OF  POWERS  OF  q 

s 


s  =  2 

e  =  3 

n 

n 

0 

.32li8l9758217983653788F. 

1 

0 

.  1+820099211178?  356391+OE 

1 

1 

.  3078630U514890336088U2E 

+0 

1 

.  2071+61+60937  531+1886668E 

+0 

2 

-0.11+58957658511+ 37  20  362  E 

-1 

2 

-0.1+1+61+80061+5975191658  E 

-2 

3 

3021O1+2322716698O9U76E 

-1 

3 

- .  11+15501601+1+1+3200  33007F 

-1 

1+ 

.  50? 6361+015167  91+28U515F 

-2 

1+ 

. 107033021+61 Ol+76208531+F 

-2 

5 

.  1+96  357U3  316817  315U+51F, 

-2 

5 

.170281861 31+1+96151+08  37E 

-2 

6 

-. 163001681+5131+7  91+1+7961+E 

-2 

6 

- .  21+11 21909196  381+7  51+901E 

-3 

7 

8675005171+^  3510109251E 

-3 

7 

-.237  21+02  3289801+5160655E 

-3 

8 

.1+9  31+61+ 31+1+3117006U2769E 

-3 

8 

.  523878l051+099l+26860li9E 

-1+ 

9 

.131+1 3787220397521+336  2F 

-3 

9 

.  31+7205861+5611+811+25397E 

-1+ 

10 

- .  11+131+597  98  311+1+191+0990E 

-3 

10 

- . 11081+7 2  9  32066686  20191E 

-1+ 

11 

-.11352361+80201+19922238E 

-1+ 

11 

-.509262971019762066958E 

-5 

12 

.  3809678630377 1+8295575E 

-1+ 

12 

.22931+1+1+320031+35231376E 

-5 

13 

-.31+1811+6292  28917655617E 

-5 

13 

.  7199  27  990  21+5891298779F 

-6 

11+ 

- . 951536690798  3868  31721E 

-5 

11+ 

-.  1+61+6758  36922533221622E 

-6 

15 

.25857  3111+7275599521+0  3E 

-5 

15 

-.9268051037661+  39269921E 

-7 

16 

.  21289980521+ 2621+1+63328E 

-5 

16 

. 9 21857  331996  27  3102090E 

-7 

17 

- .  109777188099  395559095E 

-5 

17 

.  9  39977  l+l+9l8ol+6565562l+E 

-8 

18 

-.  390070771176991+339800F 

-6 

18 

-.17  8  8  32581+0177  18  981+382E 

-7 

19 

.  38075051+993  371+097801+2E 

-6 

19 

-.2268661929771+92983902E 

-9 

20 

.  3866922276058929107  35F 

-7 

20 

.  3 38  31+01+271+1 92 520  37U1+7E 

-8 

21 

-  .115967611967868557819E 

-6 

21 

- .  25398781+981+1+268536819E 

-9 

22 

.11151+51+92010122803623E 

-7 

22 

-  .621575691+0102  38  398601+E 

-9 

23 

.313821+352U31622371733F 

-7 

23 

.  101+371+508205001+7  31252E 

-9 

?1+ 

- .  9  8616  39  201+1+7  2059768  21E 

-8 

21+ 

.  11010  360  3200657  01+1250E 

-9 

25 

- .  7  31+93  31+516911+0  3001706E 

-8 

25 

-.  30232657019321717l+59l+F 

-10 

26 

.li  20  3752I+222967669  35 51+e 

-e 

26 

- .  I658I0IO95786706OI72I+E 

-10 

27 

.1 31+01161+996597  3I+37688E 

-8 

27 

.  7616751+501 37  21+0960198E 

-11 

28 

I5l552226809119708 002E 

-8 

28 

. 29222052257793U860157E 

-11 

29 

-.969258891+716789051+955F- 

-10 

29 

-  .17702755811+78  299  35726E 

-11 

30 

.1+7  3391658285887  38  302LE 

-9 

30 

- .  li0786806l678396881+51i9E 

-12 

31 

- .  66ll66927l+69l+86i+06l81+E 

-10 

31 

. 38861+ 386  269919582  2  221+E 

-12 

32 

-.129l+351ii+598639l:ol+5358E 

-9 

32 

.1+3621+7  386021 380888751E 

-13 

83 

.1+6  2162991+1+895882509  39E 

-10 

33 

- .  811+1+2705578  216297027 7E 

-13 

3U 

.  2991+229797227  32188682F, 

-10 

3l 

- .  822l+l+987i+8671i+9i+7i+170E 

-15 

35 

- .  20161 29  35661+  3  357  6  501+  3F. 

-10 

35 

.  16  352931+1266589161+21+1+E 

-13 

36 

-.50358612789976  318  3811E 

-11 

36 

- .  11+2868  310022  28  51+07  985E 

-11+ 

37 

.  720001+5 'I+890996011502E 

-11 

37 

-.  311+31+6127 1+8911+9969692E 

-11+ 

38 

.  73352357651+11231+  961+35E 

-13 

38 

.  595927018061+81+2592701+E 

-15 

39 

-.  2  2296900968651 32  221+18F 

-11 

39 

. 5752055222222262 38022E 

-15 

l+o 

.1+  31+6766 9681+6899579207E 

-12 

i+o 

-.177196226505388955337E 

-15 
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Table  2-9  (Cont'd) 


COEFFICIENTS  IN  THE  EXPANSION  OF  t  (q)  IN  SERIES  OF  POWERS  OF  q 


s  *  U 


.6163307  3556  39li865l76UF,  l 

.16225051|8657  9  361020  33E  +o 
-0.21356U?360567ii5068l  E  -2 
-.87188588810818 36 3690 3E  -2 
.U02Ul06l981i2825876??7E  -3 
.8  351690615791607  38271E  -3 
-.7151*117172979131*0  32  30F  -1* 

- .  9l*Ol*3U57760l)9l*751*8660E  -1* 

.12  3250806691*1*19671*7  55e  -a 

.11 35561*9 360061852 56 38E  -U 
-.  207  9l*29a6l  38092  999  231E  -5 

-.iai552o83ia838959aoa5E  -5 

.  3a5288938080386a28785F,  -6 
.  17831015 35?6a832298llE  -6 
-.5657a  31*6816925079  3020E  -7 
-.22339802378596a98328lE  -7 
.9l586a6l  369026ao57951*E  -8 
.27a003133332279258l555E  -8 
-.ia65809ai26ao89365525E  -8 
- .  32 2156766 9a6l 5657 aa8 2E  -9 
.23195U836896550163320E  -9 

,3a9876l8 50779111 30826E  -10 
-.3628ia9290590101300a7E  -10 
-. 3208160106 36888886667E  -11 
,5605857a9105978553231F  -11 
.l66l7a637256a53008339F  -12 
-.85a721725oaai5576oa28E  -12 
,23856a6a9205608a5l232E  -13 
.i2oao 3787802000 396711E  -12 
-.11112a625526267  a36876F,  -13 
-. 1896570557 35a03621270E  -13 
. 28226292 357253la7322l*F,  -ia 
.  27a576  36016611 2777711*E  -ia 
-. 5988799779211708 3oa55E  -15 
-.387878Ul6a28699593968F  -15 
.H6ll22a3130l60990110K  -15 
.53093252725658021 388iE  -16 
-.2128 3501 37 3a95l366795E  -16 
- .  6961a 37 96633oa559996 3E  -17 
.37a87086672aa77213762E  -17 
.85613618 3h99  37  5U99007E  -18 


s  =  5 

n  G 

n 

0  .  7  37  2177  255oa?7  7017709E  1 

1  .1356a5l378a7885376500E  +0 

2  -O.12a79083712a6331331  E  -0 

3  - .  6110  2aoi2ia52  9667  2606E  -2 
a  .196956728l5a579785loaE  -3 

5  .a92636  3  9  55Pao293B712aE  -3 

6  -.293739a7879H0a8069O2F  -a 

7  - .  i*69aai 3557 0  27  8  9ae  017  aE  -a 

8  ,a25278a25395G9003a599E  -5 

9  .a628986aaa3i*376956019E  -5 

10  -.6oa2107a  385  3502  578962E  -6 

11  -.5l72559235a93a33021l8E  -6 

12  .8a680795lBa5l075875l9E  -7 

13  . 5662222a8  307  377168268E  -7 
ia  -.117ao8786o69l555l87aoE  -7 

15  -.6260ia5l2a6927117253OE  -8 

16  .161306389701628703852K  -8 

17  .692921199a7H7a8l3863E  -9 

18  -.21981707  281 3ai  33951 25E  -9 

19  -. 76187960  38025ao 39269 3E  -10 

20  ,297285a6575ao033a7592E  -10 

21  ,825l67iao 366261595929^  -11 

22  -.09912697Oiaa8aa8l272E  -11 

23  -.870853a 77 307795a989a9E  -12 
2a  .53199a5667309l5210003E  -12 

25  .8807901 367 759ia933886E  -13 

26  -.7  0  3920256953268  5  35190 F  -13 
2?  -,827931750282a639l5706E  -ia 

28  . 92a  3918209187 5962 217 5E  -ia 

29  .  672761927061615099 361P,  -15 

30  -.120a30a23707a091ia5U2E  -11* 

31  -.358559ia2730a92700989E  -16 

32  .155569225959 3a2660292E  -15 

33  -.19aC05975l686l6l73696E  -17 
3a  -,1991105l2956005a5257aE  -16 

35  .109889316153168  5599  30E  -17 

36  .2522a20722a033a733227E  -17 

37  -. 2506916832 385oa9a8922E  -18 

38  -,3l588090w6a9625920202E  -18 

39  .a6265576a337535659503E  -19 

U0  .  3903a 36297271893691 35E  -19 
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Table  2-1 0 


COEFFICIENTS  IN  THE  EXPANSION  OF  t  (q)  IN  SERIES  OF  POWERS  OF  - 

3  q 

8-1 


n  D 

n 

0  0.2338l07l»10li5S76?038U9E 

1 

n 

1*0 

Dn 

-.7006 916 31 307825 915 9liOE 

7 

1  -0 . 100000000000000000000E 

1 

la  -0.172926 38512056821097UE 

8 

2  O.OOOOOOOOOOOOOOOOOOOOOE 

0 

1*2 

.  3021*02691*909812081*6 30E 

8 

3  .7793691 368l99223li6l63E 

♦0 

1*3 

.296000071565089620851E 

8 

1*  -.250000000000000000000E 

♦0 

1*1* 

-.10297512539893OO52371E 

9 

5  -.10933U925256937550787E 

1 

1*5 

-.l9106l717ll92799559388E 

8 

6  . 90926  399295657607052  3E 

♦0 

1*6 

.  30092  395095 35126901* 32E 

9 

7  .l6l»7l*0570689507l*5l*l*22E 

1 

1*7 

-.1332  32 366387 90l*713760E 

9 

8  -.26l*226069370932l*ll*l*01E 

1 

1*8 

-.761*222912713176726 357E 

9 

9  -.213710li0551i6052l832U9E 

1 

1*9 

.  850991*  3291337017  80251E 

9 

10  .691693I11I275288923156E 

1 

50 

.162675880891976768802E 

10 

11  .112297788720997886992E 

1 

51 

-.3la7883857 1*1*76860 3123E 

10 

12  -.166366 387li32300987771E 

2 

52 

- .  2lffOi*306298336856  37 10E 

10 

13  .65632618551*5065  316075E 

1 

53 

.112191*5 1*61 38 27 17  26615 E 

11 

11*  .  36351*9U38l*OOl*l81*l51*lE 

2 

51* 

-.815317131*7  22237  36281*1*E 

6 

15  -  •  36651»9831925517 812206E 

2 

55 

-.31835097297 1*930095 218E 

11 

16  -. 6901603U52055705 261*25E 

2 

56 

.19897821*930332811*7561*E 

11 

17  .13161501*5605 81*39l*0331E 

3 

57 

.780657  20611*6936957 9U5E 

11 

18  .981 38621911*7 6086 389l*lE 

2 

58 

-.105 1*61120000807 1*22780E 

12 

19  -. 3931*081*0891315 9305757E 

3 

59 

-.1563297 2065935010U282E 

12 

20  -,21367l996252882l*55892E 

2 

60 

.  3985237  35722135716625E 

12 

21  .1032815151*3698557  3212E 

1* 

61 

.196 30801*0671876 3U2016E 

12 

22  -.5570051*1*0585 3982175U5E 

3 

62 

-  .1260911*661*1* 317 2167 816E 

13 

23  -.  23810191*6 l*lll»83l80501E 

1* 

63 

.229775799379091896537E 

12 

21*  .2891*71311*67 1i802657161E 

1* 

61* 

.  3l*6ll*9996770127l67665E 

13 

25  .1*585120061818597525  33E 

1* 

65 

-.28300171*99  30191761*780E 

13 

26  -,10l*80212l*890582268055E 

5 

66 

- .  81 3561*32600507  3585  2hlE 

13 

27  -.59616902586551*6235991*2 

1* 

67 

.132197256989378198077E 

11* 

28  .31798551506O398198593E 

5 

68 

.1502 2511881*75289901*1* 3E 

11* 

29  -.318078127520901200706E 

1* 

69 

-.1*7  371*57  203891*611*397  85E 

11* 

30  -.81*2338171333703320929E 

5 

70 

-.1331*335758751*02257  l*7l*E 

11* 

31  .599331*1*12880061*20111 9E 

5 

71 

.111*1*91*561*1*7  3025958993E 

15 

32  .1931512821586 368590l*6E 

6 

72 

-.525601236919508639310E 

11* 

33  -.28191*9289996 3l*9905l66E 

6 

73 

-.  38251801*19581*2  3898398E 

15 

31*  -.357111*65 31*1 251260 9012E 

6 

71* 

.  39209365621*8619176020E 

15 

35  ,  99t*l 3733782927 656879l*E 

6 

75 

.  851*1*857  569658982U8908E 

15 

36  .  37  387  381*1*57  308876107  9E 

6 

76 

-.166790003306127  310751E 

16 

37  -.2976067097 30805582 319E 

7 

77 

-.11*1193967001*010822819E 

16 

38  .7970891*81*6751*897131512 

6 

78 

.569998253336990 31 31*15E 

16 

39  .7761*5121836 30289561*1*  3E 

7 

79 

.1*7 996691*927 1702811900E 

15 

1*0  -.7006916313078259159U0E 

7 

80 

-.167565 1*76 382l*0Ul05l72E 

17 

c 
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J 

\  COEFFICIENTS  IN  THE  EXPANSION  OF  t  (q)  IH  SERIES  OF  POWERS  OF  - 

1  3  Q 

* 

CM 

■ 

CO 

S  -  3 

1  “ 

Dn 

■  Dn 

1  o 

0.U0879li9liUil309706l661iE 

1 

0  0.552055982809555105913E 

1 

t  1  -O.IOOOOOOOOOOOOOOOOOOOOE 

1 

1  -O.IOOOOOOOOOOOOOOOOOOOOE 

1 

2 

O.OOOOOOOOOOOOOOOOOOOOOE 

0 

2  O.OOOOOOOOOOOOOOOOOOOOOE 

0 

3 

,13626li98lii710 32  35 3888E 

1 

3  .l8k)l86609365l8368637E 

1 

li 

-.250000000000000000000E 

♦0 

li  -.250000000000000000000E 

♦0 

5 

-.  33li2266l3155laii233100E 

1 

5  -.60953161631161i7605221E 

1 

6 

,l5B9758U7l620lila2869E 

1 

6  ,211i6881i 377  5  927  lli30077E 

1 

* 

7 

.  95807  2li98l87U66ll8l5  3E 

1 

7  .  2385682682117  30906 38UE 

2 

8 

-,807711i315125581i396657E 

1 

8  -.lli7 303h7  39H198150U5  95E 

2 

9 

-.  28960632 39li7006886556E 

2 

9  -,100liO8081i5793liO7l9111iE 

3 

10 

.  3769821292967  3685  38li2E 

2 

10  . 93089lj88066l5l5 91677  3E 

2 

11 

.877995882095U7027  2155E 

2 

11  .li 3699lil767669 31869203E 

3 

12 

-,l677601050203lilli2li762E 

3 

12  -.56351i5753786l3382l636E 

3 

13 

-.255967606Ii932t7866609E 

3 

13  -.1923li8223313878665l79E 

li 

lU 

.7215391268 9197U386250E 

3 

lli  .  33190967 98  li033ii8361i91E 

li 

15 

.  67  U08ll2 3208715  3b2  3lilE 

3 

15  ,Gii220li5639li6376258303E 

li 

16 

30lU9ii237tOl8751i27363E 

h 

16  -.19156026667  3li67278722E 

5 

17 

-.13536l69U561il29la9U10E 

h 

17  - .  36083l<0lili52007  3565891E 

5 

18 

.122526ii8528028i400080SE 

5 

18  .1087 3191889 3099li81i2liliE 

6 

19 

.157  U767l668l860290ii09E 

3 

19  .Hi797li673976llalili2l5lE 

6 

20 

-.U835235526l311i25656UiE 

5 

20  -  .6080600157 55 li 90 Uj0192E 

6 

21 

. 20006U782665822597609E 

5 

21  -,5581ili261i53l695755255lE 

6 

22 

,l8Ui960027l9801956776E 

6 

22  .  335 25081259921336 3659E 

7 

23 

-,l6O21111i59l821377li909E 

6 

23  .17586350760320351i21l9E 

7 

►  2li 

-.675271ii0633li8361i586l8E 

6 

2li  -.1822176008LU1j1022970E 

8 

25 

.9li5821006563287773898E 

6 

25  -.  2870707  2019li86256Ulili9E 

7 

26 

.2336586088 98229907082E 

7 

26  . 97 56 386l320080920li211iE 

8 

27 

-.U90li9li3889l3865UiOOli9E 

7 

27  -. 1951300  3891671 3la3993E 

8 

26 

-  .7U256 35113962 396 39021E 

7 

28  -.51387 38357 328l713111ilE 

9 

29 

.2  35117  3292U628U616  321E 

8 

29  . 28988  255U7  26960ti 39069E 

9 

30 

.  2020665696277  308910  38E 

8 

30  .  2656615 14I89056IL36602E 

10 

31 

-.1068191687 97585985831E 

9 

31  -  ,25  30L55ll0li2 20958585  2E 

10 

32 

-.  36083l99951i8602782712E 

8 

32  -.13li 352379599288 361076E 

11 

33 

.U62U23861i95l58li3li07  25E 

9 

33  .1865 2896161 3li  3077  lil35E 

11 

3li 

-,58l3521065lili805958278E 

8 

3li  .661261657  333605681i386E 

11 

35 

-.19Hi99U5l90la693581ili7E 

10 

35  -,126085268866l2937893liE 

12 

36 

,lll523l6680961i965U370E 

10 

36  -,311il69700lu551i9980136E 

12 

V 

.75687  3375  397621319870E 

10 

37  .  806910306330725607  2li9E 

12 

38 

-.8168705195150237U101E 

10 

38  ,lti2076288l39li76560057E 

13 

39 

-.  2831929956707  39877  330E 

11 

39  - .  I96I4867 2851710567 965 liE 

13 

JiO 

.Ii763669305037 81i312220E 

11 

liO  -.5952761i31077li73231ii5lE 

13 

• 
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COEFFICIENTS  IN  THE  EXPANSION  OF  t  (q)  IN  SERIES  OF  POWERS  OF 

s 

s  *  1*  s  *  5 


n 

n 

0 

0.678670809007175899878E 

1 

0 

0.79l*ai3358712O853123iaE 

1 

1 

-0 . 100000000000000000000E 

1 

1 

-0 . 100000000000000000000E 

1 

2 

0 . OOOOOOOOOOOOOOOOOOOOOE 

0 

2 

0 .  OOOOOOOOOOOOOOOOOOOOOE 

0 

3 

. 22622360 3002391966626F 

1 

3 

.  26a80l*a5290a028a  3?a38E 

1 

h 

- . 250000000000000000000E 

+0 

a 

- .  250000000000000000000E 

+0 

5 

- . 921188133996909257102E 

1 

5 

-  .1262l85l69000a3266556E 

2 

6 

. 26 39275368 3612396106UE 

1 

6 

. 308938528388033177011E 

1 

7 

,UUi77392$819637973U53E 

2 

7 

.7iaa26256730l5338398lE 

2 

8 

- . 2  22620U657159197  371 32E 

2 

8 

- . 30502808  2508a3?89ai78E 

2 

9 

23228  35 2lili22012097350E 

3 

9 

- .  1*  38  5098  aoo  2  3860  3 37  37  3E 

3 

10 

. 17  3097  28  3218019533699E 

3 

10 

.277722387611299512983E 

3 

11 

.126U83119UC02258U8301E 

1* 

11 

.  2815970a 38817915808 71E 

a 

12 

-.1291193U807U697U9795UE 

1* 

12 

2a2736672093095a00322E 

a 

13 

-.7OL0i356656279Uo5l3355E 

1* 

13 

- . 18577  3887oa725ll8  927  3E 

5 

lU 

.  9389088561*396  37652W9F. 

1* 

11* 

. 2069985ai9l8o6a75ao35E 

5 

15 

.  3961*538726871*1*281*  3U53E 

5 

15 

.12a5a27095656a3700008E 

6 

16 

- . 67071868651U875577695E 

5 

16 

- . 17  359980380  3909220190E 

6 

17 

-.22  31*1*1*958  9  3915186  30U2E 

6 

17 

- ,8a2217 35539 30ia79890aE 

6 

18 

. 1*726521*1738751729  3896E 

6 

18 

.ia3802aaa978587a7 231 3e 

7 

19 

.  1 25109  21*8  560697  871*7  81E 

7 

19 

.  5712961 3191ia8l063oa8E 

7 

20 

-.  32931*6  32121*0751*15021 9E 

7 

20 

11795878607 6780056a27E 

8 

21 

- .  6899  3757  81*7l*802978072E 

7 

21 

38683916852576508 9033E 

8 

22 

.  22723090l*69l*l*28226  376E 

8 

22 

.95968a3ao5ao35aoi9398E 

8 

23 

.  370601560258901527 361*F 

8 

23 

. 2602a287 3753620 300697E 

9 

2h 

155  3518  78  3902  58l*956li*F 

9 

2^ 

-.775166338622123638896E 

9 

25 

- .  19061 2090195561*51*56  33E 

9 

25 

-.1730 286168 3 3558957695E 

10 

26 

. 10528202590 3881159807E 

10 

26 

.6220179a8a53909056987E 

10 

27 

.  909  31*796  37  25712870U214F, 

9 

27 

. 11 29a07 316780088070  32E 

11 

28 

- .  70729901*11*97  392062528* 

10 

28 

- . a96o  39157176117 2U8623E 

11 

29 

- .  37  29  21 3  31 261*6  211*1*565 8F 

10 

29 

-  .716856606  306ia633l*992E 

11 

30 

.1*709508  398600016  3l*l*l*l*E 

11 

30 

.  39  32039526518067  5ia6UE 

12 

31 

.  97  2990  35  351651*5271 368E 

10 

31 

.I*356a76887687J3U77689K 

12 

32 

3106561*9608l9781*7179l*E 

12 

32 

3098  3a8l 3  2a  309  29  28 861E 

13 

33 

.  3  31*10016  3971*2  3107l*ll*9E 

11 

33 

2a6l7  8  aii*7  9a7 9 21 267 96E 

13 

3h 

.  2028691l897967l587761*E 

13 

3a 

.  2a26?319a6a210292a360E 

ia 

35 

- . 860188  381526750810  370E 

12 

35 

.120705188769981 35916 5e 

ia 

36 

- .  1 3102  3879812981*766  356E 

ll* 

36 

-. 188891710891867 397151E 

15 

37 

.  9851*0089771*212335 3667E 

13 

37 

396899763955661 396635E 

ia 

38 

.  8  3576911862  2  3005  3l*07  IE 

11* 

38 

,ia607a712a67919800538E 

16 

39 

- .  92151*7 32766552381*1005E 

ll* 

39 

- ,1066ai7  372012a32576a3E 

15 

Uo 

5255316539583065251 30E 

15 

ao 

-.11 218 300096 38a5279888E 

17 
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By  using  Eqs.  (2-55)  and  (2-56)  in  Eqs.  (2-21)  and  (2-22),  re¬ 
spectively,  it  can  be  seen  that  the  Cn  and  Dn  satisfy  the  recur¬ 
sion  formulae 

n-1 

n0o0n  =  -(n-2)0n.2  +V  mCmCn_m  (2-57) 

m=T 

where  CQ  =  pg  and  CQC^  =1.  In  Program  2-1  we  show  an  algorithm 
which  will  permit  one  to  compute  these  coefficients.  In  order  to 
relate  the  FORTRAN  variables  to  the  mathematical  variables,  we 
let  N  denote  the  largest  value  of  n  for  which  the  Cn  are  desired, 
and  we  let  the  Cn  be  denoted  in  the  FORTRAN  program  by  C(I), where 
n  =  I.  Finally,  we  denote  the  value  of  (3  by  the  symbol  BET.  The 
subroutine  to  accomplish  the  setting  up  of  the  array  C(l),  C(2), 
C(3),  •• »,C(N)  has  been  written  to  yield  double  precision  results. 
However,  the  author  wishes  to  direct  the  attention  of  the  reader 
to  the  manner  in  which  the  constants  0  and  1  have  been  inserted 
in  a  DATA  statement.  This  feature  is  Important  because  the  use 
of  O.ODO  and  1.0D0  has  been  avoided  in  the  program's  executable 
statements  and  therefore  the  only  changes  that  must  be  made  to 


Program  2-1 


SUBROUTINE  C0EFSQ(BET,N,C) 

DOUBLE  PRECISION  BET.  C  (N ) , ZERO# ONE, DFL0AT 
DATA  ZERO, OnE/0. 0D0, 1 • 0D0/ 

DFLOAT(KK)  =  DBLE( FLOAT (KK) ) 

c (i )  =  One/bet 

c(2)  =  -C(1)*C(1)/(0NE  +  One) 
d0  i  i  -  3,N 
MF  =  I  -  1 


C(I)  =  DFL0AT(I-2)*C(I-2) 

DO  2  M  =  l.MF 

C(I)  a  C(I)  +  dflOat(m)*c(m)*c(i-m) 
2  CONTINUE 

C(I)  ■  -  C(I)/DFLOAT(I) 

1  CONTINUE 
RETURN 
END 
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convert  the  program  to  single  precision  is  to  delete  the  DOUBLE 
PRECISION  typo  statements,  the  arithmetic  statement  function 
DPLCAT,  and  insort  "DATA  ZERflf, ^NE/O .0,1, 0/"  in  place  of  the  DATA 
statement  that  appeal’s  in  the  program. 


In  order  to  check  on  tho  numerical  stability  of  the  recursion 
formula  in  Ecu  (2-57) ,  the  calculation  of  the  Cn(T;°)  in  Table 
2-9  was  repeated  in  single  precision  arithmetic.  The  results  are 
listed  in  Table  2-11,  The  process  seems  to  be  "self-correcting" 
since  there  are  some  entries  which  are  good  to  only  four  figures 
in  tho  middle  of  the  table,  but  the  result  for  n  =  8o  displays 
agreement  to  six  figures  (after  round  off  is  used  to  write  Cqq  = 
-0. 12723: 12-21). 


In  order  to  obtain  the  recursion  formula  for  the  coefficients  D 

n 

of  Eq.  (2-56),  vie  need  merely  insert  Eq.  (2 Sk)  in  Eq*  (2-52)  and 


find  that 


n-2 

nD  =  -  /  mD  D 
n  L-4  m  n-m-; 

m=l 


(2-58) 


where  Dq  =  ag,  D^  =  -1  and  D ^  -  0.  In  Program  2-2  we  present  an 
algorithm  for  the  obtaining  of  the  array  •  •  • , D^.  However, 

before  we  consider  this  program,  we  will  make  a  digression  in  or¬ 
der  to  emphasis  the  importance  In  practical  problems  of  the  case 


It  is  a  good  programming  practice  to  avoid  the  use  of  constants 
such  as  0.0,  1.0,  and  3,lij.l5927  in  the  "body"  of  any  program  in 
which  there  exists  the  possibility  that  one  might  need  to  go  to 
DOUBLE  PRECISION  since  one  would  then  have  to  replace  many  of  the 
executable  statements  with  new  statements  containing  0.0D0,  1.0D0, 
and  3. lij.1 592653589 7932D0,  respectively.  The  use  of  devices  such 
as  ZER$,0NE, PI  in  the  executable  statements  and  the  inserting  of 
the  constants  by  means  of  a  DATA  statement  permits  one  to  readily 
convert  a  program  written  in  double  precision  to  use  it  in  single 
precision,  or  vice  versa. 
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of  q  very  large.  We  will  then  introduce  another  array  which  is 
important  in  practical  problems,  and  use  Program  2-2  to  set  up 
both  of  these  arrays. 


In  Fig*  2-5  we  have  presented  several  curves  which  show  that  for 
vertically  polarized  waves  the  cases  in  which  q  tends  to  infinity 
plays  a  vital  role  include  virtually  all  cases  of  propagation 


Table  2-11 


THU  COEFFICIENTS  0  (t£)  AS  COMPUTED  III  SINGLE  PRECISION 


n 

Gn 

n 

Cn 

0 

0.10187930E  01 

■  34 

-0.29925379E-10 

67 

l 

0*9815536 7E  00 

35 

0. 201371366-10 

68 

2 

-O.R7283778E  00 

36 

0.504095876-1  1 

69 

3 

0.  1344CS23t-00 

37 

-0.  719866326-  1  1 

70 

4 

-G. 7 1 602707E-02 

38 

-0.  730944666-13 

71 

5 

-C. 987744986-02 

39 

0. 2228  7 1 C  76-  1  1 

72 

6 

C • 20 1 290356 -02 

40 

-C. 434312696-12 

73 

7 

0. 1 346 1 956E-02 

41 

-C.5994525C6-  12 

74 

6 

-0. 56666862 E-0 3 

42 

0.  2578C2 1 36-  1 2 

75 

9 

-C. l9l9557bt-03 

43 

C.  1  32761  796-  12 

76 

10 

C. 15557887L-03 

44 

-C.  107434666-12 

77 

11 

0.  1891  1074E-04 

45 

-C.  19 145934E-  1  3 

76 

12 

-C. 4  08662  7 86-04 

46 

G. 374406966-13 

79 

13 

0.24151 776E-05 

47 

-C. 176734796-14 

8c 

111 

0.  PC5623VE-04 

48 

-O'.  11  3367926-13 

81 

15 

-G.246I6357E-05 

49 

0. 290 1 2308E-  14 

82 

16 

-0.223181406-05 

50 

0.2952CC79E- 14 

83 

17 

0. 108409566-05 

51 

-C.  152303506-14 

64 

18 

0. 4 l C0C  339E-06 

52 

-0.61  1 328  7  76- 1 5 

85 

19 

-C. 38026834L-06 

53 

0, 6061471 5E- 15 

86 

20 

-G.4221 7450E-07 

54 

0.665084726-16 

87 

21 

0.  1161141 lt-06 

55 

-C. 2Q49532C6- 1 5 

88 

22 

-0.  10456789E-0  7 

56 

0.216790916-16 

89 

23 

-0.  315021 8  7E-07 

57 

C.  602  3  7C29E- 1 6 

90 

214- 

0.92562826E-0H 

58 

-0. 1941 18666-16 

91 

25 

C. 737325476-08 

59 

-C.  150 19482E-16 

92 

26 

-G.418G967 IE-08 

60 

0.928455276-17 

93 

27 

-0. 1 34949 I9E-08 

61 

0. 282445456- 1 7 

94 

28 

G.  1513381  76-08 

62 

-0.  3536  75C5E- 1 7 

95 

29 

0.  982263146-10 

63 

-0. 158037986-18 

96 

30 

-0.472715726-09 

64 

0.  1  15736? 5t-17 

97 

31 

0.655989006-10 

65 

-0.  1918  1695E- 1 8 

98 

32 

C.  129502586-09 

66 

-0. 328336456-18 

99 

33 

-0.461659956-10 

loo 

0.12989392E-16 
0.774864586-19 
-G.  576647401:  - IV 
-C. 1265121 lt-IV 
0.  2 1 0  7  4  3  3  6 1  -  1  7 
-G. <76435011-21 
-C. 666 1 672 1 L  —  2  C 
0. 1 5 1 8  766  I E-2Q 
0. I8143185E-20 
-0. 86  76852  7 1 -2  1 
-0. 3VV3 1 940L-2  1 
C.  3622252 Jfc-2  1 
C. 5199496C 6-22 
-0.  127231 96t-2  1 
G. 10C6C423L-22 
0.  <0  77  24  126-22 
-0.  1 1  394486t-22 
-0. lC073?2dfc-22 
C. 5787881 8 E-23 
C. 2024C678E-23 
-0. 229Gb 7336-2  3 
-G.  1695414  5f  -24 
C. 774086356-24 
-C.  1 0  8  5  C  7  2  3  6  -  2  4 
-0.226837396-24 
0. 62M55G3  96-23 
C.  55  75  36426-23 
-0.  3832065  1 1-23 
-0 .9883336 06-26 
0.  1 4  534  77  76-2  5 
0.  126845776-2  7 
-0.4727 14446-26 
0.9572  12256-2  7 
0.  I3275000E-26 
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over  land  when  the  frequency  exceeds  several  megacycles  and  all 
cases  for  propagation  over  the  sea  when  the  frequency  exceeds 
several  hundred  megacycles.  For  the  case  of  horizontally  polar¬ 
ized  waves,  the  case  q  =  »  plays  an  important  role  throughout  the 
wavelength  range  from  the  infra-red  to  the  longest  waves  for  all 
the  values  of  the  conductivity  and  dielectric  constant  which  oc¬ 
cur  in  nature.  These  circumstances  certainly  justify  our  giving 
this  case  special  attention.  It  is  noteworthy  that  Pryce  and 
Domb  devoted  their  entire  paper  (Ref.  25)  to  a  consideration  of 
the  limiting  case  in  which  q  =  oo. 


In  many  cases,  the  magnitude  of  q  will  he  so  la  'go  that  one  need 
only  used  the  approximation  of  Eq.  (E-7),  namely, 

oxpd^Tg)  ~  exp  (iS/r”)  exp  (i^/q)  (2-59) 

to  approximate  the  functions  W(x,y,yo,q)  and  F(x,y,q)  defined 
In  Eqs.  (E-25)  and  (E-26)  in  the  foil-,  oing  manner: 


W'(x,y,yQ,q)  *  exp  (ix/q)W  (x,y,yo,®)  (2-60) 

FU,y,q)  ~  exp  (ix/q)F(x,y,oo)  (2-61) 

When  Eq.  (2-59)  Is  not  sufficiently  accurate,  we  can  often  evalu¬ 
ate  the  functions  for  largo  q  by  means  of  the  expansions  given  below. 


Since  this  case  of  q  -*  is  so  important,  let  us  evaluate  the 
coefficients  Fn(a)  in  the  expansion 


dxs (q) 


=  1  +  ^  q"nexp  ( if  me ) 

n=3 


(2-62) 


The  reader  will  have  to  "look  ahead"  to  the  discussion  in  Section 
5  of  the  Olver  relation  and  the  "normalization  constant"  to  grasp 
some  of  the  reasons  why  this  expansion  is  so  important.  However, 
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we  will  assert  (without  a  demonstration  of  the  method  of  proof) 
that  the  importance  lies  in  the  fact  that  the  following  relation¬ 
ship 


(q) 


(*  “  Ts/q2)  [Wj'  ('z  )  7<TO?  dT 


CO 

S 


dxs(q) 


lpi[Ai"(-aa)]^  das 


(2-63) 


permits  us  to  express  the  diffraction  function  V^(£,q)  in  the 
form 

00 


v11(c»q)  =  -2v^  t: 


exp(i^cs) 


s^T  (t  -  q2)  [w1(t  )]2 


expU^Tg)  dTs(q) 
[Wi'(x"}]z  dx" 


(2-6  4) 


Therefore,  with  the  aid  of  the  coefficients  Dn  which  are  needed 
in  Eq.  (2-56)  to  compute  ts  =  t3 (q)  and  the  coefficients  which 
are  needed  in  Eq*  (2-62)  to  compute  dT  (q)/dT“  ,  we  can  evaluate 
the  diffraction  function  V^^q)  for  the  case  in  which  q  is  very 
large.  Since  V-11(^,q)  is  the  diffraction  function  which  is  re¬ 
quired  when  both  source  and  receiver  are  at  a  very  great  height 
(in  terms  of  wavelength)  we  observe  that  this  function  will  he 
very  frequently  encountered  in  practice  since  the  case  of  large 
values  of  q  occurs  in  the  high  frequency  range  and  it  is  there¬ 
fore  going  to  generally  he  the  case  that  the  antennas  for  trans¬ 
mission  and  reception  are  at  a  "great  height."  We  should  also 
make  the  observation  that  the  diffraction  function  VQ(£,q)  can 
he  readily  evaluated  for  the  case  of  q  -*■  »  hy  expressing  the 
residue  series  representation  in  the  form 
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exp(i?Ts) 

1  - 


-i 


expU^Tg) 


dTs(q) 


(2-65) 


Therefore,  only  the  coefficients  Dn  are  required  in  order  to  com¬ 
pute  VQ(^,q)  for  very  large  values  of  q. 


By  suitably  combining  the  ideas  employed  to  arrive  at  Eqs.  (2-6L0 
and  (2-65) f  we  can  als0  evaluate  the  diffraction  function  V^(£,q). 
Since 


Vi(«,q) 


=  2\/Ii 


exp(i^Ts) 


K  “  q 


(2-66) 


we  need  only  observe  that 


[ (i  "  Ts/q2)w1# (t  )]^ 


1  dTs(q)  do:s(q)' 

[  '  (t“)  ] 2  *(i)  . 


s'J  >■  1  ’'S'-*  ,-~vS 
to  see  that  we  can  express  V^(£,q)  in  the  form 

1 

_  exp(i£Ta)  r<Ha(q)  dTg(q)"|^ 

r  2^ 

q  "l  "s'  - s  *q' 


Vi(«,q)  -  V  ■- 

°  /  -<  *  t  m\ 

wi  (ts) 


(2-67) 


(2-66 > 


These  results  reveal  that  the  knowledge  of  the  coefficients  Dn 
and  Fn  permit  one  to  evaluate  the  three  types  of  diffraction  func¬ 
tions#  Let  us  therefore  return  the  to  the  development  of  the 
background  theory  for  Program  2-2  in  which  these  coefficients 
are  to  be  computed. 
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BfwP’awtwesrs'.  *•  m**® i>>>v9Mitw> — .«. 


Since  Fn(a)  =  dDn(a)/da,  Eq* (2-58)  leads  to 


6Dn(a) 

-f—  =  -  L,  "'PmW2  +  »,W 

da  "i 

m— x 

n-2 

(n  -  1)  o 

=  n  m  PnDn-«-2 


(2-69) 


where  F  =  1,  =  0  and  F ^  -  0.  Program  2-2  has  been  used  to 

set  up  an  array  for  each  of  these  coefficients*  In  writing  this 
program  we  have  done  what  is  so  often  required  in  translating  a 


Program  2-2 


SUBROUTINE  LARGEQ(ALP,N,D.F) 

DOUBLE  PRECISION  ALP,D(N)  ,F(N)  ,  DFLOAT,  ZER0,0NE,  AN,  ANl 
DATA  ZERO,  ONE/0 . 0D0, 1 .  ODO/ 

DFI^AT(KK)  =  DBLE  (FLOAT  (KK)) 

D(l)  =  ALP 

d ( 2 )  =  -One 
d  ( 3 )  =  zerO 
f(1)  =  One 
F(2)  =  ZERO 
F(3)  =  ZERO 
DO  1  I  =>,N 
AN  =  DFLOAT(I-l) 


K  a  1-3 
D(I)  a  ZERO 
F(I )  =  ZERO 
DO  2  J  a  1,K 
L  =  K-J+l 


ANl  =  DFLOAT(J) 

D(I)  =  D(I)  +  ANl#D(J+l)*D(L) 

F(I)  =  F(I)  +  ANl*(D(J+l)*F(L)  +  D(L)*F(J+1)) 
2  CONTINUE 

D(I)  =  -  D ( I ) /AN 
F(I)  =  -  F(I)/AN 
1  CONTINUE 
RETURN 
END 
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mathematical  expression  into  FORTRAN  instructions  -  we  have  di¬ 
mensioned  the  arrays  D (N)  and  F(N),  hut  since  we  need  a  place  to 
put  Dq  and  FQ,  we  have  used  the  following  convention 


D0  =  D(l) 
%  =  D(2) 
D2  =  D(3) 

Vi  =  D'N) 


po  =  p(i) 
Fx  =  F(2) 
P2  =  P(3) 

Plj.l  =  P(») 


The  quantity  denoted  hy  ALP  in  the  subroutine's  argument  list  is 

the  Airy  function  root  a_  which  is  required  in  order  to  determine 

s 

the  coefficients  for  the  root  T_(q)»  In  Table  2-12 we  give  the  com- 

s 

puter  output  which  results  from  running  the  subroutine  contained 
in  Program  2-2,  The  case  given  in  the  table  is  that  for  s  =  1, 
These  tables  were  actually  computed  with  the  subroutine  given  in 
Program  2-3  rather  than  the  one  which  is  designated  as  Program 
2-2.  We  take  this  occasion  to  present  the  instructions  contained 
in  Program  2-3  in  order  to  permit  the  reader  to  have  an  example 
of  a  program  which  employs  the  NPREC  subroutines  which  have  been 
discussed  in  the  Preface.  There  is  a  one-to-one  correspondence 
between  the  instructions  in  Program  2-2  and  those  in  Program  2-3, 
but  the  use  of  the  NPREC  subroutines  requires  that  one  put  in  a 
number  of  additional  instructions  which  enable  one  to  employ  the 
computer  software  which  permits  the  working  with  21  decimal  digits. 
The  reader  who  is  unfamiliar  with  NPREC  will  notice  that  in  order 
to  store  the  numbers  one  needs  three  conventional  36"bit  "words," 
it  is  necessary  to  set  us  an  array  such  as  D(3,51)  in  order  to 
obtain  $1  values  of  D,  Also,  since  this  is  a  FORTRAN  II  program, 
the  use  of  adjus tatble  dimensions  in  the  arrays  is  not  possible 
and  therefore  the  integer  5^  appears  explicitly  because  we  set  out 
to  obtain  the  coefficients  for  n  =  0,  1,  2,  •••,£0. 
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Table  2-12 


THE  COEFFICIENTS 


Dn(ai) 


AND 


Pn(al> 


J 


n 

Dn<al> 

pn(Ql) 

0 

. 2338 1074 104 5 9767 00 COO E 

1 

. 1 OOOOOOOOOOOOOOOOOOOOE  1 

1 

-. 1COOOCOOOOOOOOOOOOOOOE 

1 

4C.C 

2 

♦  0 

.0 

♦0.0 

3 

.779369 1368 19922333 23 3 £ 

40 

•  33333 33 33 33333 3333333E  +0 

4 

-. 250000000000000000000E 

♦  0 

-C.C 

5 

-. 109334925256937547187E 

1 

-.9352429641 83906799999E  *0 

6  .9092639929565760 55 554E  *0 

7  • 164740570689507445404E  1 

8  -• 26422 60693709324 05 702E  1 

9  -.2 137 1 040554 60521 63332E  1 

10  *691693414275288888169  E  1 

11  •  1 12297788720997851922E  1 

12  -• 1 6636638743230097601 7E  2 

13  *656326 185 54 506 53 44 642 E  1 

14  .3635491 13840041806875E  2 

15  -.36654 983 192 55 17799523E  2 

16  -.690160345205570436 150E  2 

17  • 1 3161 5045605843931 25 5E  3 

18  .981386219147608437748E  2 

19  -.393408408913 159267568E  3 

20  -.2136719962528821 16077E  2 

21  . 10328 151 5436985560 184E  4 

22  -• 557005440585398234408E  3 

23  -.23810194641 1483142016E  4 

24  .28947 13 14674802638095E  4 

25  .45851200648 1 859653460E  4 

26  -.10480212489058225637  IE  5 

27  -.596 16902586 5 5460 22 592E  4 

28  .3179855150603981 51 420E  5 

29  -.31807812752090 1523539 E  4 

30  -.8423381 71 3337031 63827E  5 

31  .5993344128800641 9621 OE  5 

32  .1931512821586366 13687E  6 

33  -.281949289996349875 198E  6 

34  -.3571 146534 1251 2495799E  6 

35  .99413733782927641011  IE  6 

36  .373873844573088530982E  6 

37  -.297606709730805521 484E  7 

38  .79708948467 5490000935E  6 

39  .77645 121 8363028760465 E  7 

40  -.70069 1631 307825876 177E  7 


. 38888 88 88 88888888888 8E 

•  22*i28912E55C5EC*i5E2  5EE 
-.22601 7049677777476666E 
-. 517464491 527850323975E 

. 9C9C4 1807 1 36252 178040E 
.911  11 2745519882451207  E 
-•305386585496655844333E 
-.7473058831537442990526 
.900680865684  2247  69  79  5E 
-.329562820431 76 1948952E 
-.23454632642251 1212139E 
.235E1E344E19412  117936E 
.5227309 19468299964612E 
-.9923230250661 5901 8309E 
-.E82E4E3CC21 1 1E36CSS54E 
.338534769300161 144809E 
.43785347640182392570  IE 
-.  99S96C1 143ECC66323676E 
.495493922692861 108129E 
. 257420606271 768706578E 
-.3036451 12186488398690E 
-.554454619032728532684  E 
. 12258 5863334508983208E 

•  83669 300208881 240 1608E 
- .  408  244C71S265EE47752  IE 
. 128148424 303529659982E 
. 1 17864891622043676654E 
••776911222724SE5E2CE5CE 
-.  294 1 660 33 3 7728832695 6E 
•41 240206580 1852456725E 
.597E3C3E64724642353 76E 

-.1580991 12391683853016E 
-•  74752  35  25  81 4095398903  E 

•  5 C929 3688 34790658864 IE 
-.  103438493038375554854  E 


♦  0 


2 

1 

t 

2 

3 

i 

3 

3 

3 

4 

3 

4 

4 

5 

5 

c 

6 

5 

6 

5 
7 

6 
7 
7 

7 

8 

7 

8 
8 


y 
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Program  2-3 


SUBROUTINE  LARGEQ(ALP,D,F) 

dimension  alp(3),d(3,51),c(3,51),an(3),ani(3) 

COMMON  AN,ANl 

CALL  SP2NP(0.0,D(1,3)) 

CALL  SP2NP(-l#0  ,D(1,2)) 

CALL  NPREC 
D(l,l)  =  ALP 
CALL  NPOUT 

CALL  SP2NP  (0.0,F(1, 3) ) 

CALL  SP2NP(0.0,P(2,3)) 

CALL  SP2NP(1.0,F(l,l)j 
DO  1  I  =  4,51 
AN  =  FLOATF(I-l) 

CALL  SP2NP (AN, AN) 

K  =1-3 

CALL  SP2NP(0. 0,D(1, I) ) 

CALL  SP2NP(0.0,F(1,I)) 

DO  2  J  =  1,K 
L  =  K  -  J  +  1 
ANl  =  FLOATF(J) 

CALL  SP2NP{AN1,AN1) 

CALL  NPREC 

D(1,I)  =  D(l,  I)  +  ANl»D(l,  J+1)-*D(1,L) 

P(1,I)  =  P(1,I)  +  ANl*(D(l,  J+1)*F(1,L)  +  D(1,L)':*'F(1,  J+l) ) 

CALL  NPOUT 

CALL  NP2SP(AN1,AN1) 

2  CONTINUE 
CALL  NPREC 

D(1,I)  =  -  D(1,I)/AN 
P(1,I)  =  -  P(1,I)/AN 
CALL  NPOUT 
CALL  NP2SP(AN,AN) 

1  CONTINUE 
RETURN 
END 


Before  leaving  the  subject  of  these  classical  expansions,  we  will 
present  the  numerical  values  for  the  coefficients  for  further 
terms  in  the  explicit  representations  for  A^(t)  and  B^t).  The 
data  which  we  have  obtained  in  presented  in  Block  2-1.  This  is 
a  FORTRAN  IV  BLj^OK  DATA  subprogram  and  the  data  are  placed  In 
a  labeled  COMMON  which  we  have  designated  as  BREMM.  The  data 
consists  of  the  arrays  BREM(l8,9)  and  BR(20,3)*  The  computations 
which  led  to  the  obtaining  of  these  data  were  undertaken  because 
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the  author  was  interested  in  obtaining  an  asymptotic  expansion 
for  the  function  Vp(0,q)  which  describes  the  "foward  scattered 
field"  which  has  attracted  so  much  attention  in  the  literature* 
This  function  can  be  defined  by  the  relationship 

VT 

Vp (0»q)  =  lira  [Vn(4,q)  -  — —  ]  (2-YO) 

4-0  2v^t  ^ 


An  expansion  in  powers  of  q  can  be  found  "operationally"  from  the 
divergent  series  representation 


V2(0,q) 


1  4ts  (q) 

ts[Wi(t°)]^  dT° 


(2-Y1) 


and  an  expansion  in  inverse  powers  of  q  comes  from  the  divergent 
series  representation 


V2(0,q) 


1  dT^(q) 


(2-72) 


Therefore,  the  quantities  which  were  sought  in  the  computer  pro¬ 
gram  and  which  have  been  prepared  for  re-entry  into  the  computer 
with  the  aid  of  Block  2-1  were  the  derivatives  A^Tg)  and  Bn(x”) 
which  appear  in  the  expressions 


dig (q) 

7  o 

dx_ 


=  1  +  A{(x°)q  +  Ap(Xg)q2  + 


dTg(q) 

,  OO 

dTs 


=  1  +  Bj(t”)q_1+  B£(i”)q‘2  + 


•  •  • 


(2-73)) 

•(2-71+) 


where  the  explicit  forms  for  the  first  few  coefficients  are 


> 


♦ 


* 
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aJ  (t) 

A'(t) 


A' (a) 


A'(x) 


35  7 


B'(t)  =  b'(t)  =  0 
b'(t)  =  3  *  Vt)  =  0 

B^(t)  =  |  t 

B6 (t)  =  18 


The  array  BREM(18,9)  in  Block  2-1  contains  the  numerical  values 
of  the  coefficients  *5 in  the  expansion 


[(n-l)/2]  (2-75) 


where  the  [•••]  denote  that  K  is  the  integral  part  of  the  expres¬ 
sion  enclosed  in  brackets.  The  data  go  as  far  as  n  =  18.  The  re¬ 
lation  between  the  notation  in  Eq.  (2-/'5)  and  that  in  Block  2-1 
is  eJJ  =  BREM(N,M). 

In  Table  2-13  we  give  values  for  Cn(p)  =  A^x)  exp[i-^(2n  -  1)] 
and  En(p)  =  A^(t) exp(ifnx)  for  the  case  in  which  P  =  Pi  and 
t  =  =  P1exp(i^x). 

The  numbers  which  appear  in  the  array  BR(20,3)  contain  the  non¬ 
zero  coefficients  which  appear  in  the  expansion 


K 

B'(t)  =  ^  t”1-1  f  K  =  [  (n-1  )/2]  (2-76) 

m=l 

In  Table  2-lk  we  give  values  of  the  F^  for  n  «  3^*  The  array 
BR(20,3)  can  be  used  to  set  up  an  array  F(20,9)  which  is  related 
to  the  coefficients  F^  by  means  of  the  relation  F^1  =  F(N,M).  This 
array  can  be  set  up  by  the  following  set  of  FORTRAN  statements: 


(Text  continues  on  p.  2-8k) 
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-F"u> uuujuj u>  v*> v>jwovororororororororororo  t-kt-ii-ki-ki-khih^H‘h-kH-k 

o  vO  cx>-c  ro  poo  od^>:  ovjvf^Co  i\>  ^ o vO  od-^j o^vjvP^Vaj  ro  gd-^j  os'ji-Pr'v-*>  ro  h*  o 


Table 


2-13 


THE  GOEPPI C IENTS  C. 

W 

.  10187929716474710H902E  1 

.981553689345656433497b  +  0 
-.472fc377952S3974034105E  4-0 
. 134405245313V294472V7C  +0 
-.71 602938685920958033  IE  -2 
-.98774282 1206376960197b  -2 
.20128847 168449974731  IE  -2 
. 134621 1803502H3637869E  -2 
-.56668183510!  36 790 72 30E  -3 
-. 1919454b48676593l2143E  -3 
. 155571 1574354S3498406E  -3 
.189166890896791432830b  -4 
-.40870251 09979388 1 889 | C  -4 
.24 1790b4285b597400745E  -5 
. 100544 124693377437353E  -4 
-.24604427443156133&876C  -5 
-.22325772V620952945715E  -5 
.  1084574009640 IV668246E  -5 
. 409 7096668490 1684 97 50E  -6 
-.380091416474586772410E  -6 
- • 42322222 524222362 1 635E  -7 
.  I  161  75174  1571  700503V2E  -6 
-. I04918C46361 155016318E  -7 
-.3  1 4824 302962560680 3U8E  -7 
.9245296I6068753927830E  -6 
•  7 3792846  770  1 56 10 353 88E  -8 
-.4  184233981 1879770231  IE  -8 
-. 134774620393338725142C  -8 
. 15l2461105745b7b12bl2E  -b 
.98706365 158 13 I9958735E- 1C 
-.47296345270391202867  IE  -V 
.65  7252832  3  3  18507 76568E- 10 
. 12943b90327l273955062E  -9 
-.4613425767251  I I479054E-10 
-.2994  1 0658604 38 75  31 830E- 1C 
.  20 144823552  1 620 74  024GE- 10 
.5037234 1 3650094374329E- 1 1 
-.  719688066C9I4023  38794C-1 I 
-.7394098391685631 17529E-I3 
.22291  1  1 0964 11 598533 78C-1 I 
-.434500398394768565945E-12 


(Px)  AND  En(p1) 

En(Pl) 

. 100000000000000000000E  1 

-.96344764506806941597  IE  *0 
. 1392347047I80BI29V304E  1 

-.16053054125344253 1730C  I 
.1643638101360194482288  I 
-. 156395342l0030o46591  IE  1 
. 140433001024760476667E  I 
1 196390408 14776 139250E  1 

.  9  72004600707  73450  WOVE  +0 
-.7577  17 55754966854 52 4 5L  *0 
.56974C055713202685596E  *0 
-.4  14678  I46099079026854t  *0 
.292864546871 3295793 16E  +0 
-.2ul 14822081866261 1 706E  *0 
. 13466I407I09539702616E  *0 
-.8804 53 3 140 3 56 904 0094 6C  -1 
,563061 84 2171953 3 6401 9E  -1 
-.352627932244345050180E  -1 
.21652329914413193894  IE  -1 
1 305C8419632632016660E  -1 
. 7729  75  324 12 165772684  1C  -2 
-.45022764394089775 7868E  -2 
.2580734 16o35 I 74899469L  -2 
-. 145688604169574106685E  -2 
.810601 317242295926351b  -3 
-.444  789  5391072 146786  7  IE  -3 
. 240b 05 60662 10879 77668E  -3 
-. 126689699647300672  I  1 3E  -3 
. 6 79/ 48 94 04b 1439 168 85  IE  -4 
-.35428739 30 74440126080E  -4 
. 1H2675229276037788850E  -4 
-. 9 3  1 3 39  7896  735633809 1 2E  -5 
.469676 146673087925519E  -5 
-.234407892285999801 765C  -5 
.  1  15824554865677469284E  -5 
-.5666 7 1662 75756 34 05209E  -6 
.274b3892031472087236tiE  -6 
-. 13I766639232384328269E  -6 
. 626d 96 0374 7060563585 7C  -7 
295697786310450413045b  -7 
1  382  39  029554649 1  3  1 945f:  -7 
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Table  2-14 


COEFFICIENTS  FOR  POLYNOMIAL 


REPRESENTATION  FOR  F  (t) 


n  =  3 

1  •  333333333333333333333E  +0 

n  =  5 

1  +0.0 

2  .400000000000000000000E  +0 

n  =  6 

1  .388888888888868888888E  +0 

2  +0.0 

n  =  7 

+0.0 
+0.0 

.4285Y1428571428571428E  +0 

n  =  8 

+0.0 

.  966666666666666666666E  +0 

+0.0 

n  =  9 

.506172839506172839506E  +0 

+0.0 
+0.  0 


n  =  10 

+0.0 

+0.0 

.166285714285714285714E  1 

+0.0 

n  =  11 

+0.0 

.191 31 31 31 31 31 31 31 31 31E  1 

+0.0 

• 4545454545434545454542°+ 0 


n  =  12 

1  .6923 13 34 5091  122868899E  +0 

2  +0.0 

3  +0.0 

4  . 244 338 62 4 3386243 3862 4E  I 

5  +0.0 

n  =  13 

1  +0.0 
2  +0.0 

3  .4b323076923C769250769E  1 

4  +0.0 

5  +0.0 

6  .46153846153846 1538461E  +0 

n  =  14 

\  +0.C 

2  .351388 8 3 162692 68 65 02  IE  1 

3  +0.0 

ft  +0.0 

5  .328870 3 36013193156050E  1 

6  +0.0 

n  =  15 

1  .9741862629825592 r8853E  +0 

2  +0.0 

3  +0.0 

4  . 86 194426 60776014 1 0934 E  1 

1  +0.0 

°  +0.0 

f  .466666 66 6 66 666 66 6666 6E  +0 

n  =  16 

1  +0.0 

2  +0.0 

3  . 106046003996003996003E  2 

4  +0.0 

5  +0.0 

6  .418631 36863 1 368631 368E  1 

t  +0.0 
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Table  2-1  Lf.  (Cont'd) 


n  =  17 

+0.0 

. 62 078274631962 773886 OE  1 

♦  0.0 
+0.0 

. 1439 14357662256821920E  2 

+0.0 

+  0.0 

.4 70588235294  I 1764705 BE  +0 
n  =  18 

. 139632680457783338441E  1 

♦  0.0 
♦  0.0 

.247832614 107428922243E  2 

♦  0.0 

♦  0.0 

.5I2761806095I39428471E  1 

♦  0.0 

n  =  19 

♦  0.0 
♦  0.0 

.2276261715727881  I4I41E  2 

♦  0.0 
♦  0.0 

•220 36 7 99 290934 62 92 804E  2 

♦  0.0 
♦  0.0 

.4  73684  2105263 l 57894  73E  +0 
n  =  20 

♦  0.0 

.  107090  I28007230403744E  2 

♦  0.0 

♦0.0 

.4934  72  7918849487476936  2 

♦  0.0 
♦  0.0 

.6106371014606308723956  1 

♦  0.0 


>5 

n  =  21 

1  .202745417063871194494E  1 

2  +0.0 

3  +0.0 

k  .62976153561  769082051  IE  2 

5  +o.o 

8  +0.0 

7  .3172246049071445896836  2 

8  +0.0 

9  +C.0 

10  .4761904761904761904766  +0 

n  =  22 

1  +0.0 

2  +0.0 

3  .4621583699461649684786  2 

h  +o.o 

5  +c.o 

6  .883286985645 1296 68287F  2 

7  *0.0 

8  +0.0 

9  .71 178476181853 60 9 3 795E  1 

*0  +0.0 

n  =  23 

1  +0.0 

2  .  18I795638277813423770E  2 

3  +0.0 

£  +0.0 

5  . 145954800035339569026E  3 

6  *0.0 

7  +o.o 

8  .  4359839 746355396 09 353E  2 

9  +0.0 

10  +0.0 

11  .4782608695652 1 739 1 304 E  +0 
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Table  2-14  (Cont'd) 


n  =  24 

.297219554537243524432t  1 

♦  0.0 

♦  0.0 

.  1  i*  7649742469/687  136630  3 

♦  0.0 
♦  0.0 

.  146  156  34  302642  7223846E  3 

♦  0.0 

+  0.0 

.  6  I  5  8  3  5  /  3  5  1 8  5  58  0  3  8  6  6  1 6 E  1 

+  0.0 

n  =  25 

♦  0.0 

+  0.0 

•  9  G  ?  5  1 2 1 3  1  7  2  2  7  I  1 5  C  2  3  7  1 E  2 

+  0.0 
40.0 

.29904  I  7  1  St  1 835  3C 4 .336  IE  3 

♦  0.0 
♦  0.0 

.5  780092  7  7  3424  15535489t  2 

♦  0.0 
♦  0.0 

.479999V99999999999999E  +0 
n  =  26 

40. 0 

. 30506844 108278786 1590E  2 

40.0 

>0.0 

.  390583320  I  98862067 3 32E  3 

40.0 

40.0 

.2277/316477408?blVb75fc  3 

+  0.0 

♦  0.0 

. 9224  94  28968  7  704 1  Ob 85  I E  I 

♦  0.0 


n  =  27 

.4389464  t 90588042 3882 7E  1 

+  0.0 
+  0.0 

. 3277559662593624 7427 3 E  3 

♦  0.0 
+  0.0 

.559252  I02214  H8582868E  3 

♦  0.0 

+  0.0 

.7 4 4551 208285921 3 6 0796E  2 

♦  0.0 

+  0.0 

,4ttl4 8 148148148 148 148  IE  +0 
n  =  28 

♦  0.0 
♦  0.0 

.  17  12429838190 I05836I4E  3 

♦  0.0 

♦  0.0 

.90144077773070778 I4C2E  3 

+  0.0 

♦  0.C 

.3385779061  337  16382  I  74E  3 

♦  0.0 
♦  0.0 

. 1031518428075011 34905E  2 

+  0.0 

n  =  29 

+  0.0 

.5074  88875  5999311  31  78CE  2 

+  0.0 
♦  0.0 

.972 109 I6h 1492824 354 75E  3 

+  0.0 
+  0.C 

.974672668696103394 744C  3 

+  0.0 
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*S 


* 


n  =  29  (Cont'd) 

10  +0.0 

11  .936766 1896 156531 90600E  2 

12  +0.0 

13  +0.0 

IJ4.  .4827586206896551  72*1 1 3E  +  0 


n  =  30 


1 

2 

3 

k 

5 

6 

7 

8 
9 

10 

11 

12 

13 

il; 


•652069314549479024577E  1 

+  0.0 

♦0.0 

.6959455792964430 I6777E  3 

♦  0.0 

♦o.c 

.  188022396839860045014E  4 

♦  0.0 

♦  0.0 

.4844003094506 7 32 63 99 OE  3 

♦  0.0 
♦  0.0 

.  I  1427066385555370 1652E  2 

♦  0.0 


n  =  31 


1 

2 

3 

k 

5 

6 

7 

8 

9 

10 

11 


12 

13 

14 

15 


♦  0.0 
♦0.0 

.31 779401 1464592426888E  3 

♦  0.0 
♦  0.0 

.2495503  I  40375 759 70 858E  4 

♦  0.0 
♦  0.0 

. 1605824733701781 15902E  4 

♦  0.0 
♦  0.0 

.  1  155730443143350 74603E  3 

♦  0.0 
♦  0.0 

.48387096774 I935483870E  +0 


1 

2 

3 

k 

5 

6 

7 

8 

9 

10 

11 

12 

13 

ii; 

15 


1 

2 

3 

k 

5 

6 

7 

8 

9 

10 

11 

12 

13 

ii; 

15 

16 


1 

2 

3 

k 

5 

6 
7 


n  =  32 

♦0.0 

.  838496 46 33 3 788 88 0877 3E  2 

♦  0.0 
♦  0.0 

.228979320  14  1244052940E  4 

♦  O.C 

♦  0.0 

.  362400322674403857380E  4 

♦  O.C 

♦  0.0 

.67 1479258C08439025267E  3 

♦  0.0 

♦  O.C 

.  125568863013868467797E  2 

+  0.0 


n  =  33 


.973 3 0541062746 59 97017E  I 

♦  0.0 
♦  0.0 

.  142898572.37396330822VE  4 

♦  0.0 
♦  0.0 

.57436001 3C 3 3 13 84 4761 OE  4 

♦  0.0 
♦  0.0 

.252699 J66255536099042E  4 

♦  0.0 

♦  0.0 

. 140245  109  I98466331867C  3 

♦  0.0 
♦  O.C 

.484b484b4b484848484d4E  +0 

n  =  31; 


♦  O.C 

♦  0.0 

•579 4 772244341149 64 707E  3 

♦  0.0 
♦  0.0 

.647172VI6C4684S199628E  4 

♦  0.0 
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Table  2-1 4.  (Cont‘d) 


l 


m 

F*1 

f"1 

n 

n 

n  =  34  (Cont'd) 

n  =  36  (Cont  ’-d) 

b 

+  0.0 

lk 

♦  0.0 

9 

.  6  5  5  5  3  9  9  3  3  6  9  5  3  8  82  62  86  4  E  4 

15 

+  0.0 

10 

+  0.0 

16 

. 1487670678208375 17 1G0E  2 

11 

+  0.0 

17 

+  0.0 

12 

.V0644333b2984084250bbE  3 

13 

+  0.0 

n  =  37 

14 

15 

16 

+  0.0 

. 13 70v 1 ?67046603lcC395F  2 

+  0.0 

1 

2 

3 

+  0.0 
♦  0.0 

.  104 162 580 70C 46 94  092 1  IE  4 

n  =  35 

4 

5 

+  0.0 
+  0.0 

1 

+  0.0 

6 

. 159372661320496727412E  5 

2 

.  157786 IV 1682490b 19 I42E  3 

7 

+  0.0 

3 

+  0.0 

8 

+  0.0 

4 

+  0.0 

9 

.23904C540638447963500E  5 

5 

.  b  1  6500  80 b 1 789881 1 1 740E  4 

10 

+  0.  C 

6 

+  C.0 

11 

♦  0.0 

7 

+  0.0 

12 

.  56  HO  391  7260  7->0»687l  BE  4 

b 

.  12  13165.35I56478C55037E  5 

13 

+  0.0 

9 

+  0.0 

14 

+  0.0 

10 

♦  0.0 

15 

. 19828964053 1 1451  9805CE  3 

11 

,382m  190307577062323E  4 

16 

+  0.0 

12 

+  0.0 

17 

♦  0.0 

13 

♦  0.0 

18 

.4864864864864864 8 6485E  +0 

14 

. 1677875C73550199V7021E  3 

n  =  38 

15 

+  0.0 

16 

+  0.0 

1 

♦  0.0 

17 

.4857142  8  5714285M4284C  +0 

2 

.225406614380351 1  57893E  3 

n  =  36 

3 

4 

+  0.C 
♦  0.0 

1 

2 

3 

4 

5 

6 
7 
b 

9 

10 

11 
12 
13 


.  I45855V72182003225723E  2 

+  0.0 
+  0.0 

.285628982836  130224  I92E  4 

+  0.0 
+  0.0 

.  l62v22M3l7C8705268beE  5 

+  0.0 
+  0.0 

,  1 125466599956  I9454984E  5 

+  0.0 
+  0.0 

,  I  1962V  354VH05  IU23509E  4 


5  .  1125Glv091  128576C.3875E  b 

6  +0.0 

7  +0.0 

6  .374247923442398S53549E  b 

9  +0.0 

10  +0.0 

11  .  I84955702C84799466403E  5 

12  +0.0 

13  +0.0 

14  . I548387490501G9722940E  4 

15  +0.0 

16  +0.0 

17  . IO0603453183037B1659BE  2 

18  +0.0 
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C0MM0N  /BREMH/BREM(18,9),BR(20,3) 
DOUBLE  PRECISION  F(20,9) ,BREM, BR 
Dp  1  I  =  1,20 
Dtf  2  J  =  1,9 
F(I,J)  =  0*0D0 

1  CONTINUE 

2  CONTINUE 
P(3,l)  =  BR(3,1) 

P(5,2)  =  HR (5,1) 

D0  3  K  =  2,6 

10  =  3*K 

11  =10+1 

12  =10  +  2 
F(I0,1)=  BR(I0,1 ) 

F(I1,3)=  BR(I1,1) 

F(I2,2)=  BR  (12,1 ) 

3  CONTINUE 
P(9»3)  =  BR(9» 2) 

P(ll,5)=  BR  (11,2) 

D0  k  K  =  i;,6 

10  =  3*K 

11  =10+1 

12  =10+2 
Off  5  J  =  2,3 

JO  =  3*J  -  2 
Jl  =  JO  +  2 
J2  =  JO  +  1 
P(IO,JO)  =  BR(IO,J) 

P(I1,J1)  =  BR(H,J) 

P(I2,J2)  =  BR(I2,J) 

5  CONTINUE 
CONTINUE 


As  an  illustration  of  the  usefulness  of  the  results  given  in  the 
relations  which  have  been  labeled  Eq.  (2-75)  and  Eq.  (2-76),  let 
us  consider  Eq.  (2-72)  in  further  detail.  We  can  show  that  the 
function  (^ ,°°)  is  an  entire  function  of  £  which  can  be  expanded 
In  a  Taylor  series  of  the  form 


V2(^,o°) 


2\/iu 


00 


E 

0-1 


exp(i$T“) 

3 

K<Tp]z 


(2-77) 


Let  us  now  observe  that 


2-814- 
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dr 

d-r 


=  2\/Tji 


oo,r  /  .  ^  oo .  00 

exp(i^xs) 


2 

n=r 


„n-r 


oo 


.n 


an’ 


(n-r)l 


s 


Therefore,  we  can  express  a  function  of  the  form 

F(£)  =  2^1?  ^ 
s=l 


-  .  ,  »,2.  .  ,  «,»,  exP(i«<J 

l°o  +  +  c2  +'"+  cm  1  2 

1  s 


in  terms  of  the  function  V 2 (£*«)  according  to  the  rule 

,2 


P(5) 


=  [co  +  °i 


3m 


&(W 


+  C/ 


a(W 


2  + 


»+  C. 


m 


d(i£) 


m 


v2(?,< 


If  we  now  use  this  rule  in  the  representation  which  results  from 
using  Eq.  (2-76)  in  Eq.  (2-74),  we  find  that  Eq.  (2-72)  leads  to 


V2(0,q)  =  V2(0,oo)  + 


(2-78) 


a^-1  (2-79) 

The  coefficients  F^  are  those  which  were  defined  in  Eq.  (2-76)  and 
the  coefficients  aj  are  those  defined  by  Eq.  (2-77). 

The  form  of  the  result  in  Eq.  (2-79)  provides  an  excellent  example 
of  a  situation  which  occurs  frequently  in  numerical  analysis. 

Since  we  know  a  recursion  formula  which  will  permit  us  to  compute 
tho  quantities  B^(t)  =  Fn(a)  exp(i-fmi)  without  having  to  take  re¬ 
course  to  the  representation  in  Eq.(2-^6)  it  is  tempting  to  dis¬ 
miss  this  representation  in  the  form  of  a  polynomial  in  t  as  be¬ 
ing  "useless."  However,  we  see  in  Eq.  (2-79)  that  the  coefficients 
in  the  polynomial  representation  can  play  an  important  role  in 
analytical  work. 
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2.5  Programs  for  Step-by-Step  Integration 

methods  by  which  one 

(2-80) 

12-81) 

*o  =  t(%) 

We  can  use  the  differential  equation  to  compute 


In  this  discussion  we  want  to  present  some 
can  compute  the  root  t(q)  of 

wj(t)  -  q  w1(t)  =0 

by  integrating  the  differential  equation 


with  the  initial  conditions 


and  use  these  expressions  in  the  Taylor  series  to  obtain  for  t(q) 
a  representation  of  the  form 


t(q)  =  tQ  +  ^  Vq  -  %)Z1 
n=l 

The  explicit  form  of  the  first  few  are 


(2-82) 


A  =  -  — 
A2  2 


l(‘.-0  (*„-0 
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■3M- 


( 


4 


( 


> 


t 


Since  tQ  and  qQ  are  complex  quantities,  the  programming  of  these 
coefficients  would  he  quite  tedious#  However,  we  can  develop  a 
much  simpler  method  for  the  computation  of  the  ^  if  we  insert 
Eq#  (2-82)  in  Eq#  (2-81)  and  obtain  a  recursion  formula  for  the 
coefficients# 
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4 


Wf  s»*i  i'jwwmw**  <v<*a  vav 


We  observe  that 

|§  =  *1  +  2J  <n  +  1)An+l(q  '  qo,n 
n=l 

and 

t  -  q2  =  t  -  [qQ  +  lq  -  qQ)]2 

=  fc0  “  %  +  (Ai  “  2q0)  (a  "  +  ^A2  “  1^q  “ 

\(q  -  q0)n 

The  differential  equation 

(t  -  <i  >25  "  1 

then  leads  to  the  relationships 
(tG  -  <;)(!%)  =i 

(tQ  -  q2)(2A2)  +  (Ai  -  2qo)  (lA^  =  0 

(tQ  -  q^)(3A^)  +  (A^  -  2qQ)  (2A2)  +  (A2  -  l)(lAi)  =  0 

(tQ  -  q^)(ljA^)  +  (Ai  -  2qQ)(3A3)  +  (A2  -  1>(2A2)  +  A3(lAi)  *  0 

The  general  term  in  the  series  can  be  evaluated  from  the  relation¬ 

ship 


(*0  -  qo><«V  =  -  t(Ai  -  2q0)(n-l)Vl  +  <A2 

-  22  (n  -  m)V(n-m) 

w-3 


l)(n-2)An.2] 

(2-83) 
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It  would  be  rather  straight  foward  to  construct  a  computer  program 
to  evaluate  the  However,  since  the  terms  which  appear  in  Eq. 

(2-82)  are  of  the  form 

Bn  =  An(<l  ’  <io>n  l2-6W 

it  would  advantageous  to  have  the  program  evaluate  Bn  directly 
and  to  stop  the  summation  when  a  sufficient  number  of  terms  have 
been  summed.  This  is  much  better  computer  practice  than  to  first 
construct  the  A^  and  then  go  back  and  sum  the  polynomial  which 
rosults  when  Eq.  (2-82)  is  truncated. 

Although  it  is  wasteful  of  storage  space  in  the  computer,  a  sim- 
plication  is  obtained  in  programming  this  set  of  relationships  if 
we  define  an  auxiliary  set  of  coefficients  Cn  by  means  of  the 
following  statements 


D  =  (q  -  q0)/(t0  -  qB> 

°i  =  Bi  -  2%D 

(2-85) 

(2-86a) 

c2  =  b£  -  u2 

( 2— 86b ) 

The  recursion 

cn  ■  B„  >  n  s  3 
relationships  then  take  the  form 

( 2— 86c ) 

“0 

-  =  0 

(2-89a) 

(to 

-  q^) (2B2)  =  -  G1B1 

(2-89b) 

(to 

-  q^)  (383)  =  -  (BCjBg  +  C^) 

(2-89c) 

or,  in  general 

(‘o  ■  (nBn>  =  "  (n"3)0jBn-i  (2-«9d) 

J=1 
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Program  2-4 

SUBROUTINE  CMRTSM ( QO, TO , Q, T, EPS I, CONVRG) 

logical  cOnvrg 

COMPLEX  qo,to,q,t,b(5o),c(5o),u,f,test 

C - LOGICAL  VARIABLE  CONVRG  =  .FALSE.  IF  SUM  fSF  LAST  THREE 

C- - TERMS  FAILS  TO  BE  LESS  THAN  EPSI#CABS(T) . 

cOnvrg  =  *true. 
u  =  Q  -  QO 
P  =  1.0/ (TO  -  Qp*QO) 

B (1 )  =  U»F 

c(l)  =  B(1 )  -  2.0*QO»U 
T  »  TO  +  B  ( 1 ) 

TEST  =  B(l) 

B  ( 2)  =  -(F/FL0aT(2))*C(1)*>B(1) 

C(2)  =  B(2)  -  U*U 

T  =  T  +  B  ( 2) 

TEST  =  TEST  +  B(2) 

B(3)  =  -(FL0aT(3))*(2.O»C(1)»B(2)  +  C(2)*B(1)) 

C ( 3 )  =  B(3) 

T  =  T  +  B  ( 3) 

TEST  =  TEST  +  B(3) 

DO  1  I  ■  4#5o 

B  ( I )  =  0.0 

INDEX  =1-1 
DO  2  J  =  1, INDEX 

B(I)  =  B  ( I )  +  FL0AT(I-J)»C(J)*B(I-J) 

2  CONTINUE 

B ( I )  =  -  (F/FLOAT(I))-»B(I) 

C(I)  =  B ( I J 

T  =  T  +  B  ( I ) 

TrST  =  TEST  +  B(I)  -  B(I-3) 

TMAG  =  EPSI^CABS(T) 

TESTMG  =  CABS (TEST) 

IF (TESTMG.LT. TMAG)  GO  TO  10 
1  CONTINUE 

cOnvrg  =  .false. 

10  RETURN 
END 


In  Program  2-4  we  present  a  FORTRAN  subroutine  which  will  evalu¬ 
ate  Eq.  (2-82)  by  employing  the  recursion  relation  given  in  Eq. 
(2-89).  The  relation  between  the  mathematical  variables  and  the 
FORTRAN  variables  are 

t0  =  TO  ,  t  =  T 

q0  =  QO  $  q  =  Q 
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The  user  will  have  to  supply  the  value  of  EPSI  which  is  used  to 
control  the  exit  from  the  D^-loop.  The  author  generally  employed 

EPSI  =  1.0E-8 

However,  for  some  applications  in  which  less  accuracy  is  required 
a  smaller  value  of  EPSI  will  cut  down  on  the  amount  of  work  which 
the  computer  is  asked  to  perform.  The  LOGICAL  variable  G^NVRG  is 
employed  to  permit  the  user  to  know  whether  the  series  converged 
irtien  fewer  than  50  terms  were  summed.  The  criteron  for  convergenc 
to  the  accuracy  specified  by  EPSI  is  based  upon  whether  the  last 
three  terms  combine  to  have  an  absolute  value  which  is  less  than 
EPSI  times  the  absolute  value  of  T, 

When  qQ  and  q  are  very  large,  the  representation  in  Eq.  (2-82) 
becomes  quite  useless.  When  this  is  the  case,  one  can  replace 
Eq.  (2-82)  with  the  alternative  form 

*(<0  =  t0  +  /  j  Bn^q  1  “  Go"1)"  (2-90) 

n=l 

It  will  be  convenient  to  define 


and  observe  that  Eq.  (2-81)  takes  the  form 

(1  "  x2t)M  =  1  (2-91) 


Let  us  express  Eq.  (2-90)  in  the  form 

00 


t(x)  =  tQ  + 


V*  -  xo'n 


(2-92) 


If  we  insert  Eq.  (2-92)  in  Eq.  (2-9I)  we  can  show  that  the  recur¬ 
sion  formula  for  the  13  Is 

n 
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fu  JSW HWWWr*'? 


'fWjr^t^1  --•-■'Vr^r^,  ■'iSfSp*^f*rPnc«,»  f^V-v-  . 


(1"xoto)(n+1)Bn+1  = 


rB  (B„  „  .  +  2x  B  „  +  x„B„  _tl)  (2-93) 

r  n-r-i  o  n-r  o  n-r--i 


The  initial  values  are 


B-1  “  0  »  B0  =  t0  *  B1  = 


2  2  3 

R  _  2v0  +  xo :  2t0xo 

2"  2(l-4*0>3 


1  -  X  t 
o  o 


B3  = 


2t  +  Ipc  +  2tfx*"  +  2t  x^  +  (3  -  I0t^)x^  -  6tfx^  +  6t^x^ 

ft  •  0  00  r\  r\  '  •'  ft  »  ft  ft  ft  ft  n 


o'  o 


(!  -  x?t 


^,°r  Q0  -*•  °°j  we  have  xq  -  0.  For  this  limiting  case,  the  recursion 
formula  in  Eq.  (2-93)  is  identical  with  Eq.  (2-52), 

Since  the  terms  which  occur  in  Eq.  (2-92)  are  of  the  form 

Cn  “  Bn‘*  -  *o>n 

it  would  be  advantageous  to  program  a  recursion  formula  for  the 
Dn  and  compute  only  as  many  of  the  Dn  as  arc  required  to  obtain 
the  desired  accuracy  for  t(xj.  Let  us  define 

U  =  x  -  x 

o 

*1  =  *2Dl  +  2*^ 


and,  in  general 


A2  “  *oD2  +  UD1  + 

A3  =  xoD3  -*■  2x0TO2  +  ^ 

An  =  zoDn  +  ^O^n-l  +  Ai-2  »  »  >  3 
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Wo  can  thou  express  Eq.  ( P?— 93 )  in  the  form 

(1  -^t0Jlwl)Dn+1  =  J  ^Vn-r+1  <2-®W 

The  introduction  of  the  An  has  greatly  simplified  the  appearance 
of  the  equation  that  defines  the  recursion  process  by  which  the 
Dn  are  to  be  generated.  Although  the  introduction  of  the  A^ 
means  that  we  must  set  up  arrays  in  the  computer  storage  for  both 
the  Dn  and  the  An' tlie  Pi,ice  paid  for  the  using  of  computer  storage 

space  for  the  An  is  more  than  compensated  for  in  the  saving  of 
the  operations  i;hich  v;ould  be  repeated  in  each  step  of  the  re¬ 
cursion  if  we  were  to  program  the  form  in  Ea.  (2-93) • 

In  Program  2-5  we  present  a  FORTRAN  subroutine  which  permits  us 
to  .  evaluate  the  sum  in  Eq.  (2-92).  The  FORTRAN  variables  are 
related  to  the  mathematical  variables  in  the  following  manner: 

xQ  =  XO  ,  x  =  X 

t  =  TO  ,  t  =  T 

The  quantity  EPSI  plays  the  same  role  as  the  corresponding  crite¬ 
rion  in  Program  2-1].,  The  vc  luc 

EPSI  -  1.0E-8 

can  bo  employed  in  most  applications  of  the  program. 

In  Programs  2-6  and  2-7  wo  present  double  precision  versions  of 
Programs  2 -i|  and  2-5,  respectively. 

Program  2-6  provides  the  FORTRAN  statements  for 

SUBROUTINE  R00TSM  ( QOR,  QOI ,  TOR,  TOI ,  QR,  01 , TR, TI , EPSI ,  C0NVRG ) 

The  FORTRAN  variables  in  the  argument  list  arc  related  to  the 

(Text  continues  on  p.  2-99) 
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Program  2-5 


SUBROUTINE  CMRTLG (X0,T0,X, T, EPSI, CONVRG ) 

LOGICAL  CONVRG 

COMPLEX  XO,T0,X,T,U,U2,C2X0U,XO2,P,D(5O),A(5O),TEST 

- LAICAL  VARIABLE  CONVRG  =  .FALSE,  IF  SUM  0P  LAST  THREE 

- TERMS  FAILS  TO  BE  LESS  THAN  EPS  I**  CABS  (T)  • 

CONVRG  =  .TRUE. 

U  =  X  -  XO 

U2  =  U*U 

C2X0U  =  2.0*XO»U 

X02  =  XO>XO 

F  =  l.O/a.O  -  X02&T0) 

T  =  TO 

D(l)  =  IP**F 

T  =  T  +  D(1 ) 

TEST  =  D(1 ) 

A(l)  =  CSXOU^TO  +  X02*D(1) 

D(2)  =  A(1)*D(1)^F/FL0AT(2) 

T  =  T  +  D12) 

TEST  =  TEST  +  D(2) 

A(2)  =  T0*U2  +  C2XOU»D(l)  +  X02*D(2) 

D13)  a  (2.0*A(1)#D(2)  +  A(2)*D(l))*F/FL0AT(3j 
T  =  T  +  D(3) 

TEST  =  TEST  +  D(3) 

A(3)  =  U2*D(1)  +  C2X0U»D(2)  +  X02**D(3) 

DO  1  I  =  4,50 
INDEX  =1-1 
D(I)  =  0.0 
DO  2  J  =  1, INDEX 

D(I)  =  D(I)  +  FLOAT  (I-Jj*A(J)*D(I-J) 

2  CONTINUE 

d(i)  =  d(i)*f/flOat(i) 

A(I)  =  U2»D(I-2)  +  C2X0U»D(I-1)  +X02*D(I) 

T  =  T  +  D(I) 

TEST  =  TEST  +  D(I)  -  D(I-3) 

TMAG  =  EPS  I*  CABS  (T) 

TESTMG  =  CABS (TEST) 

IF (TESTMG.LT. TMAG)  GO  TO  10 
1  CONTINUE 

CONVRG  =  .FALSE. 

10  RETURN 
END 
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Program  2-6 
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TESTR  =  TtSTR  +  BR<2> 
TESTI  =  TESTI  +  BI<2> 


Program  2-6  (Cont‘d) 
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Program  2-7  (Cont»d) 
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mathematical  variables  in  the  following  manner: 


qQ  =  QOR  +  iQOI  ,  q  =  QR  +  iQl 

t  =  TOR  +  iTOI  ,  t  =  TR  +  iTI 

The  value  to  be  assigned  to  EPSI  will  depend  upon  the  accuracy 
which  the  user  wishes  to  obtain.  C^NVRG  is  a  logical  variable 
which  tells  whether  or  not  the  series  converged  to  the  desired 
accuracy  by  the  time  it  has  summed  50  terras.  The  user  will  have 
to  supply  the  non-executable  statements 
LOGICAL  C0NVRG 

DOUBLE  PRECISION  QOR, QOI, TOR, TOI,QR,Ql,TR,TI, EPSI 
in  the  calling  program. 

The  statements  in  Program  2-7  constitute  the  subroutine  entitled 

SUBROUTINE  ROOTLG (X0R,X0I,  TOR, TOI, XR, XI ,  TR,  TI , EPSI , cONVRG ) 
The  calling  program  will  have  to  contain  the  statements 
LOGICAL  CONVRG 

DOUBLE  PRECISION  XOR,XOI, TOR, TOI, XR,XI,TR,TI, EPSI 

The  FORTRAN  variables  are  related  to  the  mathematical  variables  in 
the  following  manner: 

xQ  =  XOR  +  iXOI  ,  x  =  XR  +  iXI 

tQ  =  TOR  +  iTOI  ,  t  =  TR  +  iTI 

Programs  2-6  and  2-7  were  employed  to  generate  the  tables  which 
are  presented  in  Appendix  D.  In  Program  2-8  we  present  a  sub¬ 
routine  which  we  employed  to  generate  tables  such  as  the  one  In 
Table  D-la.  The  values  in  Table  D-la  were  obtained  with  a  CALL 
statement  of  the  form 

CALL  PROPSM  (1.0187929  716^7471  DO ,  kS •  0D0 , 0.  0$D09l\X ,  TR,  TI ) 

The  reader  will  recognize  the  first  argument  to  be  the  root 
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defined  by  Ai'f-^)  «  0, 

It  should  be  noted  that  Programs  (2-i|.  through  (2-7)  can  be  used 

2  dt 

for  step-by-step  integration  of  the  Ricoati  equation  (t-q  )-j-  =  1 
and  that  the  calculations  made  in  this  manner  (by  employing  a 
program  such  as  in  Program  2-8)  do  not  have  the  boundaries  of 
regions  of  applicability  such  as  illustrated  in  Pig*  2-3* 

Program  2-8 


* 


SUBROUTINE  PROPSM ( T , ARG * QSTEP »N»TR#TI ) 

LOGICAL  CONVRG 

DOUBLE  PRECISION  T» ARG# QSTEP# TR <N) # TI (N) 

DOUBLE  PRECISION  PIO180  » COS60 »SIN60 »DFL0AT» QOR » QO I »EPSI » 

A  RAD»TOR#TOI»OR»QI»TREAL#TIMAG  »_Qf  QS»DSIN 
DATA  PI0180#COS60#SIN60/0. 17453292519943  D-l#  0.5D0# 

A  0.86602540378443865DO  / 

DFLOAT(K)  =  OBLE (FLOAT (K ) ) 

TR  ( 1 )  =  T*Ct»S60 

T I ( 1 )  =  T*SIN60 

QOR  =  0.0D0 
QOI  =  0.0D0 
EPSI  =  1.0D-17 
RAD  =  PI0180*ARG 
DO  1  I  =  2»N 
INDEX  -  I 
TOR  =  TR(I-l) 

TO  I  =  TI(I-l) 

QI  =  QST£P*DFL0AT(I-1) 

QR  =  QI*DCOS(RAD) 

QI  =  QI*DSIN(RAD) 

CALL  ROOTSM(QOR»QOI»TOR#TOI»QR»QI#TREAL»TIMAG#EPSI»CONVRG) 

TR ( I )  =  TREAL 

TI(I)  =  TIMAG 
QOR  =  QR 
QOI  -  QI 

IF( .NOT, CONVRG)  GO  TO  2 

1  CONTINUE 
RETURN 

2  WRITE(6# 150)  INDEX»T#ARG»QSTEP 
DO  9  I  =  INDEX»N 

TR ( I )  =  0.0D0 

T I ( I )  =  0.0D0 

9  CONTINUE 
RETURN 

150  FORMAT (46H0  SUBROUTINE  PROPSM  COULD  NOT  HANDLE  INDEX  =  #14/ 

A  11H  WITH  T  =  #D22,16»8H  ARG  =  #D22.16#10H  QSTEP  =  »D22.16) 
END 
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Section  3 

EXPANSIONS  IN  THE  LIGHTED  REGION  OP  A  CIRCULAR  CYLINDER 


Consider  the  problem  which  arises  when  one  wants  to  compute  the 
field  in  the  lighted  region  when  the  plane  wave  exp(-ikx  -  iwt) 
illuminates  a  perfectly  conducting  cylinder  of  radius  a.  If  the 
radius  of  the  cylinder  is  much  greater  than  the  wavelength,  and 
if  the  field  is  observed  for  points  outside  the  shadow  region, 
the  field  can  be  described  by  the  optical  approximations 

u(p,9)  -  oxp(-ikx  -i«t)  ±  Jt  Ct%a  -  ixp  [ik(D  -  a  cos  a)  -In*]  (3-1) 

where  the  +  sign  is  used  when  the  magnetic  vector  is  parallel 
to  the  axis  of  the  cylinder  and  U( p , cp )  represents  the  magnetic 
field  (the  so-called  Neuman  problem  since  the  derivative  of  the 
wave  function  must  vanish  at  the  surface)  and  the  -  sign  is  used 
when  the  electric  vector  is  parallel  to  the  axis  of  the  cylinder 
and  U(p,cp)  represents  the  electric  field  (the  so-called  Dirichlet 
problem  since  the  wave  function  must  vanish  at  the  surface ),  The 
geometry  is  illustrated  in  Pig.  3“1»  The  angle  a  is  the  angle  of 


Pig.  3"1  Geometry  of  the  Reflection  Problem 
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incidence  of  the  wave  at  the  point  of  reflection,  and  the  distance 
D  is  the  distance  of  the  observation  point  lp,<p)  from  the  point  of 
reflection. 


In  the  following  discussion  we  will  present  several  extensions  of 
the  optical  approximation  which  are  based  upon  the  diffraction 
function 


-L  f  [«ct  -  o  - 


*'< t)  - 1  i(t) 

«,  (t)  *  «  »,(t) 


(3-2) 


which  has  been  employed  by  Pock  (Ref.  1),  Belkina  and  Vainshtein 
(Ref.  2),  Azriliant  and  Belkina  (Ref.  3),  Pedcrov  (Ref.  Ip),  Wait 
(Ref.  S)»  Goodrich  (Ref.  6),  Logan  and  Yee  (Ref.  7),  and  many 
other  authors.  Pock  showed  that  for  -  £  >  0  that  V^(£,£,q)  can 
be  expressed  in  the  form 


Vt.S.9)  *« » 


♦  K5.S.Q) 


(3-3) 


_L  fn,< no  ,,(t>  ~  *  •  tm 

Vw”  -oo  i|'(0  -  q  *|(0 


(3-4/ 


and  that  P(£*£,q)  can  be  shown  to  have  the  asymptotic  property 

^(€.C.<I) - *•- — MP  [l  —  (ff3  ♦  S^P  -  3op2  ♦  3P3)]  (q-5) 

p>>i  <  +  \p i  12  J  °  ; 


where 


p“"  •  »*\/52  +  K  (3-6) 

Let  us  express  Pl£>£#q)  in  tie  form  of  a  product  of  a  slowly  vary¬ 
ing  complex  amplitude  and  the  phase  factor  given  Appearing  in  Eq. (3"5)» 
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(3-7) 


K«.C,Q> 


A(p,a,q)  up  F i  —  (o3  +  3o2p  - 
L  12 


3«rt>2  ♦  3P 


Since  Pock  has  shown  that  P(f;,£,q)  is  a  solution  of 


(3-8) 


we  can  show  that  A(p,o»q)  is  a  solution  of 

*2>,  3  _i!i_  _2.\  JL*i « =  o 

4^2  3p2  4^2  2a2  PePP  PP  '  Ac* '  da  o 


(3-9) 


In  order  to  see  how  A(p,o»q)  can  be  used  to  describe  the  reflected 
wave  from  the  circular  cylinder,  we  can  start  from  a  form  of  the 
Laplace  operator  which  was  used  by  Keller,  Lewis,  and  Seckler  (Ref. 
8)  to  study  a  slightly  different  aspect  of  this  problem.  The 
form  which  we  need  is 


82  ,  i  a2 
dsdp  I5"  8/?~ 


JL(3-io) 

dp 


where 


s  =  D  +  j  cos  a 


P  =  ir  -  2a 


and 


u  =  f!  *2  c0®2  0/2  v  =  -  a  COB  P/2  w  -  ft  sin  P/2 

If  we  make  a  change  of  scale  from  a  to  o  and  from  sin  (p/2)  to  p 

P  ■  (-y  )  aln  p/2  (t-2  (y-)  ^  I  (3-11 ) 

the  wave  equation  takes  the  form 

‘>12> 

where  LQ  is  the  differential  operator 
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9  82  .  1  82  .  6  82  8  J8  /  9  \  8  .  4i 

—r  — 5-  +  — k  ♦  -it - 5 - +  181 r)  —  +  — 

a  8(7  a  8p  <7  8o8p  <7  8  p  '  a  8a  a 


(3-13) 


and  and  Lg  are  similar  differential  operators  which  involve 
only  o  and  p«  If  we  assume  that  f>(p,<p)  can  be  expressed  in  the 
form  of  an  asymptotic  series 


$ 


(p»a)  =(E*n(p,a)  (ka/2f#n  )  exp[ik(D  -  a  cos  a)]  (3-14) 

'  w*-A 


n=0 

we  then  find  that 


L0*0  =  0 


so  that  <j>q  satisfies  the  same  partial  differential  equation  as 
does  A'(p,o,q)*  An  examination  of  the  boundary  conditions  reveals 
that  we  can  identify  with  the  slowly-varying  function  A(p,o,q). 

$0(p»o)  =  A(p,p,q)  (3“15) 

Therefore,  we  can  express  U(p,<p)  in  the  form 

u(p.t)  -  up(-iki  -i«t)  +  »<M.O  •*»  [lk<M  co*  “>  ■Ut]  (3-16) 

provided  the  highor-order  terms  in  (ka/2)~^  are  neglectablo. 

Since 


*(P 


HP  /T  HP  / » « 

,o,q> - > - v  —  *  -  — “  VI 

p>>  1  rip  '  o  q+ip  “  20  ♦  »  cs»  a 


(3-17) 


we  can  express  the  approximation  for  the  case  when  the  magnetic 
vector  is  parallel  to  the  axis  of  the  cylinder  in  the  form 

Mp.t)  -  MP(-ik*  -int)  +  IKP.o.O)  tip  [ik(l-*  css  o)  -Ut]  (3-18) 

and  the  case  vjhen  the  electric  vector  is  parallel  to  the  axis 
in  the  form 


E^p.f)  -  «xp(-iki  -i*t)  ♦  l(p,*,«o)  up  [lk(8-s  CSI  a)  -  l] 


(3-19) 
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If  we  assume  that  A(p,o,q)  possesses  an  asymptotic  expansion  of 


the  form 


j*  A„(p.q) 

A  (P.  a,  q)  -  V®  V  - — 

fT 


(3-20) 


then  the  differential  equation  Eq.  (3"9)  leads  to  the  recursion 
foiunulae 

.  If,  daA  1  dt  11 

An+i  *•"**-  ipnr  t  ~rr  4  —  —  -  775  \ 

'  '  dp  4p  dp  16p 


3_  ^n-l  ,  3n  » 

"  ft~  +  ft  An-1 


+  T§- +  f  <n  -  2>  <n  + Va 


for  which  the  initial  conditions  are 


(3-21) 


Aq  (p,  q)  =  V^Tp  V1;L(-2p,q)  exp(-ifp3),  A^  =  0,  m  <  0  (3-22) 

Logan  (Ref.  9)  has  shown  that  V^(£,0)  and  (£,<»)  can  be  expand* 
ed  in  asymptotic  series  of  the  form 


-  JT  /  ,  S3  \  .  .  2  28  ,  896  43120  ,  2754752 

»11«.0> - ►  -  ”  «P  H  ”  1+1  -3  -T  -»  T  ♦*  — 7T“  + 

?-*-«  2  V  12'  §3  S6  §9  §12  §15 


(3-23) 


.  /  ,  S3  \  [.  «  2  20  ,  560  25520  ,  160*600 

!u(5,«) - »  V— «P  (-1  -  1-i  -  +  1  1  —77 

^•CO  2  \  12  /  I  s3  S6  §9  f12  5 15 


+  ... 


(3-24) 


In  Tables  3“1  and  3-2  we  list  some  of  the  leading  terms  in  these 
asymptotic  expansions.  The  author  has  tables  which  contain  further 
terms  in  these  series,  but  until  appropriate  summation  techniques 
for  summing  these  types  of  expansions  can  be  found  their  usefulness 
is  limited. 
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Table  3-1 

LEADING  TERMS  IN  THE  ASYMPTOTIC  EXPANSION  OP  An(p,0) 


*o(».0)  « 

1 

-1  +  - 

4 

1 

P3 

♦ 

T_ 

16 

1 

P6 

-i 

7 

4 

—  ♦  ... 

P9 

Aj(P.O)  * 

-i  1 
32 

1 

P2 

♦ 

35 

128 

1 

P5 

-1 

1001 

512 

1+... 

P8 

1 

16 

1 

X 

465 

1 

-1 

10857 

1  ♦  ... 

l2(P.O)  - 

P 

▼ 

2048 

P4 

8192 

P7 

»3(P.O)  « 

♦ii» 

32 

1 

♦ 

45 

1 

-l 

63525 

_L  ♦  ... 

P1 

512 

P3 

65536 

P6 

105 

1 

-1 

28665 

_L  ♦  ... 

»4(P.0)  - 

1024 

P2 

32768 

P5 

315 

1 

-1 

45675 

1  + 

»5(P.0>  - 

512 

P 

65536 

'  ▼  •  •  • 

P4 

3465 

l 

-i 

3465 

»  + 

M 

/N 

o 

'O 

♦ 

2048 

P* 

16384 

““  ’  •  •  « 

P3 

+i 

45045 

1  .  p 

*7(P,0)  * 

65536 

P2 

+i 

135135 

1 

—  +  .  .  .  , 

»8(^°>  * 

32768 

P 

-i 

765765 

1  . 

tyP.O)  « 
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Table  3-2 


LEADING  TERMS  IN  THE  ASYMPTOTIC  EXPANSION  OP  An(p,oo) 


*0CP.°°)  = 

1  +i  - 

1 

+ 

S 

1 

-i 

35 

1 

+  ... 

4 

P3 

16 

P6 

32 

P9 

A 1  ( P .  °°)  = 

+  il 

1 

+ 

35 

_1_ 

-1 

Ill 

1 

+  ... 

32 

P2 

128 

P5 

512 

P8 

3 

1 

495 

1 

8745 

1 

A  2(  P  •  °°)  = 

+i  — 

+ 

-i 

+  ... 

16 

P 

2048 

P4 

8192 

P7 

i  15 

1 

75 

1 

60315 

1 

A  3(  P  ,«)  * 

+ 

-i 

+  . . . 

32 

P° 

512 

P3 

65536 

P6 

105 

1 

30135 

l 

*4(P.«»)  = 

+ 

-1 

+  ... 

1024 

P2 

32768 

P5 

A5(P.oo)  = 

+ 

315 

1 

-i 

55125 

1 

+  ... 

512 

P 

65536 

P4 

*6(p.°°)  = 

3465 

1 

-i 

10395 

1 

+  ... 

2048 

P® 

16384 

P3 

*7(P.«>)  = 

-i 

45045 

1 

+  ... 

65536 

P2 

*8(P,oo)  = 

-1 

135135 

1 

+  . . . 

3276  8 

P 

*9  (  P .  °°)  = 

♦  i 

765765 

1 

+  ..  . 

65536 

P* 
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Our  present  state  of  knowledge  of  the  type  of  series  which  are 
displayed  in  Tables  3" 1  and  3“2  is  so  limited  that  we  do  not  know 
how  to  "sum"  the  series  when  p  ->  0.  This  type  of  expansion  can 
only  be  used  when  p  is  very  large  and  positive,  which  corresponds 
to  the  physical  situation  of  being  well  above  the  horizon  in  the 
lighted  region,  and  the  radius  of  curvature  of  the  cylinder  being 
very  large  in  comparison  with  the  wavelength.  The  author  has  had 
some  limited  success  with  obtaining  numerical  results  from  these 
series  by  employing  a  special  form  of  the  Euler  transformation, 
namely. 


where 


Aa0  “  ai  -  aQ 

?_ 

A  &Q  ti  k  "  A&Q 


(3-25) 


Since  the  sories  are  characterized  by  the  appearance  of  factors 
such  as  signs  +,  i,  -1,  -i,  etc,  the  author  has  found  it  most 
useful  to  let  exp(irc/2)  be  a  factor  of  the  variable  x  which  ap¬ 
pears  in  Eq,  (3-25)  •  Although  the  author  has  been  able  to  use 
methods  of  this  type  to  extrapolate  values  from  the  asymptbtic 
series  to  much  smaller  value  than  can  be  obtained  by  a  straight- 
foward  use  of  the  asymptotic  series,  the  method  does  not  appear 
useful  enough  at  the  present  state  of  its  development  to  warrant 
a  further  discussion  at  this  time. 

In  order  to  obtain  practical  results  for  smaller  values  of  p,  it 
is  much  simpler  to  reconsider  Eq.  (3“22)  and  to  realize  that  the* 
function  vll(  -2p,q)  offers  a  means  of  obtaining  approximate  values 
of  A(p,q»q)  provided  o  is  very  large.  Since  V11  (-2p,q)  can  be 
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numerically  integrated  by  employing  an  integral  representation 
such  as  that  in  Eq.  (1-50),  a  more  attractive  approach  to  the 
computation  of  A(p,o»q)  would  appear  to  be  to  use  Eq.  (3-21)  to 
find  the  An(p,q)  by  means  of  numerical  integration  .  Work  along 
these  linos  has  been  begun  by  the  author  but  the  progress  to  date 
has  boon  too  limited  to  be  able  to  report  at  this  time  upon  the 
usefulness  of  this  method.  Furthermore,  since  Eq.  (3-20)  is  an 
asmptotic  series  in  inverse  powers  of  <j»  the  usefulness  of  this 
representation  (for  small  values  of  p)  may  be  so  limited  that 
those  studies  may  be  more  ’’academic''  than  ''practical.” 

However,  there  are  some  very  practical  aspects  of  Eq.  (3-16) 
which  should  be  discussed  at  this  point.  When  Eq.  (3-22)  is 
inserted  into  Eq.  (3“20)  and  Eq.  (3-16),  there  remains  the  limita¬ 
tion  that  p  must  be  positive.  It  is  relatively  easy  to  eliminate 
this  restriction  and  obtain  a  representation  which  holds  down  to 
p  =  0  (i.e.,  on  the  horizon)  and  even  to  points  slightly  below  the 
horizon.  In  order  to  achieve  this  result,  we  need  to  return  to 
Eq.  (3-7)  in  which  the  function  A(p,a,q)  was  defined  in  terms  of 
the  function  P(£,^,q).  From  Eq.  (3-6),  we  find  that  the  inverse 
relations  are 

2£  =  a  -  3P  ,  k?,  =  o2  +  2op  -  3p2  (3“26) 

We  can  then  show  that  for  large  positive  values  of  o, 

§  £3/2-*7~(o3  +  3o2p  -  3ap2  +  3P3)  -  |  P3  (3-27) 

We  now  want  to  use  an  asymptotic  property  of  Eq.  (3“2)  in  order  to 
show  that  in  the  vicinity  of  the  "horizon”  (defined  as  £  -  yfc  =  0) 
that  one  can  obtain  an  extension  of  Eq.  i 3—16 )  which  shows  that 
the  field  in  this  region  is  very  closely  related  to  the  classical 
Fresnel  integral  representation  for  the  field  behind  an  opaque 
screen.  The  asymptotic  formulae  which  contain  this  result  are 
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described  by  the  relations 


V.(«,«,q)  -  exp[i(?5  -  i?3)]— —  P(5)[-UC(-t)  +  V2(x,q)]  (3_28> 

GO 

•-3 

4  <  0 

Vi(^,^,q)  —  F(^l  [  MKU)  +  V2(x,q)]  (3.29) 

00 

€  >  0 

where  the  parameters  p.,  x,  and  x  are  defined  by 


,  =  ?1A 


,  X  =  E,  -  Vz  »  T  =  ^x 


and  F(^)  denotes  the  factor 

Fl£)  =*  0xp(i| S3^2) 

and  K(t)  denotes  a  special  form  of  the  familiar  Fresnel  integrals 


K(t)  =  exp  [  -i  (t  +  n/k)] 


1  {*  2 

-  I  exp (is 

ft  J 


)ds(3“30) 


which  has  the  properties 


K'O)  *  - 

2 

K(t) - - 


exp (in/ 
2\pi t  x 


The  function  V.,  (x,q)  has  already  been  defined  by  Eq#  (1-51)  in 
which  it  is  related  to  a  function  (x,q)  which  was  defined  in 
Eq*  (1-50).  From  these  former  results  we  see  that  we  can  express 
V2(x, q)  in  the  form 


V2(x,q)  =  - 


exp(i  1 1 


v  (t)  -qv(t)  exp(i  r 

wl<t)  -  QWj(t)  2>T7x 


(3-31) 


However,  this  is  not  a  convenient  form  for  numerical  evaluation 
since  the  portion  taken  along  the  negative  t-axis  gives  rise  to 
a  singular  function  of  x  which  is  exactly  cancelled  off  by  the 
factor  involving  tho  reciprocal  of  x.  Since  V2(x,q)  is  actually 
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an  entire  function  of  x,  it  can  actually  be  developed  in  a  Taylor 
series  about  x  =  0  if  one  starts  fron  a  proper  representation.  One 
of  the  most  convenient  representations  for  use  with  numerical  in¬ 
tegration  techniques  is  obtained  by  making  use  of  the  property  of 
the  Airy  functions  which  assert  that 


( texp(if-7i) )  =  exp  ( i-^nt ) ( t ) 

1 

v  ( texp(i§7i) )  =  —  exp{-iit/6)w«  (t) 

2 

where,  for  the  sake  of  the  present  discussion,  we  can  assume  that 
t  is  real  and  positive.  These  properties  permit  us  to  deform  the 
section  of  the  contour  in  Eq.  (3“3^)  that  runs  from  -w  to  0  to  a 
contour  that  runs  from  o°exp(i§n)  to  0  and  arrive  at  the  represen¬ 
tation 


V2(x,q)  =  - 


exp  ( in/Lp) 


a 

l 


exp(ixt)- 


•  0 
m 


v'  (t)  -  qv ( t) 
(t)  -  qw? (t) 


dt 


(3-32) 


W5  +  i)  v'  (t)  -  q*v(t) 
+  exp(-if7i)  /  exp[-xt -  ] 


/ 


W2' (t)  -  q»W2(t) 


dt 


where 

q*  =  q  exp  ( if 7i ) 


and  w^Ct)  and  w2(t)  are  related  to  the  rea?. -valued  functions 
(i.e.,  real-valued  when  t  is  real)  u(t)  and  v(t)  by  means  of  the 
relations 

( t)  =  u(t)  +  i  v(t) 
w2(t)  u ( t)  -  i  v(t) 


Lot  us  now  collect  some  of  the  properties  of  Eq.  (3“^6)  which 
can  be  deduced  from  bhe  results  which  we  have  been  discussing. 
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We  observe  that  for  points  "high"  above  the  horizon  (i.e.,  for 
p  >  0  and  o  -*■  °°)  that  Eq.  (3-22)  leads  to 

U(p,<p)  -  exp(-ikx  -  iwt)  = 

V2/0  V11(-2p,q)exp(-ifp3)cxp(ik(D  -  a  cos  a)  -  iwt]  (3-33) 
If  we  then  let  p  ->  00,  we  arrive  at  the  asymptotic  approximation 

u(Plf)  -  aip(-ikx  -i«t)  **P  <«)  -i«tl  0-34) 

Q+ip  »  a  L  J 

which  is  the  extension  to  the  impedance  boundary  condition 

=  ikZU,  for  p  =  a 
a9  H 

q  =  -i  (ka/2)*Z 

of  the  special  problems  which  were  expressed  in  Eq*  (3-1)  since 
the  introduction  of  the  definitions  of  p  and  o  change  tho  appear¬ 
ance  of  (3-34)  to  the  following  form 

u(p,*)  -  up(-iki  -»*t)  -  —  J  *  C>l  up  [ik(M  cos  a)  (3-3p) 

q+ip  “  2D  ♦  •  cos  a  L 

However,  the  analytical  "tools"  which  we  have  developed  by  the 
introduction  of  the  functions  (x, q)  and  V£(x,q)  permit  us  to 
use  either  Eq.  (3-28)  or  Eq*  (3-29^  to  arrive  at  a  result  which 
holds  on  the  horizon,  i.e.,  for  p  =  0,  for  the  case  when  o  -*  <*>• 
This  result  is  of  the  form 

U(p»<p)  p!To  T  +  ("t)  Vinr  V2^0,  ^  exp (-ikx  -  iwt)  ( 3-36) 

The  extensions  to  the  optical  results  which  were  made  in  tne  paper 
by  Keller,  Lewis,  and  Seckler  (Ref.  8)  belong  to  the  class  of 
results  of  which  the  expansions  in  Tables  3“1  and  3-2  are  oxamples. 
However,  these  representations  (which  are  effectively  in  inverse 
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intogral  powers  of  (ka)  become  useless  for  p  ->  0.  These  new  re¬ 
sults  have  the  considerable  advantage  of  being  useful  for  p  -*•  0 
as  well  as  p  ->  oo. 

i 

The  results  which  we  have  obtained  provide  us  with  an  inter¬ 
esting  means  of  obtaining  the  fields  at  the  surface  of  the  cylin¬ 
der.  If  we  consider  the  meanings  of  p  and.  o,  we  see  that  the 
fields  on  the  surface  of  the  cylinder  are  obtained  by  letting 
o  -*  p.  Prom  Eq.  (3-^6)  we  see  that 


U(a,<p)  =  [1  +  A(p,p,q)3  exp(-ikacos  q>  -  iut) 

=  V1(-p,q)  exp[-i£p3  -ikacos  9  -  iwt]  (3—37) 


where  V^Zjq)  (which  was  already  introduced  in  Eq.  (I-3I)  is 
defined  by  means  of  either  a  Fourier  integral 


o° 

vi<z,q}  =  77  f  exP<izt) 


w^(t)  -  qwx(t) 


(3-3S) 


or  a  residue  series 


V1(z,q)  =  i  2^^^ 


exp(izts) 


8-1  (ts  '  q  >Wl(ts) 


r  exp(izt  ) 

-l2Aj>  - ; - 5 — 

»■'  1  ~§)»  <‘s> 

q 


(3-39) 


where  the  roots  tg  are  solutions  of  the  transcendental  equation 

V(t3)  -  qw^tg)  =  0  . 

Let  us  employ  these  results  for  the  case  of  the  electromagnetic 
scattering  problems  ihich  we  considered  in  Eqs.  ( 3— 1 8 )  and  (3-19 )• 
When  the  magnetic  field  of  the  incident  plane  wave  is  parallel  to 
the  axis  of  the  cylinder,  we  obtain  the  magnetic  field  at  the  sur¬ 
face  of  the  cylinder  by  considering  the  case  o  -*•  p.  For  this  case 
we  obtain 
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(3-U-O) 


Hz(«,f)  -  [  1  ♦  l(p,p,0)]  axp(-ika  mi  f  -Ut) 

=  fi(-p)  «ip  [-ika  cat  t  -  Ut ] 

where  G(-p)  is  the  current  distribution  function 


«(-p)  -  ..P(-i  i3)  i  fl 

'  3  Vi"  J  i?/t) 


( 3-41 ) 


.00  **> 

which  has  the  asymptotic  property  that  as  p  -♦  w 


G(-p)  =2 


1  j  _L  J_  _  j  469  +  5005  _1_  +  1122121  1 


4P- 


64  P5 


64 


,12 


1024 


,15 


3-42) 


Since  the  tangential  component  of  the  electric  field  vanishes  on 
the  surface  of  the  cylinder,  we  observe  that  V^(-p,  0,  00)  =0 
and  hence  Eq.  (3-3)  will  not  directly  give  us  the  field  distribu¬ 
tion  upon  the  cylinder.  However,  if  we  use  the  Maxwell  equation 


Vs 


y 

-  H  *  i  — - 
•  9  P(kp) 


we  find  that  Eq,  (3“19)  leads  to 


Jp*a 


l(_L\  ^  [*-i2p  ♦  i.  axp(-ika 

'ka  '  L  P  9o  Ja=p 


co*  f  -Ut) 


l|__j  F(-p)  aip(-ika  ea*  t  -Ut) 


13-43) 


where  F(-p)  is  the  current  distribution  function 


F(-p)  =  aip( 


p^  rt ip(->pt) 

3  '/r.J  •!<»> 


which  has  the  asymptotic  property  that  as  p  « 

F(-p)  =  -  I2P  ♦  —  -  V 


=  -  i2P 


*"♦1 


♦  1  jZ!i_  395  1  n  318175  1  ♦ 

4P3  2p6  64  P5  16  P12  1024  P15 


(3-44) 
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The  expansions  in  inverse  integral  powers  of  p  which  have  been 
given  in  Tables  3-1  and  3-2,  as  well  as  the  expansions  for  G(-p) 
and  F(-p)  which  have  been  given  in  Eqs.  (3-4-2)  and  (3-44-)  >  re- 
spectively,  become  useless  when  p  tends  to  zero.  The  physical 

interpretation  of  p  in  terms  of  the  cosine  of  the  angle  of  in¬ 
cidence  reveals  that  all  the  expansions  of  this  type  become  use¬ 
less  for  grazing  incidence.  However,  we  must  bear  in  mind  that 

even  in  some  cases  where  the  expansions  in  inverse  powers  of  p 

_a 

appear  to  be  useful,  the  terms  of  order  (ka/2)  3  which  we  have 
neglected  in  Eq.  (3-1-4-)  may  become  important.  We  have  shown  that  by 

means  of  the  functions  such  as  V2(x,q)  and  V^(x,q)  that  the  re¬ 
striction  to  non-grazing  angles  of  incidence  can  be  readily  re¬ 
laxed  by  evaluating  these  integrals  by  numerical  means.  However, 
it  is  very  difficult  to  relax  the  restrictions  to  large  values  of 
ka  and  much  research  is  need  in  this  direction.  It  is  interesting 
to  observe  that  the  above  results  reveal  that  for  p  tending  to 
zero,  i.e.,  for  grazing  incidence,  it  is  no  longer  satisfactory 
to  decompose  the  fields  into  the  unperturbed  field  and  the  reflected 
field.  Since  the  obstacle  tends  to  block  off  the  incident  field, 
a  Fresnel  integral  representation  such  as  given  in  Eqs.  (3-28)  and 

(3-29)  becomes  necessary.  The  author's  experience  with  these 
types  of  expansions  had  led  him  to  conjecture  that  one  cannot 
expect  to  be  able  to  analytically  continue  the  expansions  in 
inverse  powers  of  (ka)  from  the  lighted  region  into  the  shadow 
region.  However,  in  Section  2  the  author  has  discussed  an  ex¬ 
ample  in  which  it  is  shown  how  one  can  start  with  the  residue 
series  which  is  valid  in  the  shadow  region  and  analytically  ex¬ 
tend  these  series  into  the  lighted  region  provided  one  intro¬ 
duces  the  diffraction  functions  as  analytical  "tools"  to  be  em¬ 
ployed  to  cross  the  horizon.  The  situation  that  exists  in  the 
vicinity  of  the  horizon  appears  to  be  be  a  type  of  "Stokes 
phenomenon."  Two  types  of  series  are  required  in  the  lighted 
region  (namely,  the  incident  and  the  reflected  waves),  whereas 
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in  the  shadow  region  one  works  with  the  total  field.  It  is 
the  experience  of  tho  present  author  that  the  "connoction  for¬ 
mulae"  can  be  found  when  one  wishes  to  pass  from  the  shadow 
region  into  the  lighted  region,  but  that  the  connection  formulae 
for  the  reverse  direction  present  a  much  higher  order  of  diffi¬ 
culty,  Since  we  are  actually  working  with  a  partial  differential 
equation  (the  wave  equation)  the  phenomenon  to  which  wo  refer  is 
actually  a  generalization  of  tho  "Stokes  phenomenon"  since  the 
latter  has  arisen  as  a  topic  in  the  discussion  of  the  asymptotic 
solution  of  ordinary  differential  equations. 

In  the  course  of  studying  these  expansions  in  inverse  integral 
power  of  (ka),  the  author  has  extended  the  computations  of  Keller, 
Lewis,  and  Seckler  (Ref,  8)  so  as  to  obtain  further  terms  in  the 
asymptotic  expansions.  In  fact,  some  of  the  further  terms  in  the 
series  employed  by  Keller  and  his  associates  are  identical  xvith 
the  torms  which  have  been  displayed  in  Tables  3-1  and  3-2.  The 
additional  torms  which  have  been  evaluated  are,  at  tho  moment, 
more  or  less  of  purely  academic  interest.  However,  if  means  of 
"summing"  these  asymptotic  series  can  be  discovered,  then  the 
additional  terms  may  prove  to  be  of  considerable  interest.  There¬ 
fore,  the  author  is  taking  the  opportunity  presented  by  the  occa¬ 
sion  of  preparing  this  report  to  include  these  tables.  The  tables 
were  generated  on  the  IBM  7090  by  employing  a  FORTRAN  II  program 
which  was  augmented  by  the  use  of  the  NPREC  subroutines  which  the 
author  has  discussed  in  the  Preface,  In  order  to  mrko  it  easier 
for  the  reader  to  utilize  these  results,  we  will  introduce  the 
notation  which  appears  in  Ref.  8,  In  Fig,  3-2  we  reproduce  the 
illustration  (Fig,  10)  of  Ref,  8  which  provides  tho  geometric 
meanings  for  tho  symbols  which  are  employed, 

A  plane  wave  exp(ikx)  is  incident  from  tho  left  on  a  circular 
cylinder  whose  equation  is 

x  =  -  bQcos  9  =  -  bQsin  p/2  ,  y  =  bQsin  <p  =  bQcos  (i/2  . 
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Pig.  3“2  The  Geometry  as  Defined  by  Keller,  Lewis, 
and  Seckler  (Ref.  8) 

Those  authors  use  the  scalar  wave  equation 
(V2  +  k2)U(x,y)  =  0 

to  determine  a  recursion  relation  to  permit  them  to  determine 
the  Vn(x,y)  which  occur  in  the  expansion 

,  ,  V  ix,y) 

U(x,y)  -  exp[ik^(x,y)  J  >  - 

(ik)n 

where  ^(x,y)  is  the  phase  function  which  satisfies  the  eiconal 
equation  of  geometrical  optics 

(vk)2  =  1  . 

These  authors  found  it  convenient  to  employ  a  set  of  coordinates 
(s,p),  where  £  is  the  distance  measured  along  a  ray  from  the 
caustic,  and  (3  is  the  angle  between  a  ray  and  the  positive  x-axis. 
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The  origin  of  s_  is  not  shown  in  the  figure.  The  caustic  is  a 
distance 

sQ  =  (t»0/2)  cos  6  =  (bQ/2)  sin  (p/2) 

measured  back  along  the  dashed  line  which  is  the  extension  to  the 
interior  of  the  cylinder  of  the  reflected  ray  (i.e.,  the  dashed 
line  which  is  used  to  define  the  angle  p). 

In  their  Eq.  (200),  those  authors  express  the  field  in  the  form 


U(x,y)  =  U  (s,p)  =s  exp(ikx)  +  D(s,p)F(s,p) 


where 


1  lbo  P 

D(s,  p)  =  — sin-  exp 

2  1  2s  2 


W3  •  2 


b  sin 
o 


(3-45) 


(3-46) 


F(s,p)  = 


n=0  ,T= 


/  p\"n  /b  /  p\^"2t 

^  jtn  (il6b0k  sin  -)  (-2)  (sin  -)  (3-47) 


Recursion  relationships  are  given  for  the  ajtn,  but  we  rG*’er 

the  reader  to  Ref.  8  if  he  wishes  to  examine  the  intricate  nature 
of  these  formulae.  Our  aim  in  this  report  is  to  present  to  the 
reader  the  explicit  values  for  the  a^tn  which  we  have  obtained 
for  the  cases  j  *  0(1)6  for  the  boundary  condition  U  =  0  (the 
so-called  Dirichlet  problem)  and  the  boundary  condition  dU/dy  =  0 
(the  so-called  Neuman  problem).  We  have  chosen  to  employ  only 
two  subscripts,  and  hence  we  have  made  the  definitions 


a4Jt  =  Ejt 
a5jt  =  Fjt 
a6jt  =  Gjt 
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For  the  Dirichlet  problem,  the  leading  term  (i.e.,  the  coeffi¬ 
cient  which  corresponds  to  that  occuring  in  geometrical  optics) 
is 


aooo  =  Aoo 


=  -2 


( 3-11-8) 


In  Table  3-3  we  give  the  coefficients  and  for  the  Dirichlet 
problem.  Tables  3-4  through  3“7  contain  the  other  terms  in  the 
series  for  this  problem  which  have  been  evaluated. 


t 


1 


Table  3-3 

COEFFICIENTS  B . .  AND  C4.  FOR  THE  DIRICHLET  PROBLEM 


BJt 

X| 

0 

1 

X 

0 

1 

2 

0 

-6 

16 

0 

15 

-528 

64o 

1 

-6 

2 

1 

-18 

-354 

56o 

2 

-18 

12 

2 

-87 

-438 

495 

3 

30 

-30 

3 

-540 

60 

300 

4 

945 

-1260 

210 

5 

3i5o 

-4410 

1260 

6 

-3465 

6930 

-3465 
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Table  3“^- 


COEFFICIENTS  D,.  FOR  THE  DIRICHLET  PROBLEM 
Jc 


X 

0 

1 

2 

3 

1 

!  0 

-105 

23112 

-9021*0 

71680 

1 

-75 

23985 

-10811*1* 

91520 

i  2 

-5to 

18888 

-81291 

69960 

I  3 

-3060 

6780 

-621*15 

60315 

b 

-25830 

27720 

-69615 

60270 

j  5 

U3U70 

-3W50 

-73395 

55125 

6 

31*6500 

-1*7121*0 

79695 

1*1580 

7 

-180180 

51*051*0 

-1*051*05 

1*501*5 

6 

-9l*59l*5 

2162160 

-11*861*85 

270270 

9 

765765 

-2297295 

2297295 

-765765 

Table  3“5 


COEFFICIENTS  EJt 


FOR  THE  DIRICHLET  PROBLEM 


0 

1 

2 

3 

1* 

0 

1181.25 

-120098I* 

iq5o7581*.o 

-22121*51*1* 

1306621*0.0 

1 

2205.0 

-1783299 

17177688.0 

-38025600 

2315261*0.0 

2 

1822.5 

-1338327 

13367695.5 

-30515976 

18980160.0 

3 

-11*895.0 

-107761*5 

11616765.0 

-266701*35 

16605000.0 

1* 

-11*1*821.25 

-1532265 

10799617.5 

-235311*1*5 

11*665901.25 

5 

-1638630.0 

92610 

78331*20.0 

-198661*20 

13229370.0 

6 

2671515.0 

-3069990 

5318775.0 

-18721*860 

129691*95.0 

7 

37567530.0 

-51*11*1*090 

21*051*030.0 

-21351330 

1321*3230.0 

8 

2331078.75 

27297270 

-2256751*5.0 

-19729710 

121*99987.5 

9 

-201*1*59255.0 

1*87792305 

-339999660.0 

1*591*5900 

10720710.0 

10 

21821*302.5 

-18911*3955 

327361*537.5 

-171*591*1*20 

11*51*9535.0 

11 

3928371*1*5.0 

-126580951*5 

11*1*01*03965.0 

-651*729075 

87297210.0 

12 

-2509791*78.75 

1003917915 

-1505876872.5 

1003917915 

-2509791*78.75 
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Table  3-6a 


COEFFICIENTS  Fjt  FOR  THE  DIRICHLET  PROBLEM 


* 

0 

1 

2 

0 

-18191.25 

7201*9590.0 

-1189662912.0 

1 

-53156.25 

11*058951*6.75 

-2l*939lo-76.0 

2 

-3391*1.2? 

115871*1*19.5 

-2221*011(34.5 

3 

-371*0^.25 

113075966.25 

-210911x207.5 

1* 

-865856.25 

112610925.0 

-1878512775.0 

5 

-91*85201.25 

51*580128.75 

-155961*0285.0 

6 

-130756106.25 

163009192.5 

-157161*6037.5 

7 

201)222768.75 

-31111*633.75 

-1675876702.5 

8 

1*1*66718506.25 

-638972331*0.0 

11621*31270.0 

9 

286o71*7131.25 

-36351*6933.75 

-2988015030.0 

10 

-361*35673023.75 

91072811*332.5 

-690881*6691*7.5 

11 

-21*1701*15018.75 

30892300188.75 

13331*61*8627.5 

12 

132266185301.25 

-1*51*771*8151*95. 

51*91i*3099505.c 

13 

188231*60906.25 

188231*60906.  :'5 

-175685635 125. 

li* 

-207058069968.75 

665679201687.5 

-1392936107062 .5 

15 

109176073256.25 

-51*5650366281.25 

1091760732562.3 

(Table  is  concluded  on  the  next  page. ) 
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Table  3-6b 

COEFFICIENTS  FJt  FOR  THE  DIRICHLET  PROBLEM 


Vtl 

3 

It 

5 

0 

It837567it88.0 

-6960866528.0 

3280076800.0 

1 

10577890128.0 

-I5687lt69056.0 

7513088000.0 

2 

9686569921.1 .0 

-15115 68ititl6.0 

7396503680.0 

3 

9127961957.5 

-13695202920.0 

6609996it00.0  1 

It 

7930033650.0 

— 1179983U716.25 

5680it23350.G  1 

68h  3L03035 . 0 

-10290725766.25 

it  995269923. 75 

6 

6266l51t5lO.O 

-9287917773.75 

i»51t77172l2.5  , 

7 

5553170122.5 

-6369lt81t673.75 

142U007U566.75 

1 

8 

U170752580.0 

-7(.2&6it3722.5 

U117563U50.0 

9 

39(3509530.0 

-7777U92222.5 

U225106367.5 

10 

18856197360.0 

-8795193907.5 

it37?itl°035.0 

11 

-17263023277.5 

-70lt92lt9707.5 

6255736987.5 

12 

-259010822070.0 

26360651096.75 

6015671660.0 

13 

225881530675.0 

-9itll730lt531.25 

627itlt66966.75 

lit 

1051tll38l0750.0 

-3576lt575721b.75 

37olt692l8l2.5 

15 

-1091760732562.5 

51t568036628l.25 

-109176073256.25 
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Table  3-7a 

COEFFICIENTS  Gjt  FOR  THE  DIRICHLET  PROBLEM 


!  \ 

0 

1 

2 

I  o 

351*729.375 

-1*899226590.0 

1371*1*3571568.0 

1  1 

11*00726.25 

-11889983283.75 

353103599970.0 

2 

1273269.375 

-113811*31736.25 

369123781*232.625 

3 

2082150.0 

-11878860960.0 

370580261*955.0 

1* 

2035687.5 

-110082631*20.0 

339630798150.0 

,  5 

-521*21985.0 

-9301*907535.0 

311613956955.0 

6 

-7583721*22.5 

-13367793285.0 

30151*0337752.5 

i  7 

-125159331*30.0 

-21*791*56980.0 

25271*69091*15.0 

8 

187038661*31.25 

-11009178180.0 

1B189225051*0.0 

;  9 

591237561*1*37.5 

-8731*21221172.5 

567608756715.0 

i  10 

i 

72187151*161*1.25 

-58303621*1267.5 

1961*95107558.75 

i  11 

-61*351*63023990.0 

1673697029001*0.0 

-12982622826175.0 

12 

-9653172711682.5 

1838776053111*0.0 

-66720381*63090.0 

i  13 

326521*30185375.0 

-120696031330875.0 

156081*137831*625.0 

j  Hi 

3670571*8767187.5 

-100667868926625.0 

76081*1*28983062.5 

15 

-952015356791*50.0 

1*311*6381*1508700.0 

-71*891*7862537875.0 

16 

-32152353573965.625 

81226998502650.0 

0.0 

i  17 

131993872566806.25 

-6802761121*59693.75 

31*211*721*73796375.0 

18 

c - 

-5922801971*1515.625 

3553681171*1*9093.75 

-8881* 20296122731*. 375 

(Table  continues  on  next  page. ) 
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Table  3~7b 


COEFFICIENTS  Gjt 


FOR  THE  DIRICHLET  PROBLEM 


3 

1 

1*  ; 

5 

0 

-937260303360.0 

2l*l*081*10l*8061*.0 

-267930691*3360.0 

1 

-21*98276112832.0 

6671675630592.0  * 

-7l*57522o86000.0 

2 

-275 321*8927788 .0 

761297522291*1*  .0 

-67211*561*57600.0 

3 

-27011*06136812.5 

7360090001*100.0 

-831*5620571200.0 

1* 

-21*57927602392.5 

661*1*016395060.625 

-71*77771*083990.0 

5 

-2232801*0081*52.5 

591*921*976083^.25 

-6o20l*85l37o03.75 

6 

-2028862629632.5 

528  561*0393061.875 

-562791*0150051.25 

7 

-1772818610062.5 

1*61*8813932262.5 

-5153677211162.5 

8 

-1585606725002.5 

l*178670l*o6595.625 

-1*661*51*2970587.5 

9 

-16196209251*22.5 

36551*313131*83.75 

-1*308063901391.25 

10 

-11*5270559681*2.5 

33811*3011*8971.875 

-1*001998731*1*63.75 

11 

206631*6785002.5 

270669361*1*655.0 

-361*6096829575.0 

12 

-301*03651*05577.5 

32171801*1*6356.875 

-1*060926321*1*75.0 

13 

-812295082971*37.5 

15792663700313.75 

-1*5361*51*0781*06.25 

Hi 

3802339103062.5 

-11*78582851*1659.375 

-3068221*127716.75 

15 

606110728037312.5 

-217260385779937.5 

1987001*5332637.5 

,  16 

;  -16922291351*7187.5 

;  177681*059221*51*6.675 

-6092028 667698 7.5 

’  17 

-1523006221921*687.5 

|  66303685 909065o. 25  ; 

-233527620695116.75 

'  18 

j  1181*560391*830312.5 

|  -8881*20296122731*. 375 

3553681161*1*9093.75 

(Table  concluded  on  next  page.) 
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Table  3-7c 


COEFFICIENTS  Gjt  FOR  THE  DIRICHLET  PROBLEM 


X 

6 

0 

102*503705 6000.0 

i 

291*878901* 3200 .0 

2 

3512107315200.0 

3 

33357911*88000.0 

1* 

296981*1*006000.0 

5 

26071713liQl*10.0 

6 

22885301*98629.375 

7 

201*0565008982.5 

8 

1871*17059201*3.75 

9 

1772671312912.5 

10 

1726101*090335.625 

11 

171*913051*8165.0 

12 

181*06831*97152.5 

13 

193251*1986375.0 

1 2* 

19291*01*71*2890.625 

15 

1965169318612.5 

16 

3381*1*5827091*3.75 

17 

2030671*9625662.5 

18 

-5922801971*1515.625 

The  reader  will  observe  that  some  of  the  entries  in  these  tables 
contain  as  many  as  18  significant  figures*  The  author  chose  to 
stop  the  computer  program  with  the  coefficients  since  to  con¬ 
tinue  to  any  higher-order  terms  would  not  permit  the  exact  deter¬ 
mination  of  the  coefficients*  The  author  is  well  aware  of  the 
fact  that  these  coefficients  already  contain  more  significant 
figures  than  can  be  expected  to  be  of  significance  in  a  practical 
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problem.  However,  the  author  feels  that  a  scientist  should  be 
permitted  to  occasionally  enjoy  the  "luxury"  of  obtaining  exact 
results  which  have  an  esthetic  value  even  if  their  practical 
value  is  questionable.  However,  in  the  particular  case  of  the 
coefficients  which  have  been  presented  above,  it  may  be  that  the 
effective  use  of  summation  techniques  in  order  to  sum  these  series 
will  actually  require  these  exact  results  for  the  coefficients. 
Let  us  now  turn  to  the  second  case  of  the  Keller,  Lewis,  and 
Seckler  recursion  formula  which  was  run  on  the  IBM  7090. 


For  the  Neuman  problem,  the  leading  term  (i.e.,  the  coefficient 
which  corresponds  to  that  occuring  in  geometrical  optics)  is 


(3-49) 


In  Table  3-8  we  give  the  coefficients  Bjt  and  Cj^.  for  the  Neuman 
problem.  Tables  3”9  through  3“^2  contain  the  other  terms  in  the 
series  for  this  problem  which  have  been  evaluated. 


Table  3-8 
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Table  3-9 

COEFFICIENTS  Djt  FOR  THE  NEUMAN  PROBLEM 


0 

1 

2 

3 

0 

1 05 

23112 

-126336 

111*688 

1 

73 

23535 

-138096 

128128 

2 

51*0 

18600 

-96789 

86856 

3 

3060 

5700 

-65265 

63525 

1* 

25830 

-2520 

-71505 

57330 

5 

-2*31*70 

105210 

-97965 

1*5675 

6 

-31*6500 

526680 

-190575 

23860 

7 

180180 

-51*051*0 

1*051*05 

-1*501*5 

8 

9U59U5 

2162160 

11*861*85 

-270270 

9 

-765765 

2297295 

-2297295 

765765 

Table  3-1 0 

COEFFICIENTS  EJt  FOR  THE  NEUMAN  PROBLEM 


0 

1 

2 

3 

r1  . ■—  1  ■ 

1* 

0 

-1181.25 

-1200981* 

11*1*71*688.0 

-31*7501*61* 

220771*1*0.0 

1 

-2205.0 

-177591*9 

23133528.0 

-57322600 

37Gl*l*22l*.0 

2 

-1822.5 

-232  7977 

17333680.5 

-1*3190280 

28031*1*96.0 

3 

ll*8?5.0 

-1051*525 

21*1*87555.0 

-35566125 

2271*12320.0 

1* 

11*1*821,25 

-15351*25 

1321091*2.5 

-29766555 

181*87218.75 

5 

1638630.0 

-1755810 

907071*0.0 

-2311*9980 

21*878710.0 

6 

-2671515.0 

72831*30 

3329865.0 

3329865 

12971*25.0 

7 

-37567530.0 

57026970 

-6756750.0 

-21*051*030 

11981970.0 

8 

-2331078.75 

-38108070  ! 

6581071*5.0 

-31*321*290 

9121612.5 

9 

201*1*59255.0 

-50001*1*51*5 

37675380.0 

-82702620 

1531530.0 

10 

-21821*302.5 

18911*3955 

-327361*537.5 

171*591*1*20 

-11*51*9535.0 

11 

-3928371*1*5.0 

226580951*5 

-11*1*01*03965.0 

651*729075 

-87297210.0 

12 

2509791*78.75 

-1003917915 

2505876872.5 

-1003917925 

2509791*78.75 
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Table  3-1  la 


CO  EFFICIENTS  F 


jt 


FOR  THE  NEUMAN  PROBLEM 


\  * 
j\ 

0 

1 

2 

0 

18191.25 

7201*9590.0 

-1605837888.0 

1 

53156.25 

11*01*1*0709.25 

-337061*6760.0 

2 

3391*1.25 

115532 61*1*. 5 

-2961*851887.5 

3 

371*06.25 

112536753.75 

-27793121*32.5 

U 

865856.25 

112393575.0 

-21*39376905.0 

5 

91*85201.25 

52560191.25 

-197021*1*675.0 

6 

130756106.25 

13  8967.5 

-1951*005322.5 

7 

-201*222768.75 

900303153.75 

-2301056257.5 

8 

-1*1*66718506.25 

7101*857760.0 

-28961*83590.0 

9 

-286871*7131.25 

-180509951*6.25 

71*35578150.0 

10 

361*35673023.75 

-91*215513892.5 

72111*770227.5 

11 

21*1701*15018.75 

-2879716711*8.75 

-26603821*71*7.5 

12 

-132266185301.25 

1*587901*87155.0 

-56520578611*5.0 

13 

-188231*60906.25 

-188231*60906.25 

175685635125.0 

lii 

207058069968.75 

-865879201687.5 

1392936107062.5 

IS 

-10917607 3256. 25 

51*5880366281.25 

-1091760732562.5 

i 


) 


» 


> 


(Table  is  concluded  on  the  next  page. ) 
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Table  3-llb 

COEFFICIENTS  F,.  FOR  TEE  NEUMAN  PROBLEM 


s 

3 

1* 

5 

0 

71*01*675072,0 

-111*6951*51*72.0 

561*1732096.0 

1 

16096961068.0 

-251*56091136.0 

12691*528000.0 

2 

11*666721*801*  .0 

-23700901056.0 

11992866816.0 

3 

13221905962.5 

-207591*951*00.0 

10283179200.0 

1* 

1111*2795510.0 

-17135697363.75 

8380599990.0 

5 

925199821*5.0 

-11*2131*92133.75 

6925025756.25 

8210393730.0 

-12216371186.25 

588326331*7.5 

7069519957.5 

-101*0238821*6.25 

5035591811.25 

1*729181*1*60.0 

-8781950677.5 

1*1*08911*510.0 

1750538790.0 

-851*21*911*57.5 

1*081910332.5 

10 

-733296561*0.0 

-10759381132.5 

3768329565.0 

11 

1*1*1*99752797.5 

-35997213732.5 

2728037812.5 

12 

283101*852030.0 

-1*1*1*23367738.75 

0.0 

13 

-225881530875.0 

91*117301*531.25 

-627l*l*86968.75 

lit 

-1051*113810750.0 

35761*5757218.75 

-3761*6921812.5 

15 

1091760732562.5 

-51*5880366281.25 

109176073256.25 
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Table  3~12a 

COEFFICIENTS  G  . .  FOR  THE  NEUMAN  PROBLEM 


\  4 
j\ 

0 

1 

- , 

1 

2 

0 

-35U729.375 

-1*899226590.0 

181732327632.0 

1 

-11*00726.25 

-118863811*16.25 

1*717131*68130.0 

2 

-1273269.375 

-1136979261*3.75 

1*931651*1*81*63.375 

3 

-2082150.0 

-11861*' 29660.0 

1*93781*995905.0 

It 

-2035687.5 

-10987567920.0 

1*1*9568651*570.0 

5 

521*21985.0 

-921*98231*85.0 

1*091*55822825.0 

6 

7583721*22.5 

-131*33718375.0 

391*5061*50607.5 

7 

125159331*30.0 

-16615 118520.0 

32701*51*83765.0 

8 

-187038661*31.25 

88663695120.0 

2027689861*20.0 

9 

-591237581*1*37.5 

91*31*51961952.5 

1065551*33985.0 

10 

-72187151*161*1.25 

82823227987.5 

16629351*651*1*1.25 

n 

61*351*63023990.0 

-17576591*855820.0 

11*38371*301*8675.0 

12 

9653172711682.5 

-175  9667 32 li*  120 .0 

2576053369890.0 

13 

-326521*30185375.0 

122801*258952375.0 

-1621*08820699125.0 

lit 

-3670571*8767187.5 

100366693552125.0 

-7186797371*0062.5  1 

15 

952015358791*50.0 

-1*33210658680800.0 

75768191*8398375.0 

16 

32152353573965.625 

-81226998502650.0 

0.0  j 

17 

-131993872566806.25 

6802761121*59693.75 

-11*211*721*73796375.0 

18 

5922801971*1515.625 

-355 3681181*1*9093 . 75 

8881*20296122731*.  375 

(Table  continues  on  next  page.) 
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Table  3-l2b 


COEFFICIENTS  Ojt  FOR  THE  NEUMAN  PROBLEM 


X 

-  . 3 

1* 

5 

0 

-139577693798U.O 

3889115391*01*8.0 

-1*1*61070516221*  .0 

1 

-375U5286UU288 .0 

1069901*5797888.0 

-121*61*072957952.0 

2 

-1*120081*137132.0 

121052821*1*5536.0 

-11*1*021*1*8162816.0 

3 

4»0065l0659?87.5 

11531*1551*6631*0.0 

-13521037575360.0 

1* 

-3595959838327.5 

1020832981*1*619.375 

-II817369920790.O 

5 

-3217U16555307.5 

89385031*96203.75 

-10161*91*6510136.25 

6 

-2876901*57801*7.5 

77392191*30298.125 

-861*51081*53808.75 

7 

-21*561*55358857.5 

6590920773937.5 

-7331*1*26516917.5 

8 

-2133839235u77.5 

5722828821081*. 375 

-631*5237370972.5 

9 

-2183792928617.5 

5128131591*836.25 

-5588995390728.75 

10 

-2391511*31*2717.5 

1*311898373908.125 

-1*901269118996.25 

11 

-3503258861602.5 

2861*611*29751*5.0 

-1*1*101*73292225.0 

12 

♦7296977365177.5 

95911807801*3.125 

-1*6130028191*25.0 

13 

81*01*01*781*591*37 .5 

-7359973211*31*3.75 

-6001*681*029093.75 

D* 

-176561*06330062.5 

31*061052509859.375 

-9279966226781.25 

-625578899758312.5 

231*728557500937.5 

-28601*131193137.5 

16 

1692229135U7187  #5 

-177681*059221*51*6.875 

6092021*8876987.5 

17 

1523006221921*687.5 

-863036859090656.25 

233527620695118.75 

18 

-1181*560391*830312.5 

8881*20296122731**375 

■  ■  1  .  ■ 

-3553681181*1*9093.75 

(Table  concluded  on  next  page#) 
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Table  3-l2c 

COEFFICIENTS  Gjt  FOR  THE  NEUMAN  PROBLEM 


6 

0 

17914850681*928.0 

1 

5071917151*3014.0 

2 

595l56909670l*,0 

3 

552503906301*0.0 

1* 

1*7761*181*91600.0 

5 

1*051511*1381*90.0 

6 

31*0811*71*08290.625 

7 

2885500155037.5 

8 

21*96129902516.25 

9 

22011*2237061*7.5 

10 

196901221i*51*l*.375 

11 

181151*8053315.0 

12 

1725232936927.5 

13 

1581170716125.0 

1U 

108231*9002109.375  | 

15 

-21835211*6512.5 

16 

-3381*1*5827091*3.75  j 

17 

-2030671*9625662.5 

18 

5922801971*1515.625 

The  reader  may  be  interested  to  know  that  the  "run  time"  for  each 
of  these  problems  on  the  IBM  7090  was  0.05  hour.  Since  the  "cost" 
of  computer  time  on  such  a  computer  is  generally  between  $300  and 
$500  per  hour,  we  see  that  the  obtaining  of  these  tables  "cost" 
less  than  4J30  in  actual  computer  expenses.  Needless  to  say,  the 
true  cost  was  far  greater  because  of  the  time  required  to  program 
the  recursion  formulae  and  the  dobugging  of  the  programs.  However, 
when  one  stops  for  a  moment  to  realize  the  tremendous  amount  of 

3-32 

LOCKHEED  MISSILES  &  SPACE  COMPANY 


labour  that  would  have  been  required  to  have  obtained  only  the 
first  fow  terms  in  these  series  on  a  desk-type  manual  computer, 
one  can  begin  to  see  vividly  that  the  electronic  computer  has 
opened  an  era  in  which  recursion  formulae  such  as  those  derived 
a  decade  ago  by  Keller,  Lewis,  and  Seckler  may  take  on  an  entire¬ 
ly  new  importance.  Granted  that  the  series  in  their  present  forms 
are  of  limited  usefulness  because  of  their  asymptotic  nature,  the 
fact  that  a  summation  scheme  may  be  devised  which  will  extend 
the  value  of  these  series  to  smaller  value  of  ka  makes  these 
series  stand  out  as  a  promising  means  of  obtaining  practical  re¬ 
sults  for  the  scattering  properties  of  smooth  obstacles.  The 
studies  made  by  the  present  author  have  only  involved  the  case 
of  the  circular  cylinder  and  the  two  cases  of  the  Dirichlet  and  the 
Neuman  problem.  However,  in  their  classic  paper,  Keller,  Lewis, 
and  Seckler  (Ref.  8)  consider  as  their  Example  2I4.  the  "Diffraction 
of  a  Place  Wave  by  a  Circular  Cylinder  (aU/du  =  ikZU)."  Time  under 
the  present  research  program  was  not  available  for  the  completion 
of  a  program  based  upon  this  case  of  the  impedance  boundary  con¬ 
dition  which  would  have  led  to  the  results  of  the  Dirichlet  and 
the  Neuman  problems  for  the  special  cases  of  Z  =00  and  Z  =  0, 
respectively. 

Although  the  author  has  devoted  these  efforts  to  the  circular 
cylinder  problem,  it  should  be  emphasized  that  the  classic  paper 
(Ref.  8)  which  was  used  to  obtain  Tables  3”3  through  also 

showed  how  one  could  apply  similar  methods  to  other  obstacles. 

Even  the  case  of  a  sphere  (which  was  briefly  considered  as  Examples 
19  and  20  in  Ref.  8)  offers  "rich  rewards"  to  anyone  who  attempts 
to  follow  up  the  problem  of  working  out  the  expansion  in  inverse 
powers  of  ka  and  then  to  attempt  to  find  means  of  summing  the 
series.  It  should  also  be  borne  in  mind  that  with  the  coming  of 
age  of  the  computer  that  some  of  the  actual  algebra  which  is  re¬ 
quired  when  one  follows  the  methods  of  Ref.  8  can  be  mechanized. 
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The  present  author  has  prepared  several  computer  programs  which 
are  valuable  for  carrying  out  of  tedious  algebraic  manipulations 
with  polynomials.  Although  these  have  proven  to  be  of  considerable 
advantage,  time  has  not  permitted  the  application  of  those  methods 
to  attempting  to  extend  the  work  on  the  finding  of  expansions  in 
inverse  powers  of  lc  =  2it/X  for  points  in  the  lighted  region.  How¬ 
ever,  as  an  indication  of  what  may  lie  just  ahead  in  tao  field  of 
carrying  out  tedious  algebraic  manipulations  by  means  of  electronic 
computers,  the  author  wishes  to  call  attention  to  a  paper  by  Brown 
(Ref.  9)  which  describes  the  ALPAK  system  which  has  been  under 
development  at  the  Bell  Telephone  Laboratories.  The  present 
author  readily  admits  that  his  own  experience  has  not  led  him  to 
be  as  optimistic  as  to  lead  him  to  agree  with  Brown's  "...rule 
of  thumb  that  one  man-hour  equals  one  7090-second."  Howover, 
once  the  particular  algebra  of  a  specific  problem  has  been  so 
organized  as  to  be  performed  by  the  computer,  then  this  rule  of 
thumb  is  certainly  very  close  to  being  consistent  with  the  author's 
experience.  The  author  believes  that  within  the  noxt  decade  that 
someone  will  rework  the  theory  of  Ref.  8  by  employing  routines 
on  a  digital  computer  to  carry  out  the  tedious  algebra.  The  re¬ 
sults  will  certainly  lead  to  an  enhancement  of  our  understanding 
of  the  "breakdown"  of  geometrical  optics  as  the  wavelength  in¬ 
creases  and  becomes  comparable  with  the  radii  of  curvature  of  the 
scattering  obstacle. 
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Section  4 

ASYMPTOTIC  EXPANSIONS  FOR  THE  HEIGHT  GAIN  FUNCTION 
FOR  THE  CASE  OF  NORMAL  REFRACTION 

4*1  Introduction 

This  section  deals  with  a  number  of  aspects  of  the  problem  of 
obtaining  and  of  employing  asymptotic  representations  for  the 
class  of  second-order  differential  equations  which  arise  natural¬ 
ly  when  one  attempts  to  solve  the  wave  equation  by  the  method  of 
separation  of  variables*  The  choice  of  the  material  to  be  in¬ 
cluded  is  based  upon  the  author ‘s  experience  as  to  what  results 
he  has  found  useful  (or  interesting)  in  his  work  on  the  theory 
of  the  diffraction  of  waves  by  convex  surfaces.  The  author  has 
chosen  to  refer  to  the  type  of  problem  to  be  considered  by  the 
use  of  the  term  "height  gain  function"  since  the  variable  in  the 
differential  equation  is  generally  related  in  some  way  to  the 
height  (or  the  distance)  of  the  observation  point  from  the  con¬ 
vex  surface.  The  restriction  to  the  case  of  "normal  refraction" 
is  included  in  the  title  because  all  the  asymptotic  results  to 
be  discussed  in  this  section  arise  from  the  consideration  of  dif¬ 
ferential  equations  which  have  only  one  "turning  point."  There¬ 
fore,  we  have  excluded  all  problems  in  which  the  index  of  re¬ 
fraction  above  the  convex  (or  the  plane)  surface  varies  in  such 
a  manner  as  to  give  rise  to  the  phenomena  of  superrefraction, 
tropospheric  waveguide  modes,  or  similar  complications  of  an  al¬ 
ready  complex  problem. 

1+.2  Problems  Loading  to  the  Height  Gain  Function 

The  height  gain  function  F(y,A  )  with  which  we  shall  be  concerned 

s 

is  the  solution  of  the  differential  equation 

4-1 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


i£  +  [-X  +  k2fly)J  P  =  0  (!*--!) 

dy 

for  the  case  of  "normal  refraction"  which  we  shall  define  by 
the  requirements  that  f  (y)  >  0  and  f'  (y)  >  0  for  y  >  0.  The  eigen¬ 
values  A  arc  to  be  defined  by  the  impedance  boundary  condition 

(f +  iltZP)y=o  =  °  ^-2> 

The  function  F(y,A  )  occurs  in  many  problems  which  involve  the 
propagation  of  waves  ovor  convex  surfaces  or  over  plane  surfaces 
above  which  the  index  of  refraction  is  a  function  only  of  tho 
height  above  the  surface. 

Let  us  cite  several  examples.  The  solution  of  the  problem  of 
propagation  of  axially  symmetric  waves  in  a  horizontally  strati¬ 
fied  atmosphere  above  a  plane  surface  is  governed  by  the  equation 

3^G  1  3G  d^G  P  P 

— ^  + - +  — _  +  k  n  (y)G  =  0  .  (4-3) 

dx  x  ax  8y 

The  solution  is  of  the  form 

G(*,y)  =  ^  ~  Ho1)  (^sx),|,s(y^s{yo)  UiH) 

s=l  Jt- 

where  <i> (y )  is  a  solution  of 

+  [-H,.2  +  k2n2(y)]4>  =  o  U|.-5) 

ay 

2 

which  appears  in  the  standard  form  of  Eq.  (4-1)  with  A  =  a 

q  S3 

and  f  (y)  =  n  (y). 

As  a  second  example,  lot  us  consider  the  problem  of  the  propagation 
of  two-dimensional  waves  over  the  surface  of  a  circular  cylinder 
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when  the  index  of  refraction  is  a  function  only  of  the  distance 
from  the  center  of  the  cylinder. 


a2G  .  i  aG  .  i  a2G  ,  ,2  2,  _ 

ap  p  ap  p  a<p 

The  solution  is  of  the  form 


i  exp(iv  cp) 

G(p,(p)  =2^  2  - v -  #s(P)#s(P0) 

s=l  3 

where  #(o)  is  a  solution  of 


d  $  ,  1  d$ 


2  2, 


^  ^  +  [--£-  +  kV^pJJ*  =  0 

dp  p  dp  p 


(4-6) 


(4-7) 


(4-8) 


Eq.  (4-8)  does  not  immediately  take  on  the  appearance  of  the 
standard  form  which  we  have  taken  to  be  that  of  Eq.  (4-1  )•  How¬ 
ever,  if  we  make  the  transformations 

p  =  a  exp  (y/ a)  ,  y  =  a  log  (p/a) 

and  define 

*(p)  =  F(y) 

we  will  find  that  F(y)  satisfies  Eq.  (4”1)  provided  we  make  the 
definitions 

\  =  (vS/a)2  •  f(y)  =  [Pn(p)/&]2 

Another  good  example  is  the  problem  of  the  propagation  of  axially 
symmetric  waves  over  the  surface  of  a  sphere  when  the  index  of  re¬ 
fraction  is  a  function  of  the  radial  distance  r  alone. 

£-2  +  2  32  +  __i - —(sin  9^2)  +  k2n2(r)0  =  0  (4-9) 

«>r  r  dr  r  sin  e  69  80 

The  solution  is  of  the  form 
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G(r,e)  = 


■s 


■V.-V2 


(-cos  9) 


lj.COS  (v0n) 
s 


Ws(i,)«s(r0) 


(4-10) 


where  w  (r)  is  a  solution  of 


+  k2n2(r)],  =  0 

dr  r  dr  r 


(4-11) 


Eq.  (I4.-H)  can  be  brought  into  the  standard  form  of  Eq.  (4-1) 
by  making  the  transformations 

r  =  a  exp(y/a)  ,  y  =  a  log(r/a) 
and  the  definition 

1 

¥ (r)  =  -  F(y) 

Vr 

along  with  the  identification  of  X  and  f (y)  as'  being 

s 

As  =  (vsA)2  >  f(y)  =  £rn(r)/aj2 

There  are  several  other  classical  problems  which  we  could  cite 
which  would  lead  to  an  illustration  of  the  fact  that  Eq.  (4-1) 
is  of  paramount  importance  in  the  study  of  wave  propagation  prob¬ 
lems.  Hoxirever,  in  order  to  focus  more  sharply  on  the  subject 
matter  of  this  Section,  let  us  cite  one  more  example  which  can 
serve  as  a  model  for  most  of  the  .above  problems.  Vie  will  con¬ 
sider  the  height  gain  function  F(y,X  )  as  it  arises  in  the  solu- 
tion  of  the  separable  wave  equation 


~  +  k2  ff(y)  +  g(x)l  U  =  -  6(x  -  x  )  6(y  -  y  ) 

9x-  8y  1 


(4-12) 


Barring  certain  pathological  cases  which  we  need  not  consider  here, 
it  is  possible  to  obtain  solutions  of  Eq.  (4“12)  in  the  form  of 
a  series  of  normal  modes  of  the  form 
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t 


( 


* 


a  *  <v  V *“<*<• V  F<y-  V F<v  V  ...  ... 

U(x,  y;  xQ,  y0)  “  2,  - W -  - *r -  ^4-1 3} 


N 


8=1 


where  ^(x,\)  and  F(y,\)  are  solutions  of  the  ordinary  differential 
equations 


|  +  [x  +  k2  g(x)]  *  =  0 


dx 


^|+[-X+k2f(y)]F  = 
dy 


(4.-14) 

(4-15) 


If  we  assume  an  exp (-itot)  time  dependance,  we  must  require  that 
the  "distance”  functions  ^“(xjX,,)  have  the  properties 

x 


*  (x,  K) 


constant 


s'  ,  4/T2 


exp 


v  k  g(x)  +  Xo 


±  i  J  /k2g(u)  +  Xg  du 
0 


(4-16) 


and  the  "height  gain"  functions  P (y , A  )  have  the  property 

s 


F(y,  xs). 


k— 


constant 
fk2f(y)  -  X 


exp 


j  /k2f(v)  - 


X  dv 
s 


(4-17) 


The  properties  which  have  been  prescribed  in  Eqs*  (4-16)  and 
(4-17)  are  asymptotic  properties  which  are  based  upon  the  so- 
called  WKB  approximation  for  which  there  exists  a  very  large 
literature*  In  order  to  complete  the  description  of  Eq.  (4-13) 
we  need  to  set  down  the  fact  that  the  eigenvalues  Xg  are  defined 
by  the  homogeneous  boundary  condition 


9F(y,  X8) 
3y 


+  i  k  Z  F(y, 


(4-18) 


The  Wronskian  Wg  is  defined  by 


Ws  =  W<V  =  * 


d¥ 

dx 


- 


-  d¥ 
dx 


(4-19) 
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([(.-20) 


and  the  normalization  constant  is  defined  by 

Ns-N<V'  /  [F&-  \>j2“y 

Although  a  long  list  of  references  could  be  cited  for  the  benefit 
of  the  reader  who  is  not  familiar  with  results  such  as  those 
which  are  summarized  in  Eqs.  (4-12)  through  (4~20),  the  author 
wishes  to  acknowledge  the  fact  that  the  summary  given  above  follows 
that  presented  by  Friealander  (Ref.  1)  more  closely  than  that  of 
any  other  source  with  which  the  author  is  familiar.  Although  the 
monograph  by  Friedlander  (Ref.  2)  is  generally  more  accessible 
to  the  general  scientific  public,  the  author  highly  commends  the 
original  research  report  to  a  reader  who  wishes  to  acquaint  him¬ 
self  with  this  subject  matter. 

4.3  Survey  of  Some  Previous  Work  on  the  Height  Gain  Function 

Perhaps  the  most  extensive  papers  on  the  height  gain  function  and 
related  problems  are  the  two  papers  (Refs.  3  and  4)  by  Bremmor. 
There  is  a  marked  similiarity  between  many  of  the  results  obtained 
by  Bremmor  and  results  which  will  appear  below.  However,  tho 
work  reported  in  this  report  has  been  undertaken  independently  of 
that  of  Bremmer  and  a  detailod  comparison  of  tho  asymptotic  ex¬ 
pansions  have  not  been  undertaken  by  the  present  author.' 


# 

Although  many  of  the  results  in  this  report  have  been  made  avail¬ 
able  to  Bremmer  (and  to  his  collaborators  at  the  National  Bureau 
of  Standards  at  Boulder,  Colorado)  the  present  author  has  not  been 
informed  of  any  discrepancies  between  the  results  herein  reported 
and  those  reported  in  the  papers  published  by  Bremmer.  Since 
these  two  pieces  of  work  have  been  carried  out  independently  and 
follow  somewhat  different  "lines  of  attack,"  it  is  hoped  that  in 
the  near  future  such  a  comparison  will  be  made. 
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The  cylindrical  (Bessel)  functions  Zy(kx)  are  solutions  of 

<if§  +  x  £  +  (k2x2  .  „2)z  .  Q  . 

dx  dx 

Since  the  transformation  y  =  a  log(x/a)  leads  to  the  operator 
dx  dx  dy 


the  cylindrical  functions  are  the  solutions 

F(y)  -  Zy[  (ka)exp(y/a)J 

of  the  equation 

2 

^-5  +  [ — (u/a) 2  +  k2exp(2y/a) IF  =  0 
dy 

which  is  of  the  form  of  Eq.  (4.-1)  with  X  =  (u/a)2  and  f(y)  = 
exp(2y/a).  Therefore,  it  is  not  surprising  that  much  of  the  lit¬ 
erature  that  is  appropriate  to  the  study  of  the  asymptotic  behavior 
of  the  height  gain  function  for  k  -*•  °°  has  had  its  origin  in  the 
interest  of  the  author  in  developing  asymptotic  formulae  for  the 
cylindrical  functions.  For  a  summary  of  work  related  to  the 
asymptotic  expansions  for  Bessel  functions  (and  a  good  guide  to 
the  literature),  the  reader  is  advised  to  consult  Olver's  preface 
to  a  table  of  zeros  of  Bessel  functions  which  was  prepared  by  the 
Royal  Society  Mathematical  Tables  Committee  (Ref.  5)«  Erdelyi 
(Ref.  6)  has  also  recently  written  a  survey  of  the  literature  re¬ 
lated  to  the  study  of  Eq.  (4“1).  However,  these  surveys  fail  to 
include  some  results  by  Pekeris  (Ref.  7) ,  Fock  (Ref.  8),  Imai 
(Refs.  9  and  10),  and  Friedlander  (Ref.  1).  In  many  respects,  the 
research  reported  in  Refs.  7  through  10  is  more  directly  applica¬ 
ble  to  the  propagation  problems  than  the  more  general  results 
which  can  be  found  in  the  other  sources. 


It  will  be  convenient  to  start  our  discussion  with  a  paper  by 
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Pekeris  (Ref.  7)  in  which  he  defined 


Xs  =  -  k 


and  sought  solutions  of 

d2F  .  ,2 


y+k>+f(y,JF=o 


He  showed  that  one  could  express  p(vt  -K  u  )  in  tho  form 


F(y,  -k  nB) 


Wfr  +  f(yj 


r  1/ 2__  (2) .  .  .  3A  ,5/6  „  w#11. 

|U  Hl/3  77473  H-2/3  (U) 


(2), 


2k 


where 


u(y)  =  k  J  'J  na  +  f(h)  dh 
*1 

and  y^  is  the  turning  point  defined  by 

M.s  +  fiyj.)  =  0 

The  constants  in  Eq«  (4“22)  are  defined  by 

,4/3 


B  = 


IUZ 

315(f) 

1 

450  f 


Hi)2  -  10(f) 

►  « 


.26(l.)+70(^).42(i)3 


where 


.  df  (y.  ) 

f  =  - —  . 

dy 

..  d2f(yi) 
f  =  - 

dy2 


etc. 
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(4-21 ) 

(4-22) 

(4-23) 

(4-24) 


Pekeris  showed  that  he  could  also  express  Eq*  (lj-22)  In  the  form 

■*•-*■%>-  -gti-zr  ^  *  *»' 


a  +  fq 


P(y#  -k  Hg)  ~ 


WITH 


aoo  £i^«  c_c_  /  xii 


(4-25) 


where 


■W1 


(4-26) 


The  function  h 2(x)  in  Eq.  (4“25)  is  defined  by 

s»  -  dr**  ■**  (i x3/a) .  s^h1/3<v>  .  *  (f) 2/3  <^> 

These  are  the  Airy  functions  which  were  tabulated  by  the  Harvard 
University  Computation  Laboratory  (Ref*  11)* 

Imai  (Ref*  9)  rediscovered  some  of  the  results  which  had  been 
derived  by  Pekeris*  In  a  later  paper,  Imai  (Ref.  10)  found  an  ex¬ 
tension  of  Eq*  (4—25)  which  can  be  obtained  by  employing  a  result 
that  was  used  by  Cherry  (Ref.  12).  Prom  Cherry's  Lemma  1,  we  can 

show  that  F(y,X  )  can  be  expressed  in  the  form 
0 


F<*-  V  =  (t§*  h  » 


where  tj(y)  is  a  solution  of  the  equation 


where 


.  dn  ••  dji  ...  d^n 


(4-28) 


(4-29) 


Eq*  (4-25)  is  an  example  of  Cherry’s  Lemma.  Thus,  let 

’-*♦  (I)2"3  TW+o*-673, 


(4-30) 
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Y-5B(Sft8kL‘.  -i?  t9SMSSSli:%4&rkfcfth*Mv 


so  that 


*L  „  at  .  (2) 1/3  „-V3  *i  .  (2\1/3u- 

<fy  dy  \3  /  dy  \3  / 


[mb  +  f(y)  ] 


Therefore,  Eq.  (4.-25)  can  be  expressed  in  the  form 

/  o  \  /o\l/6  /j_\“i/2 


(yr‘ k2  "«)  ~  (f)  (*) 


h2ft) 


(4-31) 


(4-32) 


where  n  is  defined  in  Eq*  (4.-30).  The  term  B/k  in  Eq.  (4-22)  can 

p 

be  used  to  extend  Eq.  (4--30)  to  include  a  term  in  B/k  •  This  step 
was  apparently  not  carried  out  until  the  publication  of  Imai's 
1956  paper  (Ref.  10). 

In  order  to  appreciate  Imai's  results,  we  use  Eq.  (4.-27)  to  express 
Eq.  (4.-28)  in  the  form 


(y.  \)  ~  (%j)  z1/3  h1/3(2)  (Z)  .  z  =  f  -1 3/2 


(4-33) 


Prom  Eq.  (20)  of  Ref.  10,  we  find  that  Z  has  been  approximated  by 

+  |  «2] 3/2  (4-34) 


where 


*  =  [u(y)/k]2/3  +  \ 

K 

.y 

u(y)  =  k  J  ftr+- 


k2  =  k2  +  a 

o 

The  constants  a,  <1q,  and  will  be  defined  below. 

We  have  taken  some  liberties  with  Imai's  notation  in  that  we  have 
substituted  some  of  the  notation  employed  by  Pokcris.  Actually, 
Imai  (Ref.  10)  studied  the  equation 

—■  +  a2  P(x)  *  =  0  (4-35^ 
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g99Sf 


T 


#*• 


v.»  twiMii  It+m  ■» 


( 


under  the  assumption  that 


2  .  .  „3 


P(x)  =  axx  ^1  +  bjX  +  bftx*  +  b0x“  + 


If  we  let 


2 


a 


(4-36) 


we  can  compare  the  papers  of  Imai  and  Pekeris.  The  constants  a, 
aQ,  and  used  by  Imai  are  defined  by  the  relations 

“  “  -  ^  (K)'2/3  (6V  3bi2)  •  <4-37) 

“o  -  -  4  ^  (25b3  -  35blb2  +  l4bl3)  -  (4-38) 

“l  =  -  2M0  (f  al)  ‘4/3  (8125b4  -  4350b22  -  9800blb3 

+  12080b12b2  -  3624bj^  .  Up-39) 

We  observe  that  the  A  and  B  of  Eq.  (ip— 22)  are  essentially  the 
same  quantities  as  the  a  and  aQ  defined  by  Eqs.  (ip-37)  and  (ip-38), 
respectively. 


Let  us  use  the  definition  of  Z  in  Eq.  (ip-33)  to  write 

.  -  „  ,2/3  /s\2/3 

1 


c 


-(H ~(D M^-v] 

~r  f +i7?+iaiit'2<2] 
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(4-39) 


4 


k 


r 


Prom  the  definition  of  £  which  occured  in  Eq.  (4“3^>  we  find  that 


"u&)l2/3  llj  M2/3  1  .-2H 

LkJ  k2  3  k2  LkJ  51  LkJ 


4/3 


(1H/.0) 


-(i)2/3 


..2/3, __v  .a  .  1  ao  2/3,  v  .  1  “l  4/3,  v 

u  +  5173 +  3  ^ u  (y>  +  5^i73u  w 


«h*  ) 

If  we  recall  the  definition  of  4  given  in  Eq.  (I|.— 26 ) ,  we  can  write 

”*t+(f)/275  +  57*  +  S<f>/  ^73  £2  +  °(k-10/3)  (u.42, 

When  this  result  is  compared  with  Eq.  (4“30),  we  see  that  a  =  A. 

The  s implications  we  have  made  in  Imai's  results  have  led  us  to 
recognize  that  we  have  available  two  additional  terms  in  Eq.  (4**30). 
Imai  was  apparently  not  familiar  with  the  work  of  Pekeris  and  Cherry 
so  that  the  use  of  Eq.  (Ip— i+2 )  in  Eq.  (ij.-28)  to  obtain  a  useful 
representation  for  F(y,A0)  is  a  new  result.  Further  terms  in 
Eq.  ( ip— Lp2 )  can  be  generated  with  the  helj>  of  Eq.  (ip-29). 

ip.lp  The  Research  Reported  by  Fock 

In  a  classic  paper  on  radiowave  propagation,  Fock  (Ref.  8)  studied 
the  equation 

+  pt  +  u  +  0ou^G  =  O  OH4.3) 

He  showed  that 


/Jr  22 

G  (u,  t)  =  w  (t  -  u)  -  (3u  +  2t)  w  (t  -  u)  +  (3u  +  4ut  +  8t  ) 


*'(*-“>]  +  °(4)  (4-44) 

where  w(z)  =  w-,  (z)  is  Fock’s  Airy  function 

*<*>  -  J!  e«P  (*t)  (‘X)1/2  hi/3(1)  jf  <-z)3/2] 

Fock  also  used  the  form 


(4-45) 


fir)  2  » 


TO 


(4-46) 
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J 


) 


( 


( 


« 


in  which 


0n 

X~  (t-ul-jf 


(3u2  +  4tu  +  8t2)  +  O^02J 


(4-47) 


Prom  Pock’s  paper,  it  is  not  clear  whether  Pock  realized  the  im¬ 
portance  of  the  form  of  Eq*  (4-46)  which  is  essentially  the  same 
as  Cherry's  form  for  the  solution  which  we  gave  in  Eq.  (4-28).  The 
relations  between  the  two  types  of  Airy  functions  are 

VT 


1  3/  h2  ^) 

(4“48 &) 

“‘P  (*  t)  *1 

(4-48* ) 

The  expressions  given  in  Eq*  (4-28)  and  Eq*  (4“4&)  are  special 
cases  of  a  more  general  result*  Let  F(y)  and  Z(x)  be  solutions  of 
the  equations 


dys 


-  +  P(y)  F  =  0 


d2Z 

*4-  +  Q(x)  Z  =  0 
dxZ 


(4-49) 


We  can  then  show  that 


F(y) 


=  (&\ 
\<*y) 


1 

2 


m 


provided  rj(y)  is  a  solution  of  the  non-linear  equation 


tf)2  Q(v)  • !  (? 


+ 1  }  *  pw 


(4-50) 


(4-5D 


Pock  arrived  at  Eq*  (4-47)  by  using  the  Langer  (Ref#  13)  asymp¬ 
totic  estimate  (the  first  term  in  the  Pekeris-Imai  expansions) 

3 

U  r~ - -- 

dv  (4-52) 

r  ■  o 

u. 


0  9  r*  I 

I  (-X)  ~  /  v  v  -  t  +  v 


where  u^  is  the  turning  point  which  is  defined  by 

ul't  +  ^oul2  "  0 


(4-53) 
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Pock  did  not  indicate  how  one  could  obtain  higher-order  corrections 
of  Eq.  (Ij-— i|.7 )  or  Eq.  (4“52). 

Eq.  (4“47)  has  the  advantage  that  it  does  not  involve  the  turning 

point*  This  is  a  very  desirable  feature  when  one  sets  out  to  solve 

for  the  eigenvalues  t  which  are  defined  by 

3  r.  _  t 

(4-54) 


It  +  »g]u=o=0 


For  example.  Pock  showed  that 


0, 


t  (q)  =  T  +  rr 
8  S  15 


8t2  .  3t4.V- 

8T“  r  -  q2 
s  H 


°(<) 


where  t  is  a  solution  of 
"s 


wl#  ^s)  “  qwl(^s)  =  0 


(4-55) 


(4-56) 


In  order  to  see  the  advantages  of  Eq*  (4“55)»  let  us  take  q  =  00 
and  wri te  _  _  2 

a  '  i5''o|s|  +  °  (M  (4-57) 


*.<«)=  C  +4^[Tr  +  0  (fo) 


S' 


where 


w-  (O  =  0  (4-56) 

Let  us  now  compare  this  with  the  procedure  which  involves  the  use 
of  the  turning  point*  Let  us  seek  the  roots  Xg  defined  by 

F(0,\g)  =  0  (4-59) 


Let  us  express  F(y,X_)  in  the  form 

s 


/d*\  -1/2 

F<y,  V  =  w  :-n) 


(4-60) 


where  q  is  given  by  Eq*  (4“42)  •  We  find  that  the  roots  of  P(0,Xg) 
ss  0  are  to  be  obtained  from  the  relationship 

-  „  ,,3\2/3  «  .l“o,  ,1,2  2/3  “l  ,2  (4-01) 

-T8=£o+>2)  ;i73  +  3  J  £o  +  5  <3  >  ^£o+-” 


where  is  defined  by 
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aM  OKwewstf*'  ,5, 


:  fa*  .. 1  i  ***»<«,-  » 


tS'.&ti  /ZiiiztL  'A  ■ 


( 


(4.-62) 


1 103/2  =  u(0)  =  k  f  nre  *  f(h)  dh=  f  A2f<h)  -  x8  dh 

yl  yl 

and  the  turning  point  y^  is  defined  by 

k2  f(yx)  -  \  =  0 

Since  Xg  appears  explicitly  in  the  factor  yj  k2f  (h)  -  in  the 
integrand  of  Eq.  (4“62),  and  implicitly  in  the  integration  limit 
y^,  the  inversion  of  Eq*  (4-61)  to  solve  for  Xg  requires  some 
skillful  analysis*  A  method  for  achieving  this  inversion  was 
*  described  by  Pekeris  (Ref*  7)*  A  comparison  of  Fock: ;  procedure 

with  that  used  by  Pekeris  shows  very  clearly  that  F'  yk's  method 
is  more  direct  and  hence  it  would  be  advantageous  to  extend  Fock's 
analysis  to  include  higher-order  terms. 

4*5  The  Contributions  of  Friedlmder 

Friedlander  (Ref*  1)  considered  the  problem  of  determining  the 
behavior,  as  s  -*>  «>,  of  the  eigenvalues  X  of  the  differential 
equation  2 

2  +  lx  ~  8  H  y  -  0  (4-63) 

subject  to  the  conditions  that  y  •*  0  as  x  -+  ®  and  either  y  =  0 
or  dy/dx  =  0  at  x  =  0*  He  assumed  that  g(x)  was  characterized 
by  the  conditions  g(0)  >  0  and  g'  (0)  3  0  and  assumed  that  g(x) 
could  be  represented  in  the  form  of  a  Taylor  series 

g(x)  -  g0  +  gxx  +  g2*2  +  g3x3  +  •  •  •  ,  gm  =  ^7  g(m)(0)  0j.-64) 

Friedlander  assumed  that  X  could  be  expressed  in  the  form  of  an 

asymptotic  series  in  inverse  integral  powers  of  s^ 

_  *o  2m 

9  \=  a2  X  c  s'T"  ,  c  -  g  (4-65) 

£  m  *  *0 

m=0 

and  that  y(x)  could  be  expressed  in  the  form  of  a  similar  series 
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~  &  ill 

y(*>  =  I  Ym<">  •'  ■>" 
m=0 


.  ,  ■  s2/3 


(4-66) 


Priedlander  showed  that  the  coefficients  Y  (tj)  are  determined  by 
a  system  of  recurrence  relations 


"2  +  (cx  -  glr,)  Yo=0 


(4-67a) 


2  +  (°i  ~  V)  =  (^  "  c2  )  Yo 


(4-6  7b) 


T  +  (cx  -  gfl)  Y2  =  (g3TJ  -  c3)  Yq  +  (g2V  -  c2)  Yx 


2  +  <C1  "  gl  ^  Ym  "  ^  M  “  Cj+l)  Ym-j 


(4-67c) 


(4-67d) 


Priedlander  showed  that 


Yo(Tj)  =  Lo  A1  (gi^3  *1  ~  «)  •  «  *  cx  g!"2/3 

where  Lq  is  a  constant.  He  also  showed  that 

Yi<”>  -  %  /  fAi  (h1/3 « - «)  Bl  Lu\  - 

gi  o 

-  A1  (gjl/3T|  -  a)  Bi^1/3  {  -  a)  | 

[k252  -  c2]  Ai(gi1/3?  -  aj  di 


(4-68) 


(4-69) 


and  gave  a  similar  result  for  Ym ( r) )  •  However,  Priedlander  did  not 
evaluate  these  integrals  and  hence  Yq(t])  is  the  only  Ym(r))  which 
is  given  in  its  final  form* 

If  we  put  s  =  ±ik  in  Eq.  (4-63),  and  replace  x  by  y,  g(x)  by  f(x), 
and  y(x)  by  F(y,\)  we  find  that  the  function  being  studied  (for 
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the  pulse  problem  by  Friedlander)  is  essentially  the  height  gain 
function  which  was  being  studied  by  Pock. 

(M0) 

Therefore,  we  can  use  Friedlander 1  s  theory  as  a  starting  point  to 
obtain  an  extension  of  Pock's  results.  Let  us  return  to  the  dif¬ 


ferential  equation  for  F(y,\  ) 

s 


+  (- vk2HF= 

and  express  f(y)  in  the  form 


f(y)  -  +  f,  +  tjy2  +  *3y3  +  •  •  •  *  f0  +  ^  [y  +  ^y2  +  i^y3  + . . .] 


Or  70 


(U.-72) 


where 


V 


= 


n!  f. 


L  dy 


y=0 


Let  us  define  t  by  means  of 
s 


(4-73) 


(4-74) 


and  u  by  means  of 


.2/3  t  1/3  „ 
u  =  k  y 


(4-75) 


We  then  find  that  if  we  define  the  parameter  p  to  be 

t  -  k-2/3 1-1'3 


(4-76) 


that  Eq*  (lj.-71)  [which  is  identical  with  Eq*  takes  the  form 

*  I-  t.  +  u  +  fU!  +  ,V  +  A.u4  +  •  •  •]  Q  =  0 
du2  l  B  ^  ^  4  J  (4-77) 

where 

G(u,  ts)  =  F(y,  XB)  (4-78) 
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A  comparison  of  Eq«  (ij.— 73 )  with  Eq«  (4“43)  reveals  that  if  we  let 
Pq  =  and  neglect  the  terms  in  pn  for  n  >  3  in  Eq*  (L|-— 77 )  that 
we  have  Pock's  approximate  differential  equation. 

Let  us  follow  Friedlander  [cf#  Eq*  (4-66)}  and  seek  a  representa¬ 
tion  for  G(u,t)  in  the  form 

G(u,  t)  =  £  Gn(u,  t)pn  04.-79) 


We  then  find  that  the  Gn(u,t)  satisfy  the  equations 


Id?  +  +  J  °°  *  ° 

+  (-t  +  u)  G2  =  -  h2  u2  Gj  -  h3  u3  G0 

fj2  n+1  1 

Fi  +  <-fu)  Gn--  S  h,“  W) 

L®1  j=2 


This  set  of  recursive  formulae  is  similar  to  Eq.  (4-67)*  If  we 


define 


t  =  t(r)=r  +  ^  Dn(r)pn=  £  Dn(r)0n  ,  Dq  =  t 


(4-80) 


H(u,  t)=G(u,  t(r))=  ^Hn(u,  T)pn 

n=0 


we  find  that 


+  (-T  +  u)|  H  =  0 


2  1  r  | 

^2  +  ("  T  +  u)j  Hj  =  [-  hjU2  +  Dj  J  Hc 
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(4-81) 


(4-82a; 


(4-8 2b) 


it&n.  i  *.«■'  ummmt  -*m»  »•  v*  . «*»««■» 


r  d2 

—  +  (-  T  +  U) 
Ldu 


ldu 


2  +  <"  T  +  u) 


H2  =  [-V2  +  D1]H1+[-h3u3  +  D2]Hc 

Hn  ’  I  [  V  +  Dj-1 
J-2 


(4-82c) 


(4“82d) 


which  is  essentially  the  same  as  Eq.  (4-67).  Therefore,  the  theory 
given  in  Friedlander«s  paper  for  results  such  as  those  given  in 
Eq#  (4-68)  and  Eq.  (4-69)  can  be  used  to  determine  the  H^u.^). 

4*6  Determination  of  the  H^Ujt:) 

Prom  the  differential  equation  satisfied  by  the  Airy  function 

r  a  i 


2  +  (“  r  +u)l  w  (t-u)  =  0 
du 


(4-83) 


we  can  show  that 


and 


f  d2 

h"2  +  (-  T  +  u)  un  w(r  -  u)  =  n(n-l)  un~2  w  (r  -  u)  -  2n  if1"1  w'(t-u)  (4-84) 

b+(' 


T  +  U)l  Un  w'(T  -  U)  = 


(2n  +  1)  u11  -  2mun  w(t-u) 
+  n  (n-1)  un  2  w'(t  -  u) 


These  results  can  be  used  to  construct  solution  of  the  inhomogeneous 
equations 

j2 


2  +  (-  T  +  uJ  A  (u,  T)  =  Un  W  (T  -  U) 


\£ 


2  +  (-  T  +  u) 


B  (u,  T)  =  Un  w'  (T  -  u) 


14-86) 

(4-87) 


If  An(u,x)  and  Bn(u,x)  are  known,  we  can  solve  Eq.  (4-82).  How¬ 
ever,  it  may  be  more  convenient  to  define 


X  =  T  “  U  ,  u  =  ^  +  x 


(4-88) 


4-19 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


14-09) 


and  replace  Eq.  (4-82)  by 

j2 


-  x 


dx 


Hn  “  S  h(T+X)1  +  DJ-l]Hn+H 
j=2 


In  Table  4“1  we  give  some  solutions  of 

-  x  y  =  f(x) 
dx 

which  can  be  used  to  construct  solutions  of  Eq.  (4-89).  For  ex¬ 
ample,  the  solution  of  Eq.  (4-82aj  is 


H0(u,t)  =  c0w(t;  -  u) 


(4-90a) 


where  c^  is  a  constant.  We  can  then  show  that  the  solution  of 


Eq.  (4-82b)  is 

H-^UjT)  =  c-j^wCt  -  u)  +  cq 


5  hgU  w  (t  -  u) 


-|iv*+is  V  +  if  T\  -  Di]  W’<T-U> 


(4-90b) 


where  c^  is  a  constant. 


Before  determining  ^(Uyx)  it  would  be  desirable  to  determine  the 
constants  Cq  and  c ^  (or,  at  least  determine  the  ratio  c^/cQ).  Since 
the  function  H(u,t)  satisfies  the  homogeneous  boundary  condition 
derived  from  Eq.  (4-54) 


we  must  require  that  H_(u,t_)  satisfy  the  equations 

n  s 


(4-91 ) 


+  q 


8u 
8H. 

-*T  +  «hi 


H<l  u=0  = 


=  0 


=  0 


u=0 


(4-9  2a) 


(4-9 2b) 


We  observe  that  Eq.  (4-90a)  and  Eq.  (4”92a)  lea(i  to  the  equation 

w'(ts)  -  q  w(ts)  =  0  (4-93) 

4-20 

LOCKHEED  MISSILES  &  SPACE  COMPANY 


if 

w 


( 


t 


c 


f(X) 


0 

w{x) 

w'(x) 

X  w(x) 

X  wf(x) 
x  w(x) 
x2  w»(x) 
x  w(x) 
x  w'(x) 
x4  w(x) 
x4  w»(x) 

x  w(x) 

x5  w'(x) 

x  w(x) 
x6  w*(x) 
x7  w(x) 
x7w’(x) 
X  w(x) 
x8  w»(x) 


Table  1^.-1 

PARTICULAR  SOLUTIONS  OF 

_ 


^-xy  =  fW 
dx 


w  (x) 
w’(x) 

\  X  w(x) 

I  X  w’(x) 

12  /V  1  1/  X 

4  x  w(x)  -  g  wf(x) 
x  w(x)  +  X2  wf(x) 

|x3]  w(x)  -  x|w'(x) 

'  U  x2J  W<X)  +  [f  +  x3  f]  w*(x> 

j|  X  + 1  X4]  W(X)  -  X2  w»(x) 

- 1 X3]  w(x)  +[|  X  + 1  x^w'fx) 

f  *2  +  ll  X1  w(x)  +  ['  f "  f  x3]  w’(x) 

[■  n  x  ■  ^  X1  w(x)  +  [  n  x2  +n  x1wt<x) 

[  !x3+iIx6Jw<x>+["tx‘wx4]w,(x) 

90  2  3  5l  .  .  180  ^  60  3  A  1  6l  f .  . 

’9ix  ’is*] W<x)+l'9r+nx  +i3xrf(x) 

18  „  j.  15  4*  1  71  .  .  f  18  2  3  51  ... 

II  22 x  i4x  I  w*x)  ["  II x  -nxJw(x) 

14  3  7  61  .  .  . [28  7  4,1  7]  . 

‘  T  X  "30X]W(x)+ITX  +  9X  +I5X  JW  (X) 

45  2  .21  5  1  8]  .  .  ,  f  90  30  3  7  61  ,,  , 

13  X  +  26  X  +  16  X  jwW+[~  3  '  13  x  *  26 X  |w^ 

["  x  'T§7  *4  "  ll*7]  w<x> +  [ W  *2  +  iff  x5  +  ll*8]  w’<x) 

[  Fx3+ifx6+nx1w<x)+[_lrx"lrx4-ilx7] w'<x> 
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which  determines  t„  uniquely.  If  we  observe  that  Eq.  (4“90b)  and 

s 

Eq.  (4“92b)  lead  to 


0H1(U’ T)  f  ,  I  I  f  i 

+  <1  H1  T>  --ci|w(T)-qw(T)j  +  c0|  I  - 5V<r) 

IX"“V  I  l 

■  il  h2TW'(T)  +  ll  V3w<t)  "  DiT  W(T)]  +  q  [‘  ilV2  +  Di]  W'<T)[  =  0 

from  which  it  is  seen  that  the  value  of  is  given  by 

(T  -  q2)  Dj  =  hj [-  |  -  ±  Tq  +  JL  t2  (r  -  q2)]  (MS) 

Therefore,  we  observe  that  the  boundary  condition  given  by  Eq. 

(Il— 91 )  determines  the  constants  D  but  leaves  the  values  of  c 
undetermined. 

The  cn  can  be  determined  by  requiring  that  the  eigenfunctions 


F(y,X  )  have  the  property 
s 


J  F2  (y,  Xs)dy=  1 


U--96 ) 


This  leads  to 


/  H2(u,  rg )  du  =  k2/3  l1l/3=f1 


(U--97) 


If  we  use  the  property 

’  QO  2 

h2  -  y  vn 

n=0 

and  require  that 

00  r  1  2 


T  =Ho  +  2Ho  +  H2  +  Hi)d2  +  -  •  •  0,-98) 


2/3  ,  1/3 


J  [H  (u»  t8)1  dU  =  Co  /  W2  (Tg-u)du  =k2  3  fx 

0  l  °  *  0 

we  observe  that  Eq.  (4-97)  is  satisfied  provided 

00 

f  H0(u.  Ts)  H^u,  r8)du  =  0 


(4-99) 


(4-l00a) 


00 

/  [2  H0<u»  Ts)  H2(u*  V  +  Hj (u.  rs)]  du  =  0 
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(4-1 00b) 


along  with  similar  equations  involving  Ey  H^,  etc..  This  proce¬ 
dure  has  the  advantage  that  the  ratio  cn/c0  is  independent  of  (3. 

We  can  determine  cQ  from  Eq.  (4-— 99 )  by  observing  that 

oo  2 

/  w2(TB-u)du  =  r8[w2(T8)]  -  [w’<t8>]  ( 

0 

since 

^  (T  -  U)  [w(T  -  U)]  2  -  [w'(T  -  U)]  2  =  -  [w(T  -  U)]  2 


Therefore,  we  find  that 


2 

co  = 


k2/3  fll/3 


k2/3  fl1/3 


r s [ w (T s )] 2  ~ [w r (T s )] 2  [Ts  -  A  [w  <Ts>j 


Oj.-iO  2) 


In  order  to  determine  c^  we  must  evaluate  the  integrals  that  oc¬ 
cur  in  the  equation 

—  f  w2(r  -  u)  du  =  -p  t[w(t)]2  -  [w»(t)]2  =  -  D±  f  w(t  -  u)w«(t-u)  du 

c°  o  0  0 

h„  *> 

+  J  [3uw(t  -  u)  +  (3u2  +  4ut  +  8t2)w,(t-u)]w(t-u)  du 

0  r 

D.  o  T  2 

—  Y  +  15  ■  3  /  U  +  T>  w  (t)  d  £ 

T  L  “°°  "1 

+  f  (15T2-10ST  +  3£2)w(t)w«(f)dtj  14-103) 


We  can  show  that 


x 

3  J  (£  +  t)w2(£)  d£  =  4r2  [w(t)]2  -  4t[w'(t)]2  +  w(t)  w'(t) 

-oo 

T 

/  (!5t2  -  10tr  +  3t2)  w(t)  w'(£)  dt  =  8t2[w(t,]2  -  4t|w'<t)]2  -  w(T)  W,(T) 

-oo 

Since  t_  is  a  solution  of  w'  (x)  =  q  w(t),  we  find  that  the  inte- 
grals  in  Eq.  (4-103)  lead  to  the  result 
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5(r-A-M|^-^ 


(4-104) 

Because  of  the  labour  involved  in  the  determination  of  the  con¬ 
stants  c„  which  will  occur  in  the  terms  c  w(t  -  u)  which  are  to 
n  n 

be  added  to  the  solutions  of  the  functions  Hn(u,i;)  which  satisfy 
Eq.  (J4.-82),  it  would  be  most  convenient  to  follow  Friedlander ' s 
suggestion  and  take  c^. 
replace  Eq.  (4-61 )  by 


suggestion  and  take  c^  =  1  and  cn  =  0  for  n  >  1.  We  should  then 


H(U,  t)  =  G(U,t(T)  )  =  C(0,T) 


qp 

W(T  -  u)  +  ^  Hn(U,  T)  p1 


n=l 


(4-105) 


and  determine  0(P,t)  from  Eq.  (14.-97)  •  From  Eq.  (Ip— 90b )  we  know 
that  for  this  case 

H^u.t)  =  -  \  h2  UW(T  “  u)  ‘  [I  V2  +  l6h2TU  +  15  V2  '  D1 1  W'(T_U)  (4-106 ) 

From  Eq.  (Ip— 105)  and  Eq.  (ip— 97) «  we  find  that  G  ( p, t: )  is  deter¬ 
mined  by  the  relation 


j  =  C2(0,  r)  w2(t) 


(t  -q2)  +  [D1  -  ^  hg  (2r2  -  q)]  0  +  O  (p2) 


(4-107) 


We  can  also  seek  a  solution  in  the  form  of  Eq.  (4-105)  in  which 
H^(u,t)  is  of  the  form 

H^u,  t)  =(Cl  -  h2u)  w(t-u)  -  [|  hgU2  +  ~  hgru  +  i|  V2  "  Dl]  W'(T_U)  (1+"108 ) 

where  c^  is  a  constant  independent  of  (3.  For  example,  Eq.  (4-44) » 
which  was  taken  from  Fock’s  paper,  is  of  the  form  of  Eq.  (4-lo8) 
if  we  take 


°1  "  "  15  V 


(4-109) 


Let  us  now  turn  to  the  problem  of  the  determination  of  H^Ujt;). 

We  have  discussed  the  role  played  by  the  choice  of  c^  in  the  de¬ 
termination  of  ^(ujt).  For  example,  a  tern  c1w(t  -  y)  in  ^(Ujt) 
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J 


ssmmzma&r 


1 1  -  -■  tu&UA&t*  4A  .  <- 


leads  to  a  term  in  '/hioh  is  of  the  form 

- 1  VW(T  • u)  "(i  v2 +^VU +il  V2  ‘  Di]w’<T  ■ u) 


U4.-110) 


If  we  take  c^  to  be  defined  by  Eq*  (if-l09)>  we  find  that  Eq* 

(J+-8 2c),  with  the  aid  of  the  entries  in  Table  leads  to 

h2(u,  r)  =  c2  w(r-u)  +[  \2  u5  -  ^  h/  ru4  -  ^  h22  r2  u3  +  ±  hg  D±  u3 

+  15  h2  D1  T  U  +  14  **3  +  7!  h2  >  U  +llh2DlT^1 

+  105h2  *  Tu  "  2  D1  u]  w(T-u)  +[-y  h3 
3.2.  3  .  6  ,  22,  2.  2  .8, 

"  35h2  *  U  “  (35  h3  "  105  *2  *  T  U  ~  *35  **3 

144 .2  2  lu  n  „  Jh  MK2w3 

"  315  \  ^  T  U  "  15h2  D1  U  ‘*35  **3  ~  315  h2  J  T 

-5h2DlT  +  (7h3~  35^  +d2)]w’(t-u)  (I4.-III) 


In  the  next  section  we  will  show  than  an  extension  of  Pock's  re- 
results  summarized  in  Eq.  (I4.-IJ.6)  and  Eq.  O4.— i+7 )  suggests  that  a 
useful  value  for  the  arbitrary  constant  c2  is 


c  -22. 
c2  225 


h22  - - t5  h  ♦  <- je h3 +W*  - r5Vi  {^-112) 


The  obtaining  of  H^(u,t),  H^(u,tt),  etc*,  by  the  above  methods  is 
exceedingly  tedious  although  it  is  a  very  straight-foward  process 
if  one  uses  Table  I4.-I  along  with  Eq*  (ip— 89 )  • 


4*7  Determination  of  n(u,t) 


Let  us  follow  Eq*  (ip— ^0 )  and  express  the  solution  of  Eq* 
in  the  form 


Wl,2<-”> 


(4-77> 

(14.-113) 


where  w(z)  and  h (rj)  are  solutions  of  the  Airy  differential  equa¬ 
tions  d2w  A  d2h 

2  "  zw  =  0  1  —0  +»?h  =  0 

dz  dtj 
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According  to  Eq.  (4-51  )#  the  function  q(u,  t)  is  a  solution  of 

‘»+i  w-1 

n-2 

where  the  dot  denotes  differentiation  with  respect  to  u«  We  ob- 
serve  that  Eq.  O4.— 1 II4.)  is  essentially  the  same  equation  as  Eq. 
(4-29)  except  that  we  have  used  Eq.  (i*.— 7I|-)  to  define  t  and 
Eq.  (k-TS)  to  define  u. 


Although  Eq.  (ip— 1 12+)  is  non-linear,  and  of  the  third  order,  it  is 
simpler  to  work  with  than  the  linear,  second  order  equation  which 
defines  G(u,t).  The  simplicity  comes  from  the  fact  that  r)(u,t) 
can  he  expressed  in  the  form 

00 

TJ(U,  t)  =  (u  -  t)  +  ^  Pn  (u,  t)  /3n  (4-115) 

n=l 

where  Pn(u,  t)  is  a  sum  of  homogeneous  polynomials  in  u  and  t  for 
which  the  degree  of  the  polynomials  differ  by  three.  Thus 

Px  (u,  t)  =  &1  u2  +  bx  u  t  +  cx  t2  (4-ll6a) 

P2  (u,  t)  =  a2  u3  +  b2  u2  t  +  c2  u  t2  +  d2  t3  +  a2  (4-116b) 

P3  (u,  t)  =  a3  u4  +  b3  u3  t  +  c3  u2  t2  +  d3  u  t3  +  e3  t4  +  a3  u  +  /33  t  (4-3 16c) 


If  we  put  Eq.  (ip— 116 )  in  Eq.  (4-H5)#  and  then  use  Eq.  (4-H4)# 


can  determine  the  constants  an,bn, •••,an,Pn, ...#etc. 
several  terms  in  the  quantities  in  Eq.  (4-114)  are 


-  (u  -  t)  +  p 


5a^  u2 


+  (3^  -  4ax)  ut  +  (Cj^  -  2b1)  t* 


+  • 


-  to-*  £2  + 


6a2  r  + 


The  first 

(4-117a) 
(4-1 17b) 
(4-1 17c) 


In  Eq.  (4-118)  we  give  the  resulting  expression  for  T}(u,t)  for 
terms  as  high  as  those  in  (3^. 
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In  many  applications  it  is  more  convenient  to  let  t  be  defined  by 
Eq*  (I4.-80).  If  we  recall  the  definition  of  H(u,t)  in  Eq.  (i|.— 81 ) 
we  can  write 


H(u,  t)  =  g[u,  t  (r)]  =  2  w12  (-y) 


(4-119) 


where  y  Is  defined  by 


Y(“.  T)  =  t|  |u,  t  (T)]  »  (u  -  t)  +0  [|  hjU2  +  -jj  hj  T  u+il  h2  t2  -  dJ 

[  (^  '  4 4»3  -  + 

-  ^h22>l2u+Bh2Dl“+<ih3 
-llf|h22>T3til,13DlT-(lh3-Bh22  +  D2) 


V  |<£  h4  -  SB  "2  ^  +$k  h23>  “4  +  <l>  h4 

-llih2h3+^h23»T“3  +  <^lh4 
-|Hlh2h3+?iih23>l2u2+<^h3 


■35  3 


68.  2.  _  2  ,  .  64  ,  13376 ,  , 

"  525  h2  )  D1  u  +  *315  h4  "  17325  h2  h5 


'315  u4  17325  “2  “3 


43712.  3,  3,  ,4,  28 ,  ,  .  56  ^  3. 

+  70876  ^2  ^  T  u  “  *Q  ^  "  45  ^2  h3  +  225 h2  )  U 


+  *f|  h3  T  °1  +  15*2  D2  "  1575h2  T  °1)  U 

128.  33088  ,  .  ,  128512  .  3.4 

*315  h4"  17325  h2  °3  +  70875  h2  } 


70875  2 


.48  .  1328.  2,  2  _  . 80  . 

+  *35  ^  "  525  h2  ^  T  D1  *63  h4 

1628 1.  .  .1768  .  3  16  .  ». 

"  693  h2  h3  1575  h2  "  15  h2  D2J 

+  <-&h2Di2-DS,l+  °<^4> 


(4-120) 
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Let  us  turn  now  to  the  construction  of  the  derivative  of  F(y,X) 
or  G(u,  t).  We  begin  by  observing  that 


.2/3  f  1/3  9G(u.  t)  _  1  8G(u,  t)  1  8H(u,  r) 
K  *1  9u  "  P  8u  P  8u 


(4-121) 


Prom  Eq.  (14.-13-3) ,  we  can  write 


or 


(4-122a) 


(4-1 22b) 


Let  us  now  represent  the  expression  in  curly  braces  in  Eq,  (4-l22b) 
in  the  form 

h'(i?)  h  (V)  =  [l  +  a1  p 

pf]  L 

+  a2  p2  +  a3  p3  +  •  •  -1  h'(Tj  +  y^p  +  y^p2  +  Tg  p3  +  *  *  * )  (4“l23) 

Let  us  first  consider  a  more  general  result.  Let  us  solve  for  the 

An  and  Bn  which  are  defined  in  Eq.  (4-124) 

h'  (q)  -  Ah(-q)  =  [  1  +  AA1  +  A2A2  +  A^Ayf*  •  •  ]h'  [rj  +  AB^ 

+  a2b2  +  a3b3+. . . 3  (4-124) 

In  order  to  obtain  this  result,  we  observe  that 
h(2)(n)  =  -  V  b  (TJ) 
h(3)(rj)  =  -  tj  h’(T?)  -  h  (tj) 
b(4)(Tj)  =  tj2  h(Tj)  -  2h’  (TJ) 
h(5)(Tj)  =  4rj  h(r?)  +Tj2  h'(T?) 

h^(rj)  =  (4  -  TJ3 )  h(Tj)  +  6tj  h»(T}) 

ht7)(T?)  =  (10  -  V3)  h'(Tj)  -  9  tj2  h(Tj) 

h(n)(r?)  -  h  (tj)  (4-125) 

dijn 

4-29 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


and  use  the  Taylor  series  expansion 
h»(t?  +  ABX  +  A2B2  +  A3B3  +  A4B4  +  •  •  • ) 

=  h*(r?)  -  [  ABX  +  A2B2  +  A3B3  +  A4B4  +  •  •  •]  rj  h(rj) 

A2  B^  +  2A3B1B2  +  (2B1B3  +  B22)  A4  +  •  •  •]  [rjh'fo)  +  h(tj)] 


1 

"  2 
+  £ 

XIAV  +  '  • 


A3B,3  +  3A4B,2B„  +  •  •  •]  [ll2  h  (n)  -  2k1  (IJ)| 


'1  2 


•]  [4jj  h(rj)  +r?2  h'(T})] 


+  •  •  • 


(4-126) 


in  Eq.  (4-124) •  By  equating  the  coefficients  of  A  on  each  side  of 
Eq.  (4-124)  we  find  that 


Ai  =  ° 

a2  =  ij 


A3=v 

a  2  _L  11 
4  8  5  ‘  8  2 

tj  rj 


B  =  ± 

Bi  V 

B2=  3 

2rj 

t>  =  1J_  1  X 

3  2  5  ~  3  2 

V  V 

B  -  J1  +_5  X 

B4  8  7  +  12  4 
TJ  7} 


(4-12/) 


In  order  to  use  Eq.  (4-123),  we  define 


2A 


■w 


-2  j2 

Xa  = 

du2 


fv^l+Iv-iK 

+  "3(<!h4- 


88  .  ,  .  1960  ,  3.  2  ^  .16  . 
hnhn  +  „„„„  h„  )  u  +  ( gj  h4 


105  2  3  2625  2 


6424 


l  u  .  3360  ,  3 .  .  ,  32  . 

2625  h2  >  tu  (105  h4 

5775  + 


5775 

4576 


2625 

7360 


7875 


*2  > 


+  0 


.20  ,  1264,  .  4.217696,  2,  300  ,  2 

'll  5  7  495  2  4  121275  2  ^  "  539  3 


2657920  ,  4,  3  .  .40  ,  11648  ,  , 

h„  )  u  +  h,  -  h„h. 


3031875  2 


6828,  2 


‘33  “5  3465  2  4  8085  3 


.  2366032.  2.  7118240  .  4,  4  ..2  .  ,160  . 

606375  ^  o  "  3031875  ^  )lu  '231  n5 

137856.  .  33312  .  2  ,  2905696.  2. 

"  51975  n2n4  '  40425  n3  606375  n2  n3 

9343744  .  4  2  ,  .  64  .  23168  .  . 

'  3031875  2  ’  1  '231  n5  "  17325  14 

(eq.  concluded  on  following  page) 
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6976  .  2  2048192,  2  .  61579520 .  4  3 

‘  13475  n3  606375  T  V  27286875  2  '  1 
.  12  .  .  952  .  .  .  2088  .  2  291112  .  2 . 

(~  11  o  495  2  4  2695  °3  "  121275  2  n3 

,5. 


451760  .  4.1  .  „  ini 
60^75^ 


) 


(4-128) 


Prom  the  definition  of  T)(u,  t)  in  Eq«  (if-118),  we  can  obtain  a  re¬ 
presentation  for  the  reciprocals  of  q  which  occur  in  Eq,  (ij.-l27)# 
We  first  define 

z  =  u  -  t  (4-129) 

and  then  find  that 


1  =  1 
17  z 


+  P 


■f[i  V2+Avu  +  Ah2t2 

r  _ 


1  ,1H  _i_u  2.  3  68  .  2.  .2,  .8  . 

z  *7  h3  175  h2  )  U  ^35  h3  "  525  h2  ^  +  <35  h3 


496,  2x  *2„  A  /Wu  1328 
:h„  Jtu+feh,- 


1575  2 


35  3  1575 


1.  2 .  ,3  .3  ,  _9_  ,  2’ 
h2  )  t  "  1 7  h3  “  35  h2  \ 


z 


1  h  24  o.  8  ,  2  .3.  64  .  2.2  2  64  .  2. 3  ,  A  64  .  2. 
25  h2  +  75  h2  ^  +  225 h2  t  +225h2  t  U  +  225h2  * 


I 


1  ,1, 

"  z  l9n4  315  “2“3 


22  ,  ,  _148  .  3  4  ._8_ ,  _  3212  .  , 

*  wowr  U  '  \  /»n  1  none 


,  608.  3,  .3  16  , 

+  ^rrh„  )  tu  +  (vtt?  h.  - 


7875  2 
2288 


7875  “2 


‘63  “4  17325  2  3 

,  ,  .  1808  k3w2  2 

buh„  +  sss? h„  )tu 


105  “4  5775  2  3  7875  2 


t/64.  13376  i_  .  0.43712  .  3,  .3  .  .128  .  33088  .  . 

+  *315  h4  “  17325  *^**3  70875  h2  ^  1  u  +  <315  h4  '  17325  h2h3 


128512  t  3,  A 
70875 

1768 
1575 

64 
2625 


1628, 


Y>  *  -  V  ft  h2h3  +  SY )  U  -  m  h4  -  Wh2h3 
h2  *  *]  +  ^2  [  ( 3lh2h3  "  875  h2  >  U  +  ( 105  h2h3 


,1136 


imu  3.  .2.  3  .  .  1472 


h°  \  L  k  U  u  \  ,  1  A*  •  *  U  L 

2  *  ta  ^2625  Ys  '  7875  h2  >  1  U  <2625  h2h3 


15200  .  3.  .3  2  .  6  .  .  _18.h  3  2  256  .  .  18560 .  3  4 

"  23625  *2  *  1  U  "  (35  h2h3*  175h2  )  U  <525  *2*^  '  23625  h2  *  1 

,  24,  .  72  .  3.  .  .256  .  ^  21248  .  3  5  48 .  h 

"  (105  Ys  "  525h2  >  ta  ( 525  h2h3  "  23625  \  *  *  (l05h2h3 


UK3 )  t2]  -  ^  “6  -  xls  »23  *  “ 


5  .  120 .  3.24 
+  U25h2tu 


+  «40_ .  3.3  3  _960  ,  3.4  2  768  .  3  .5  .  512  .  3  .ell  .  0/fl4. 

+  3375  h2  1  U  +  3375h2  1  U  +  3375h2  1  U  +  3375h2  1  J  +0<^  > 


(4-130) 
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We  can  now  use  Eq*  (1+.— 3-29 )  and  Eq#  (4-130)  to  compute  the  argumant 


s(u,t)  =  n  +  4%  +  A2  Bg  +  A^B  +. 


_  i  +  nP +  Y2P  +  Y3P 


3  +... 


04.-131.) 


in  Eq*  (ip— 123 )  •  The  execution  of  these  tedious  algebraic  manipu¬ 
lations  has  been  carried  out  only  for  the  special  case  u  =  0. 


t(0,  t)  =  -  t  +  0 

,2 


[b¥2-iH 


+  fi 


+  fl' 


/ 16 .3  3.  1328  3  ,  _406 

35  "  r)  ^  (“  1  ^  *»»» 


,12§t4  Mm,  +  / 

'315  1  "  315  *  n4  17325 

.128512.4  10648.  182 

^  \  wftQWP  l  _  nnni>  *  ~ 


1575  *  1  1050  50 

33088  .4  47564 


kph2] 


t  + 


17325 


*  +  25  t2  *  h<>h 


2  3 


70875 


7875  v  2625 


i_  Xiu3 

t2'  250  t5)h2|  04.-132) 


Since  the  use  of  Eq.  (4-123)  involves  a  considerable  amount  of  al¬ 
gebraic  manipulation  of  such  complex  expressions  as  Eq*  (4-130), 
it  may  be  desirable  in  future  work  to  seek  a  representation  for  the 
derivative  of  G(u,t)  which  is  of  the  form 


=  A(u,  t)  h'12(f) 


(4-133) 


where  £  is  defined  by  an  expression  similar  to  Eq.  (4“H4)  and  the 
amplitude  function  A(u, t)  involves  the  derivative  of  £  with  respect 
to  u.  Let  us  indicate  how  this  can  be  done  by  considering  the  de¬ 
rivative  of  Fly, A)  with  respect  to  y.  Let  us  define  K(y,A)  by 
means  of 

=  A2f(y)  -  A  K(y,  \)  (4.-I34) 


Since 


=  0 


we  can  show  that 


dy  I  1  1  LX  -  K  f(y)J  2  [X  -  k‘ 


liZL 

!*(y)l 


K  =  0 


(4-135) 
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iteummU 


For  an  "approximately  identical"  differential  equation,  we  take 

j2 


(4-136) 


which  has  the  solution 

y(*)  =7 y  h' <*) 

where  h(x)  is  a  solution  of  Airy’s  equation 

4  +  =  o 

dx2 

We  can  then  define  £(y,A)  by  means  of 

K(y,A)  =  [84 (y, A) /ay]"1/2  y[|(y,X)j 

and  show  that 


(4-137) 


[-A  +  k2f(y)] 


3 1 Jff&L 


4,2 


k  f(y)  -  A  J 


2j« 


+ 1  k-L(y) 

1  n  f  a 


|k2f(y)  -  X 


(4-138) 


where  the  dots  denote  differentiation  with  respect  to  y.  We  can 
then  represent  the  derivative  of  F(y,A)  in  the  form 

-1/2 


dy 


xJL=  /Aw  -  x  /  1  di\'1/2  h» 

y  v  5  \k2/3  fx1/3  dyj  1»: 


.«) 


(4-139) 


If  we  define  t  as  in  Eq.  (4-74)  and  u  as  in  Eq.  (4-75),  and  use 
the  property  F(y,A)  =  G(u, t),  we  can  show  that 


dGju.  t)  = 


-  t  ♦  /JhgU  +  /3  hgU  +  •  •  • 


(i) 


-1/2 


h'i,a«) 


(4-140) 


where 

K  =  «(u,t)  =  4  (y,A) 

From  Eq.  (4-13$),  we  find  that  4  is  a  solution  of  non-linear 
differential  equation 


4-33 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


where  the  dots  denote  differentiation  with  respect  to  u. 


We  can  solve  for  £ (u, t)  in  much  the  same  manner  as  we  solve  for 
Tj(u,t)  by  using  Eq.  (ip— IH4.)  •  However,  we  cannot  express  ^(u,  t) 
in  form 

•O 

£(u,  t)=  u  -  t  +  ^  pn  (u,  t)  pn 
n=l 

where  pn(u,  t)  is  the  sura  of  homogeneous  polynomials  in  u  and  t. 

Our  studies  of  the  behavior  of  of  the  coefficients  of  pn  in  tho 
expansion  of  ^(u,t)  led  us  to  see  that  if  we  defined 

z  =  u  -t  (4-142) 

that  we  could  express  £(u,t)  in  the  form 

0° 

£(u,  t)  =  £  [z  +  t,tj«  z  +  V  q  (z,  t)  pn 

n=l  (4-143) 

where  qn(z,t)  is  the  sum  of  homogeneous  polynomials  in  z  and  t 
which  are  of  the  form 

q1(z,  t)  =  a.^  z2  +  ^  zt  +  Cj^  t2  +  z  +  ^  t  (4-144a) 

q2(z,  t)=a2z3  +  b2z2t+c2zt2  +  d2t3  +  a2  +  A2z3  +  B2z2t1 

+c2z"1t"2  +  D2t"3  (4-1 44b) 

The  coefficient  qn(z,t)  begins  with  a  homogeneous  polynomial  of 
degree  (n  +  1),  followed  by  homogeneous  polynomials  of  degree  (n  -  2), 
(n  -  2),  (n  -  5),  (n  -  8),  ...»  (-2n  +  1). 
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If  wb  reconsider  Eq.  (I4.— 1 23 ) »  we  find  that  £(u,t)  is  defined  in 
terms  of  q(u,t)  by  means  of  Eq,  (I4.-1 31 ) •  Therefore,  Eq,  U1.-I32) 
is  an  example  of  the  expansion  defined  by  Eq,  (4-143) • 

Let  us  conclude  this  discussion  by  observing  that  the  expansion 
for  y  in  Eq,  (4-120)  can  be  used  in  Eq,  (4-H9)  to  obtain  an  ex¬ 
pansion  of  the  form  of  Eq,  (ij.-8l).  Thus,  if  we  define  S2  by  means 
of  the  relation 

y  =  u  -  t  -  2  (4-145) 

we  find  from  Eq,  (Lj.— 1 20 )  that 

00 

n  =  0(u,  t)  =  ^  rn(u,  t)  /3n  (4-1^6 ) 

n=l 

where  rn(u,T;)  for  n  <  3  can  be  found  in  Eq.  (4-120).  Then  we  can 
write 


1  2 

w(~y)  =  w  (r  -  u)  +  ft  w’(r-u)  +  ^  fi  (r  -  u)  w(t  -  u) 

+  Q3  [w(t  -  u)  +  (t  -  u)  w'(t  -  u)]  +•  •  •  (4-147) 


We  then  find  that 

w(-y)  =  w(t  -  u)  +  /3r1(u,  t)  w?(t  -  u) 

+  02 


\  (T  -  U)  rx2  (u,  r)  W(T  -  u)  +  r2(u,  r)  w'(t  -  u)j 

(t  -  u)  r1(u,  t)  r2(u,  r)  +  ~  r13(u,  r)  w(t  -  u) 

*  \ 

r3(u,  t)  +  i  (r  -  u)  rjV,  t)J  w'(t  -  u) 

M  “=  [l  +  £  fdrn(u,x)/diij  p"]"1/2 
L  n=l  J 


1 

2 


+  O(04) 


B  drl<“.  T)  „2 

dr2(uf  t) 

3  [dri<u-  ni 

2 

du  2  j 

du 

4[  du  J 

d 

dr3(a,  t)  3 

dij(u,  T) 

d^.ta,  t) 

2 

du  "2 

du 

du 

+  0(/) 


4-35 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


We  can  use  these  results  to  show  that 

-1/2 


H(u,  r)  -  g[u,  t(r)J  =  (g*)  w(-y)  -  w(t  -  u)  1  -  V  *2  T] 

-2  f  i  ,  2  5  1  .2  4  4,2  2  3  1,  _  3 
0  [~50  ^2  U  "  30  ^2  T  U  "  45  ^2  T  U  +  *  h0  Di  u 


5  2  "1 


15  h2  °1  T  U  +  14  h3  +  70  h2  *  U  +  15  h2  D1  T  U 


14  3  70  2 


+  <-^h3+Mh22)TU4Dl2u+^h22  T"-hh2  V3 
+  i-T5h+ir^ T*  +W '  -T5hDi] 

+  f\(-h  h2h3  +  2§l5h23>u6+<-^  h2h3+^h23)- U& 


+  2l  + 


139  .  3.  2  4 


1575  “2 


ho  ) T  ^  +(fh3-^h2“)Dlu 


+  (-ll5h2h3  +  ^h23)T3  U' 

+  <3Th3'Mh22>DlTu3  +  (-ih4  +  lih2h3 

473  v,  3  .  1  ,  n  v  3  .  _16  ,  3  4  2 

Hn  P  )  U  ^  nnr  l*-r»  ^  VI 


3150  “2  5  22 J 


675  “2 


+  <liV  W5  h22)DlT2u2+(-^h4  +  illh2h3 
+  T5h2D2-l  h23)'u2+ilh2  D1V 

32  L  3  5  .  .  ,  8  L  16  ^  2,  ^  _3 


3375 


h2  7  u+<35  V  S  h2  >D1T  u 


L,  _16  .  .  J7«  .  .  _742  .  3  _4  .  n  .  2 

(  105  h4  1155  h2h3  "  1575  h2  15  h2  *V 

+  M  h„  D,2  r  u  +  (-  |  h3  +  X  h22  _  D<>)  Di  u 


30  2  1 

128 


35008  ,  3 .  6 


16 


512  ,  2, 


.  1  •  t/vvvv  ,  u.  u  .  -fcyy  Vi  .  l  n  — 

(  525  h2h3  "  70875  h2  *  35  h3  315  h2  J  D1 

,  ,  32  ,  704  ,  .  3404  u  3  _8 ,  n  .  3 

+  ^“315  h4  +  3465  h2h3  +  ,Amc  h0  -  iKh9  D0)  t 


14175  2  15  2  ‘  2J 


“  5  h2  Di  T  +  ^  5  h3  +  g  h2  +  D2  ^  D1  T 


+  (|k4-?5hShS  +  slh23-^,,2D2+iDl>))  +0«>4> 

(Eq*  concluded  on  following  page) 
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( 


+  W’(T  -  “)  ^  TU-^hjjT^nJ 

„2  r  ,1 ,  3  .  2,  3  ,  6  v  22.  2.  2.8.  144.  2,  2 

+  ^  [“  (7  h3  "  35  h2  'U  ‘<35  **3  '  105  \  }  T  U  "  (  35  **3  "  315  h2  )  T  U 


_7_  h  n  „  /ii  h  288  .  2.3  6  .  n  T  .  .3  .  J.  2 
15  **2  Di  ^35  h3  "  315  h2  J  '  5  h2  D1  ( 7  h3  “  35h2 

.3f  1  ,3  71  ,3  6  ,  14  ,3  2  5  1,2^  5 

+  B  hg  u  +  —  h„  tu  +  rr^  K  t  u  -  tz  K  D,  u 


D2>1 


l  750 


250  “2 


1125  2 


50  “2 


+  2§§5  h23  t3u4  “  55  h22  °i  ™4  +  <  “  i ^  +  TSS 


169 

3150 

104 


3.  4  .  32 


V)u 


3  4  3 


9  4  630  2  3 

2  3 


8 


2025  2 


T  U  -45*2  D1T  U  +  <"63h. 


292 


2  3  32 


llfh2h3-l^  V>TU  +T5h2Dl  U  “ 


.  /  J6.  h  h  h  106  .  3  2  2 

+  ms  h4  +  105  ^2^3  225  h2  ^  T  U  + 


3375 
1 


3  5  2 
.  r  u 


+  <- 


105 

27 


30  h2°l  TU 


4._ZL  4  2.  _  2  128  ,  3  6  ,  .  64 

nin  fln  )  H-J  ^  "  10125  fi2  ^  ^  (  ni  r 


70  3  210  “2 


315  4 


.  704  14008  .  3.  3  .Ann2  A  x  /  22  h 

695  h2h3  "  14175  **2  J  U  15  h2Dl  35  h3 


118 

105 

256 


10125  “2 


h22)  Dlru  +  (f  h,  -  |f|  h2h3  +  h/  -  ^h2D2-  iD,3)  u 
h„3  r7  ♦ 14  h22D1  r5  -  (-  |f|  h4  +  h2h3 


225 


28688  .  3.4  _4_  h  n  2  3  .  .  52  .  .  922  .  2.  _  2 
’  14175  **2  >  T  "15  Vl  T  +  35  **3  +  315  **2  >  D1T 

..80  ,  8338  ,  .  .  1822  .  3  6  .  n  Aln3. 

(63  h4 ' 3465  1575  *2  “  5  h2°2  6  D1  •  T 

+  <-!h2Dl2  +  D3)]  +  0<^> 


(4-148) 
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If  we  differentiate  with  respect  to  u,  we  find  that 


-  *| - 1 - »[ j s' ' «4  4s* A* 

-  *  ii  W* +  <-n S + w  S2'  "2 -  4  S  Di  A 

♦(‘IS  Vl  b28)1'u  +  i  °i2“  -  M  V*1' + H  W’ 

+  *  [( A  V*  -  silo  V*)  “6  +  ( is V*  -  Jo  S*  > 

+  <H  V»* iiW>A4 

7  **3  105  \  ^  D1  <  105  h2h3  '  14175  h2  > 

+  <-  3*  *3  +  m  h22 >  D1  T  u3  +  (-  I  h4  +  m  h2h3  -  !§ll  h23 

"  •  W  “*  +  r"  **  +  <"  A  V  iSs"  h22>  D1tV 

+  <"  £ V +  M  h2h3  '  Ml  h23  -  II  h2°2  >  ™2  +  TO  h2°l2  U' 

-  3P5  h23  r5u  +  ^  +  M  h22>DiA 


,  .  _16_  .  ,_748  ,  . 

105  h4  1155  **2^ 


742  .3  4  ,  _  .  2  17.  ^2 

1575  h2  "  15  h2D2^  U  '  30  h2°l  TU 

v  ..  .  ,  128  u  u  .  34112  t  3.  _6 


+  <■*  ** + m  V +  °2)  diu  +  <■  m  "*  +  wt  Y>  T 

.  ,16h  512.  2,  4  ,  .  32  .  .  2816  . 

+  ^35  h3  ~  315  h2  *  D1  ^  315  h4  3465  h2h3 

10604  ,,3._8|in.323  2  2./  29, 

"  14175  h2  15  h2D2  +  15  h2°l  +  35  **3 

+  319  .  2  n  T. ,2.  25..  .  277.  3 

315  h2  ~  *Y  D1  (  9  h4  "  63  h2h3  1575  h2 


-ih2D2-SiDl3>|  +0<^> 


(Eq«  concluded  on  following  page) 
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►  w  (T  -  u)  U-  i  hj  u3  -  15  V“2  •  15  +  D1  u  +  ll  V3' I V  DXT] 

f  ^  lu  7  h3  ~  70  h2  )  +  Tu  35  **3  "  105  ^2  ^ 

+  A*  <-  A  »3  -  ill  *.')  + “2  4  ^  D1  >  +  A  <-|h3  +  il|h22) 

+  ™(-!h2Dl>  +  D2U  +  T4<Mh3-fff  t22)  +  T2(lih2Dl) 

+  T<-fVBh22-D2>-§Dl2] 

,  03f  1  ,  3  8  1  ,3  7  19  ,  3  2  6  1  ,2  6  14  ,  33  5 

+  ^  1750  h2  375  h2  U  2250  **2  "  50  h2  D1  10125  h2  T  U 

1  ,2  _  5  .  1,  19  ,  .  ,  271  ,  3 .  5 

'  75  ^  D1  TU  ( "  9  h4  “  630  h2h3  15750  h2  >  U 

4  ,344  1  ,2_  24  1  ,  19  .  .  52  ,34 

2025  **2  T  U  ‘  18  h2  D1  T  U  +  63  h4  ”  630  h2h3  1575  h2 'TU 

+  To  W*  -  lifts  h2W  +  T5  h2V3u3  +  (-  315  h4  -  4  V*3 

+  M  h23>  -  15  Vi*™®  +  h3  "  iS  h22>  D1  U' 


32  .  3  6  2  _16_,  .  484  ,  326  ,  3.  3  2 

10125  **2  315  h4  3465  h2h3  14175  h2  J 


+ vA  v  +  <-  M  h3  -  h  h22  >  D1T  u2  +  (-  i  h4 + ii  h2 V  i  Di 

-  3ll  h23  +  B  W  u2  "  lifts  h2Vu  h22Dir5u 


225  2  1 


.  /  64  ,  704  .  ,  14008  ,  3  .  4  2  .  _  2  3 

+  315  h4  +  693  h2h3  “  l4l75  h2  *  T  U  "  5  h2°l  T  U 

26,  412  ,  2.  2  ,4.  2453,,  473 ,  3  3,  _ 

+  35  h3  +  315  *2  )  D1T  U  +  (9  h4  "  3465  h2h3  +  1575^  *  5h2D2 


1  3, 


256  .  3  _8  32  .  2 


+  i  D1  )  TU  +  (-  +  D3)u  +  ^gg  V  T  '  125 h2  D1  T 

+  /+128.  1408.  142  768  h  3.  5  ,  4  n  2  4 

(  315  h4  '  693  h2h3  70875  \  *  15  **2  °1 

*  <fv^h22>  V3  +  <-fth4  +  fiiV3-fifth23 
+  !fh2D2-iDl3)T2  +  (llh2Dl2-D3)T  +  <-!h3  +  llh22 


d2)D1]  +0(/i4) 


(4-111.9) 
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A  useful  check  on  the  coefficients  in  Eqs.  (4-14$)  and  (4"149) 

can  be  obtained  from  the  Wronskian  relation 

dHn  dH- 

W(Hj.  H2)  =  H1  -gjf -H,  -^  =  -21  (4- 


(4-150) 


This  property  is  readily  derived  from  the  Wronskian  for  the  Airy 

functions  .  , .  .  .  , 

dw9(z)  dw.  (z) 

nr  * V  y  _  V  ®  ...  /_\  “  —  n  J  i  . 


W  (wr  w2)  =  W^Z)  — -  w2(z) 
by  using  the  representations 

Hl,2<U-T)=(^)  12w1,2<-’1) 


(4-151 ) 


(4-152a) 


dH12(u,  t) 
*du 


, .  l*L\m  w<  _  I  -**!_  w  (4-1 52b) 

\du]  Wl,2(  m  2  r^i2  wl,2'  m 

[duj 


Let  us  express  Eq.  (4-14-8)  in  the  form 

Hl,2  =  w1,2(t  -  u>  +  5  [Vu-  T>  W1,2<t  '  u>  +  Bn(U'  T>  W1,2(T  -  u>]^”  (^'1S3a) 


and  use  Eq.  (4-149)  in  the  form 
dHi  2(u.  r) 

—  I "  _  /«•  _  n\  ± 


--w1,2(t-“)+  2  [Cn<u' t)w1,2<t-u> 

nal  ,  1  „  (4-1 53b) 

+  Dn(u,  T)  w1^2(t  -  u)l  P 


We  can  show  that  the  coefficients  An,  Bn,  Cn,  and  Dn  have  the 
property 


2  t,/  /$  v.  T),“V  2  V.  ^n  (i  Cn(U,  T)  pn 


(4-154) 


or  and 

n+1  n+1 

S  AjDn-j  =  /-■#  BjCn-j  »  n  > 

J=1  J=1 
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(4-1 55) 


4* 6  Application  to  Bessel  Functions 


An  interest  check  on  the  accuracy  of  the  expansion  given  in  Eq. 
(4-H8)  can  bo  obtained  by  making  use  of  certain  results  for  the 
Hankel  functions  which  were  obtained  by  Schobe  (Ref.  14) •  The 
result  which  we  need  is 

1/3  oo  2m 

“S.V)  ~  - 7ir  (e)  I  <-l>mpm«>(s)3 

m=0 

where  the  argument  of  the  Airy  function  is  ^ 

T(?,kx)  =  f  (-!)“%«)  (il)T 


where 


(v  -  kx) 


P0(t)  =1 
Pl(t) 

P2^  =  126C 
p3(t) 

P4^  =  523 


75 

13  2 

1260  1 
109  *3  1 

56780  900 

.  203743  4  6761  . 

'  PnOAAOAAA  *  '  CAA  * 


523908000 


7276500 


q^t)  =t 
qi<t)  -^t2 

q2*t*  "1^5*  +  140 
_  /  *.  \  _  41  .4  4  , 

q3UJ  "  283500  1  1575  1 

n  6553  .5  1409  .2 

'  327442500 1  1819125  1 


In  order  to  use  Schobe *s  expansion,  we  must  first  observe  that 


the  Hankel  function  '  (kx)  is  a  solution  of 


d2H<1)  (kx)  d  H<lf  (kx)  r 

T 


SH 


(kx)  =  0 


Therefore,  we  can  show  that 

Hy1'  (kx)  =  Pjta  log  (x/a),  (»/a)2] 
where  ^(y^x)  is  a  solution  of 

dV.*>  \  .  .2 _ y.l_  .  . 


i^*  A>  r  2  v  l 

—2 - A  +  k*exp(2j)  F1(y,  X)  =  0 

<iy 


4-4i 


(4-15Y) 


(4-158) 


(4-1 59 ) 
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ii*-*t  -*+A  r-*«i»«rej't  n  wfHWM 


We  start  our  comparison  Schobe*s  expansion  and  our  Eq.  (4-H0)  by 
observing  that  f(y)  =  exp(2y/a)  and  therefore  the  result  that  cor¬ 
responds  to  Eq.  (4-72)  is 

f(y)  =  t0  +  fi(y  +  h2y2  +  hjy 


■"i[ 


12  2 

+^y+i? 


and 


fo  =  1  * 


h2  ~  *  “ 

a  •* 


or 


From  Eq.  (It- ’•76)  we  find  that 

1 


‘  +  h^y^  +• . . ] 
r  y3  +  -^  y4  +  •  •  •] 

(4-160) 

3a3  J 

we  find  that 

.  _  2 

1  a 

(4-161a) 

2  1 
:  — ?  »  h.  =  — t  >  etc. 

3a *  4  3a^ 

(4-161b) 

that  t  is  defined  by 
k2+k4/3  ,2,2/3, 

(4-162a) 

k2  -  (ka)2 

4  (ka/2)4/3 
that 

log(x/a)  =  2  (ka/2)^  log(x/a) 

(h  — 162b ) 

(4-163) 

that 

1  a  1/3  a  2  2/3 
"  ^273  ^2 ^  ~  2  *ka  * 

(4-1 64) 

Therefore,  we  can  express  the  Hankel  function  in  the  form 


hJ^  (kx)  ~  (constant)  F 


1  .  ',) 


(constant)  G^u,  t)  (4"3 65) 


where  Gj^u,  t)  is  defined  by 


-  j  2\ 

Gj(u,  t)  =  Fjfy,  A)  »  F,  /a  log |  ,  iLj 


(4-166) 


where  u  is  defined  by  Eq.  (!(.— 3-63) »  t  is  defined  by  Eq.  (4“l62b), 
and  (3  is  defined  by  Eq.  (ij.— 16i|.)  • 
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Prom  Eq.  (I4.— H3) ,  we  find  that  G^(u, t) 
is  defined  by  Eq.  (4-118)  •  Therefore* 
in  the  form 


=  Vdu/d'r)  w^i-T))  where  t} 
we  can  express  Eq.  (4-165) 


n\  *  9  X/3  An  -  1/2 

H‘  *  <■“>--  7T  (H »  <S>  wi  <-”) 

where  the  choice  of  the  constant  of  the  form 

i  2  1/3 
(constant)  *  -  -j—  <£j ) 

follows  from  the  result 

(!)  t  o  1/3 

Hv  «  ~  ‘  7T  >  wl^  -  u> 

which  is  valid  when  kx  »  1  and  v  *  kx  »  ka. 


(4-167) 


(4-168) 


If  we  compare  Eq.  (ip— 3.6>7 )  with  Eq.  (4-156),  we  see  that  Schobe's 
expansion  leads  to 

*  „  2n 

TJ  =  -  y  (-!) (4-169) 

n=0 

In  order  to  compare  Eq.  (ip— 16>9 )  with  Eq.  (4-116),  we  need  to  ex¬ 
press  the  right  side  of  Eq.  (4-169)  in  terms  of  u,  t,  and  p.  As 
a  preliminary  to  this  step,  we  need  to  express  £  and  (2/kx)  in 
terms  of  u,  t,  and  p.  Since 


x  =  a  exp(y/a)  =  a  exp[pu/a] 


we  find  that 


3X 

<4>x-(£>x«p  (-*>-,*>* 


l-?T+^2  *-T  + 

a 


(4-170) 


The  relationship  of  4  to  a,  t,  and  p  is  somewhat  more  complex.  Prom 
Eq.  (4-156)  we  find  that 

2  -  .2  .  ,kx.4/3  w  2/3 


*  "  *  4  (f )  «  +  (S,  { 


whereas  from  Eq.  (4-162a),  we  have 

2  2  ka  4^3 

>/2  =  (ka)2  +  4  (f )  t 


(4-1 71) 


(4-172) 
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If  we  use  Eq.  (4-"170)#  we  find  that 


(W*  exp  (- jp)  l+|  <H)2/3|  “P  (-  )  2  =  (ka)2  1  +  <l|)2/3tj 

ex»<^>  1+5(K)2/3«e*p(-lr)  -  +  <h>2/3  1 


Therefore 


£  =l(u,  t)  =|  exp  (- /l  +^t  -  exp  (^) 


=  (t-u)+  £  En(u,  t)(|)  (4“173) 

n=l 

where  the  coefficients  E^u,  t)  are  defined  by 
El(u,  t)=-  ±t2+±ta  +  |u2] 

e2(u. ‘)  =  -  At3+|t2u  +  i*“2-is“3] 

E3(u.  t)  =  [-  !  t4  - 1  t3u  -  ±  tV  -  O-  tu3  -  u4] 

e4<“-  •  (i  ‘5 + a ‘4“ +  35tV  +  ife lV + mi ta4  -  wk  "1 

By  the  use  of  Eq.  (4.-1 70)  and  Eq.  (4--173)  in  Eq.  (4--168),  we  have 
verified  the  correctness  of  all  the  coefficients  in  Eq.  (4--H8) 

The  Correctness  of  the  coefficients  in  the  expansion  of  £(0,t) 
given  In  Eq.  (Lp— 1 32)  cai  be  verified  in  a  similar  manner  if  we  use 
an  expansion  for  the  derivative  which  is  in  the  form  of  Eq.  (4-~ 
14-0),  namely. 


~7V  <5>  ~  ’  I1  +  I  B„«>  <H>’  wi  <-f>  (4-1-YU*) 


(4.-1 74-b) 


The  coefficient  C1(^)  was  obtained  by  Scott  (Ref.  15)*  A  search 
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of  the  literature  failed  to  turn  up  further  terms.  Therefore, 
we  have  extended  Schobe's  paper  by  showing  that 

1  6  - 

6300  *  ”  200  f  ’  C2^  =  1575  4  "  1800  "  200  ^3 

B  m  -  239  .3  943  1  1 

B3' '  283500  252000  6000  .  3  • 

41  4  1447  29  1  1  1 

C3^  =  "  283500  *  +  252000  t  +  12000  ^2  +  2000  ^5 

_  ...  53863  ,4  43993  t  79  1  1  1 

-  "  374220000  "  23760000  "  720000  £  8000  t5 

„  6553  .5  260737  x2  1679  1  7  1  5  1 

C4W  =  327442500  1  *  99792000  1  "  1108800  t  20000  ~  80000  7 

Since  we  have  not  carried  out  the  algebraic  details  for  ^(u,t) 
defined  in  Eq.  (I4.-1 3I)  except  for  the  case  u  =  0,  we  are  limited 
to  considering  only  the  expansion  for  £(0,t)  which  was  given  in 
Eq.  (If.— 132) •  For  the  case  of  the  derivative  of  the  Hankel  func¬ 
tion  as  defined  by  Eq.  we  would  need  the  results 


3X 

2 


s-f  v'T^t-i 


i*2  <l>  +i*3  <l>4  +  • 


along  with  the  values  of  h^  which  were  defined  in  Eq.  (I|.-161b). 

Additional  confidence  in  the  correctness  of  the  coefficients  in 
Eq.  (i+— H4.8 )  and  Eq.  (14.-114.9 )  has  been  acquired  by  using  Eq.  (I4.— 170) 
and  Eq.  (if.-173)  in  Schobe's  expansions  for  H^^(kx)  and  ITj  ^'(kx) 
which  are  of  the  form 
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l/3  2/3  4 

«!.V)  -  -  vf  (TS>  *x«)  1  -  (n«><K>  +  (7^o«5+tHo  e2><is> 

a  /*j 


.  / . .283  6  _463  J.  1 

' 9072000  5  226800  5  900  M  kx ' 


+  / _ I _ *10  + 

*311040000 4 


599  f7  26897 
95256000  4  59875200 

8/3  ) 


8316000 'kx 


€)  <£>  + 


1  2  ^  *  122  ^  131  2  ^ ' 

-77  <H>  *i«>  o-W  ><E>  +T?0><ii> 

"  < 1296000  *  +  32400  *  +  6Mo4)<loc) 


+  / _ II—  *8  + 

+  <725  76000  4 


2521  j.5  359  ..2.,  2, 

332  64000 5  346500  6  '  <kP 


04.-175) 


H^  (kx)  ”77(1^)  wi(5)  1  +  (la)  l^4+<]a)  < 7200 ^  '  2520  4  ) 

.  6/3  ««  nnn  0  o  o 


<kx*  <4536000 
o  8/3  t10 


61 _ .6  283  f3 

o ennn  ?  ~  oocann  ’ 


226800 

,,_7 


12600  1 

. _ .4 


+  O  ( 


311040000  381024000  “  5987520 


+  7^(1 a)  W1^)°'(I5)  <60  "  10 


9809£  >  . 

83  16000  ^ 

n  2/3  .3  .  2  141 

'  (kx)  <60  "  T6}  +  <kx^  <3360^  ~  60^ 


"  <kx*  ( 1296000 
o8/3  >9 


,8  181  r5 

4  "  4536000  4 

<n»6  nan 


103  ,2. 
25200  4  ’ 
.3 


.2*'.  £  13£  3821£  947  > 

+  <kx'  <72  57600  ~  887040"  1782000  "  27  72000 ; 


<4-176) 


In  order  to  emphasize  the  generality  of  the  new  expansions 
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A 


described  by  Eq.  (I1.-II4.8)  and  Eq.  (ij.-llj.9),  let  us  observe  that 
the  terms  up  to  and  including  (kx/2)  in  Schobe's  results 
described  by  Eq*  (1j.-175)  and  Eq.  (i|- 176)  are  obtained  from  the 
new  results  by  using  the  following  definitions 


and 


D  =  0  for  all  n 
n 

u  =  0 


X  2  2/3 

*-!<£> 

1  2  2 


hi  —  —■'■a1 

4  3? 


etc. 


( 


* 


9  Numerical  Aspects  of  Employing  These  Expansions 

If  a  numerical  anlyst  were  faced  with  the  problem  of  evaluating 
the  function  F(y,X)  which  satisfies  Eq.  (lj.-l),  he  would  probably 
find  in  Ref.  5  (and  in  the  references  which  have  been  cited  by 
Olver)  a  number  of  methods  which  he  would  prefer  when  they  were 
compared  with  the  expansions  which  we  have  expounded  upon  in  the 
"forty-plus"  pages  of  this  Section.  T^e  author  will  readily  agree 
that  he  himself  tends  to  favor  the  basing  of  future  work  on  more 
computer  work  and  less  algebraic  work.  However,  the  expansions 
in  this  Section  are  the  outgrowths  of  earlier  studies  by  Fock, 
Pekeris,  and  Friedlander.  The  expansions  are  also  very  similar  to 
those  in  the  recent  paper  by  Bremmer  (Ref.  2).  The  author  feels 
that  the  type  of  expansions  which  have  been  the  subject  of  this 
section  have  not  outlived  their  usefulness.  Even  as  the  more 
erudite  methods  become  developed  into  computer  programs  which  are 
"de-bugged"  and  become  operational,  these  expansions  will  continue 
to  provide  some  valuable  checks  and  guidelines. 
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Section  5 


ASYMPTOTIC  EXPANSIONS  FOR  THE  PROPAGATION  CONSTANTS 
AND  THE  NORMALIZATION  INTEGRAL 


5.1  The  Eigenvalue  Problem 

The  eigenvalues  X  or  t  are  defined  in  the  radiowave  propagation 
”  s  s 

problems  by  the  homogeneous  boundary  conditions  (sometimes  refer¬ 
red  to  as  "impedance  boundary  conditions")  which  has  been  given 
above  as  Eq.  (14.-54),  namely 

fdG<“*  V  ...  .  .1  (S-la) 


+  qG(u,t)  =o 
8  J  u  =  0 


We  can  also  write 


8Kfu,  t£ 
9u 


+  q  H(u,  r  )|  =0 

8  Ju  =  0 


(5-lb) 


y  =  o 


(5-ic) 


We  have  found  the  relations  between  X  ,  t  ,  and  t  to  be 

s  s  s 

X  =  k2  f  +  k4/3  f  2/3  t  =  k2  f  +  k4/3  f  2/3  [r  +  V  D  (t  ,  q)  /3n|  (5-2) 

s  o  Is  o  1  s^n's 

n=l 


where 


P  =  k^f^ 

Eqs*  (14.-14®)  and  (4-149)  are  ideally  suited  for  the  determination 

of  the  coefficients  D_(t„  ,q)  for  n  =  1,  2,  and  3. 

Xl  s 


The  case  q  =  00  is  quite  easy.  Since 

H(0,t”)  =  0 


(5-3*) 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


we  find  that  t_  is  defined  by 
s 

wlTg)  =  0  (5-3b) 


Prom  Eq.  (I4.-II4.O),  we  find  that  in  order  to  satisfy  Eq.  (5~3&) 
we  must  have 


»rlV! 

I>2  =  (||t3-li''22»T3-<fh3-Bh22> 

D,  =  (^h4-ii|f|h2h3.|f|i|h23,/-(|>.4-|i|  Vl 


3465 

1336 


1575  2 


h„3)  T 


(5-4a) 

(5-M>) 


( 5-14-0 ) 


-  /256  h 

"  (693  h5 


41984  t  u 
51975  n2n4 


17344  .  2  ^  7521792  ,  2,  41575168  .  4  5 

“  40425  h3  +  5457375  n2  3  81860625  2  ' 


+  (- 


1808 

693 


.  50432  .  u 
10395  h2h4 


19324,  2  8047680  2,  14141280 ,4  2 

“8085  3  “  1091475  n2  n3  + 5457375  n2  ,T 


(5“4d) 


where  all  the  x  are  to  be  assumed  to  be  t  •  The  roots  of 

s 

=  0  (5-5a) 

are  well  known  (See  Section  2).  They  can  be  expressed  in  the  form 

Ts  =  V*P(±W  (5-5b) 

where  ag  denotes  the  roots  of  the  Airy  function 

Ai(-ag)  =  0 

In  Table  2-1  we  have  listed  some  15  decimal  values  which  were  com¬ 
puted  for  the  author  by  G.  F.  Miller  and  P.  H.  Raines  at  the 
National  Physical  Laboratory  (Teddington,  England)  in  1958*  Sherry 
(Ref.  1)  has  obtained  25  decimal  values  for  these  constants. 


For  the  case  q  =  0,  we  must  have 

8H(0,  T°) 

-sr5-"0 


(5-6a) 
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■  r*  'Y-*'**- :*iv* : 


This  leads  to 


W'(T°)  =  0 


(5-6b) 


as  the  condition  which  defines  From  Eq.  we  find 

s 

that  in  order  to  satisfy  Eq.  (5-6)  we  must  have 

D1  =  ^15T  "  5t^  ^2  (5- 

n  .Ju  _48  .  2.  3  ,3.  7.2,  1,2  1  .. 

D2  ^35  s  175  **2  ^  T  "  *5  **3  '  25  h2  *  "  50  \  3  (5" 

T 


n  =  /i£8  ,  11968  .  .  ,  22912  3 ,  A  .  .  448,  A  33308  .  , 

o  '315*4  17325  *2*3  +  70875  *2  'T  +  ^  315  h4  +  17325 


12176  h  3W  -L  h  3  -i  1  u  3  1 
15750  2  '  T  ~  375  °2  2  '  250  *2  5 

T  T 


(5-7a) 
(5- 7b) 


(5-7c) 


where  all  t  are  to  be  taken  to  be  t  •  The  roots  of 

s 

w1,2^ts^  =  0 

are  well  known.  They  can  be  expressed  in  the  form 

Ts  =  PgQxP^i11) 


(5-8a) 


(5-8b) 


where  (3g  denotes  the  roots  of  the  derivative  of  the  Airy  function 

Ai'(-Ps)  =  0 

In  Table  2-2  we  list  the  1 5  decimal  values  by  Miller  and  Haines. 
Values  which  are  given  to  25  decimals  have  been  obtained  by 
Sherry (Ref,  1). 

For  the  case  of  arbitrary  q,  we  can  use  Eq.  (i|.-153a)  and  Eq.  (ij-153b) 
to  express  Eq.  (5-lb)  in  the  form 

'  W?(TS)  +  K(°*  V  W(TS)  +  ^ 

n=l 

+  qw(Tg)  +q  £  |aq(0,  tb)  w(V+Bn(0,  VW'(V]  /3*  =  0  (5-9) 

n=l 1 


Since  the  coefficient  of  each  power  of  (3  must  vanish,  we  find 

that  -c  must  be  defined  by 
s  * 
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tr>rv»ikW  ri-v.Tf 


wf{ra)  -qw(T  )  =  0 


(5-10) 


We  can  use  Eq.  (5-1-0)  to  express  the  coefficient  of  pn  in  Eq. 
(5-9)  in  the  form 


1  k(0.  t8)  +  q  Bn(0.  Ts)j  +  [cn(0.  rs)  +  q  Bn  (0,  tb)J  =0  (S-ll) 

For  n  =  1,  Eq*  (5-11)  takes  the  form 

0  - ^ V  +  “[- B V2  +  DiJ  | +  ([b v3  b  V  v] +  «[- B v]  - 0  (5‘12) 

We  can  solve  Eq.  (5-1 2)  for  and  find  that 

**2  L_2  3  +  4  r  a  1 


D  _  3  [8t2  -  3  +  4  J-£L 

D1  is  8T  2 

r  -  q 


(5-13) 


For  n  =  c.t  Eq*  (5-H)  takes  the  form 


32  ,2  5  8  ,  _  3  ,  .  4,  .86,  2.  2  1^2  1  .  ' 

q  225 h2  T  15h2DlT  <“  35h3  315h2  >  T  "  2  D1  T  "  3  h2Dl 

1 


+  «[-<ih3-|Bh22)T3-!W  +  <fh3-Bh22  +  D2>]} 

+  j  r“  <B  “s  -  HI  h22>  +  T*  <ff  W  +  T  <-  !  »3  +Bh22  -  °2>  -  lDl2] 

+  « - B W3+<- B  Vl» 22)  t2 4  “A  - Bh2Di|)  ' »  •  (S-H) 


If  we  combine  the  similar  terms  in  Eq.  (5-14)  we  find  that  D 2 
is  given  by 

(T-,2)D2  =  (r-q2)T3  (^h3-|||h22)+||h2D1T2  +  (-|h3^h22)r 

'  I  Di2  +  <•  [(- +  B  h22>  t2  -  Bh2Di] +  «2  [- !  h2Dl  T 

+  (7h3'^h22)]  ': 


(5-15) 


If  we  use  Eq*  (5-13)*  we  can  eliminate  from  Eq*  (5"15)  to 
obtain  the  form 
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{ 


9 


T-q 


.  2.2  T  .  2.  3.16,  288  .  2.  16,  2  4  14  .  2  _2,3+4Tq  , 

(T  -  q  )  D2  -  (T  -  q  )  T  (35  **3  "  315  \  )  +  25  h2  T  "  225h2  T  (  _  j) 

,  _  ,  3.  ,J7.  2i  1  h  2  .3  + 4Tq  .2 

T  (~  5  h3  15  **2  450  h2  (  2  * 

r  -  q 

f/  8.  .  328  ,2.2  7  ,  2  (3  +  4rtl  . 

q  P“  1575  h2  J  T  225  h2  (  2  > 

i  t  -  q 

2\  16.  2  3  .3,  9.2.  2,2. 3+4rq .1 

+  ql'25h2T  +<^3-35h2)  +  25h2T<^2  >] 


(5-16) 


For  n  =  3,  Eq«  (5-H)  takes  the  form 

34112  .  34  _6  .  ,16  v  512  .  2 


/  I2®!,  h 

(“  525  *^3 


2816  .  ,  J.VVV*  d  U  -p*  v  _ U  ACT  1_  §  y 

3465  ^2^3  "  14175  h2  +  l5  W  T  +15h2DlT  35h3 


,  319  l  2  n  ,  2  .  25  .  v  . 

315  h2  "D2)D1T  (9h4'63h2h3  1575 


4  .  ,  32 

f! 

3  .  23  ,  ^  2_2  .  ,  29. 
15  h: 

277 


70875  h2  >  *’  +  «  V  TO  V>  °1T  +  <"  #  h4 
10604  ,3  8 


h23-KviDi3>] 

^  [■  Jfg  »23  +  «i8  VlSF  V*  -  fllll 

- 4  V?**  +<-Ih3+iih22>  D1A<1  h4  -  Ht  V3 


.  142768  .  3,  _5 
+  n„  )  T 


A  1822  ,  3  6  .  .  1  n  3.  .  .  2,  2J_n  .  1 1 

1575  h2  “  5  h2°2  6  D1  J  T  3  Vl 

[  256  .  3  8  _32  ,  2_  6  ,  .^  128.  1408  ,, 

[10125  2  *  225  2  "lT  1  315  n4  "  693  n2n3  T  70875  “2 

+  llh2  D1V  +  <TV  Mr  h22>  D1T*  +  '+lff  h2h3  -  fH  »23  -  ih4 

+  i  ¥>2  -  ?  Dl3>  +  <15  h2Dl2  -D3»T  +  <-!h3+Hh22- D2>  Dl] 


,128.. 

^  l<525  Va  ’ 


35008,  3.  6  ,  16,  .512,  2.  4..  32, 

ho  )*  +  (' 75  hi  +  TiT  ho  )D,t  +(-aiRh 


704 


70875  2 
3404  .  3  8 


35  “3  315  2 

.3  7 


2  2 


315  “4 

lv  2 


^  3465h2h3  "  OT»  Y  -  itW  T  -  Z  h2Dl  T  +  <1  h3  +l  V 
+  »a)  Dl  '  +  <|  »4  -  *f  »2h3  +SSh23  -  ♦?  Dl3)|  “  0 


(5-17) 


If  we  solve  for  D^,  and  combine  similar  terms,  we  find  that 
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I 


{ 


i 

$ 


#  2.  _  256  .  3  8  _32  .  2n  6  , 128 .  _  1408.  h 

(T  -  q  )  Dg  -  T  -  225h2DlT  +^315h4  693  h2h3 


.  142768 3V  _5 
+  ~70875"h2  )T 


+  q 


‘3 

+  ^h2Dl2  ^  +  <Th3  -  ^h22>  V3  +  <-  T5  h4  +  Iff  h2h3 

-  ITO  V  +  S  V*  "  W  >  ^  +  S  WT  *  <-  f  h3  +  T5] -  D2>D1 

128  u  3  6  _64.  .704,  ,  14008  .  3  3  _2_,  D  2  2 

"loTiS1^  T  (‘315h4  693  h2h3  14175  h2  )T  15  “2U1 

,  22  .  354  .  2,  ^.4.  223  .  .  .473  ,  3  J_ .  n  ln3] 

+  <“  35  h3  +  1575h2  >  T  +  <9  h4  '  315  1575h2  "  15h2D2  6D1  *] 


♦ 


256  .  3  7 
10125  n2 


♦JK2d 


t51(  128  . 

LT  315  h4 


1408,  . 
693  n2n3 


28688  .  3 
14175  n2 


_4 

15 


.  r»  2  3  .  52  .  .  922  u 

h2Dl  T  +  35  h3  315  h2 


2>V2  +  <Ih4 


8338  .  , 
3465  n2n3 


+ 


1822  .  3 
1575  **2 


!h2D2+5 


Dl3>  T -Ih2 


(5-18) 


4 


Because  of  the  complexity  of  Eq.  (5-18)  in  its  present  form,  we 
have  not  used  Eq.  (5-1 3)  and  Eq.  (5-16)  to  eliminate  D1  and  D2> 
The  algebra  has  become  so  tedious  that  we  have  not  attempted  to 
obtain  excopt  for  the  q  =  oo  (See.Eq.  (5—ij-d.)  • 


5*2  Another  Expansion  for  Xg 


The  expansions  for  r  (qj  given  in  Eq,  (2-21)  and  Eq.  (2-22)  can 
be  used  in  Eq.  (5“l3)»  Eq.  (5-16),  and  Eq.  ($-18 )  to  obtain  re¬ 
presentations  for  the  solutions  of  Eq.  (5“lc)  in  the  form 


or 


Xfl  =  k2f0  +  k4/3fx2/3 


X  =k2f  +k4/3f  2/3 
so  l 


n=l 


OO 

Ts  + 


«  1  .  „n 


n=l 


(5-19) 


(5-20) 


where  the  coefficients  Pn(r°,  |[)  and  Q^t*  ,  ^ )  are  of  the  form 


) 
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fiSfcjSKSfc'sSSK  <i-  ive  ■  ■ 


( 


oo  m 

n  /T°\  /Hi 


Pn<Ts  •  f  >  "  DX’  °>  +  X  am  (V  {P 


m=l 

00 


00  1  OO  T— »  .  n  .  *.  1 

Vs  *  q/? *  =  Vs  ’  00)  +  J  bm  (Ts  *  }  ,m 

m=l 


(5-21) 


(5-22) 


where  Dn(Ts»  0)  is  given  by  Eq.  (£-7)  and  Dn(Ts»°°)  is  given  by 
Eq.  (5-4) • 


It  is  perhaps  more  convenient  to  determine  pn(T°,  ^)  and  q^t*,  j^) 
by  expressing  the  boundary  condition  in  the  form 


( 


—£i"Tj  +  ft  Q  H  (0,  t)  =  0  ,  q  =  0Q 


when  q  is  small,  and  in  the  form 

h(o,  t)  4-  ffp  QHlQiJ:)-  =0 

when  q  is  large* 


r*p 


(5-23) 


(5-24) 


For  the  case  of  small  q,  Eq.  (5-23)  leads  to 

w'(t°)  =0 

^(0,  r°)+Q  =  0 

c2(°.  r°)  +QA1(0,  r°)  =  0 

Vl<°’O+QAn<°’Ts>  =  0  ’  n  "  1 

where  the  Cn(u,Tr)  and  ^(ujx)  are  defined  in  Eq.  (4— 1 53) • 
Eq.  (5-25)  we  find  that 

V’  Q)  =  (i5T  _57)h2+?" 

„  .  ,16,  J8  ,  2.3  .3,  _7,  2,  J..2  J.  ,4,  Q 

V*  Q)  -  (35  ^  "  175  *2  J  T  "  (5  **3  “  25h2  *  "  50  **2  T3  5  h2Q 

4l  a  .1  ai 

+  5  “2  3  2  3 

T  T 

5-7 


(5-25a) 

(5-25b) 

(5-25o) 

(5-25d) 

From 

(5-26a) 


(5-26b) 
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iM?  *** 


n  i  .128,  11968.  .  22912 .  3.4.  448  .  .  38308  u  ». 

p3(T,  Q)  -  (315  \  -  17325  70875  h2  J  T  315  h4  17325 


12176.  3.  1.31  1.31 

"  15750  n2  '  T  "  375  °2  ^  "  250  °2  T5 

272  h  2t  .  8.  _  .  _1  .  2_1  .  _3  .  2  _l] 
+  Q  ["  315  **2  T  7  V  25  h2  t2  +  50  ^2  T5J 

+«2[-?h27-il1,2  7] +  q3[5  7  +  5  7] 

For  the  case  of  large  q,  Eq.  (5“2lj.)  leads  to 

w(r“ )  =  0 

B^O,  t“)-  P  =  0 

b2(°.  V  +  pd^o,  t“)=0 

Bn+i(°‘Tr)+pDn<o-Tr>=o  •  n21 


(5-26c) 


(5-2 7a) 

(5-27b) 

(5-27c) 

(5-27d) 


where  the  Bn(u,T)  and  Dn(vi,T)  are  defined  by  Eq.  (I4.— •  From 
Eq.  (5-27),  we  find  that 


p>=bV2  +  p 

V.p)  =  <Mh3-^1'22>T3-(fh3-nh22>+!h2TP 

V-  P>  =  (Mi  h4  -  li  ^  +  its  ^ )  t4  -  (1  h4  -  H  ^ 
+MIS  »23> T + <1  *>3  -  §  h22)  t2  p + "8 p2  +i  p3 


(5-26a) 

(5 -28b) 


(5-28o) 


Some  unpublished  work  of  the  present  author  can  be  used  as  a 
numerical  chock  on  the  coefficients  in  Eq.  (5-26).  It  has  been 


shown  that  the  roots  v_  of  the  Hankel  function  combination 

s 

H*,1’2*'  (ka)+(||)Z  Hj,1>2)<ka)  =  0 
s  s 


(5-29) 


The  reader  is  cautioned  to  avoid  confusing  the  Dn(T>q)  defined 
by  Eq.  (5-2)  with  the  Dn(u,n:)  defined  by  Eq.  (4-153)»  The  context 
in  which  those  functions  are  used  should  provide  the  means  to 
distinguish  between  them. 
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.) 


can  be  expressed  in  the  form 


ul^3!/  J-rM  ±lw7/li  Ax  7AI  Axl 

+  W  1400  T  50"  200  3>  +  Z  <10  TJ  "  10* "  ^  (2  31 

*■  T  T  T  J 

+  ,^.,6/3  f,_m_  r«  6ii  _ i _ l  __i _ l. 

+  'ka'  r 4536000  T  126000  T  3000  2  2000  5' 

L  T  T 


where 


281 

'4536000 


,  7  ,  41  _  ,  1  1  ,3  1  '  72  J,  _1_  ,  JLJL, 
+  '2520  T  100  2 +  200  5'  **  'l0  2  +20  5; 

T  T  T  T 

,  3.1  1.1  1  ,1 

+  z  ^  3  2  2  5M 

T  T  J 


+  <*>  (- 


73769 

10478160000 


56299 

24948000 


1679  1 

1108800  t 


120000  4  16000  7 

T  r 


Ax  4.  7  /_  97  2  803  1 

32400  "  42000  t 


.  _A_  A  +  A.  Ax  .  z2  ,  2017  l  _  J7_  A _  A  Ax 

+  3000  4  +  400  7'+*  '25200  T  200  4  80  7' 
T  T  T  T 

+  z3  ,11  IJU  Ax  +  Z4  /_  _7  A_  5  Axl 
Z  '  90  T  30  4  4  7)  +  Z  (  12  4  8  7> 

T  T  T  T  J 


T  =  TS  =  ^s  exp  (±i7r/3) 


(5-30) 


(5-3D 


where  the  +  sign  is  used  with  H  (ka)  and  the  -  sign  with  h'  (ka)# 
p  v  V 

If  we  express  v_  in  the  form 


fvs\2  O  2/3  o  *  n  O  2n/3i 

(e)  - 1  +  <E>  tb  +  I  En  z>  <K> 

n=l 


(5-32) 


we  find  that 


1  1 


^-15o-255^  +  E'l5i+f)-^ 

t  t  2r 


(5-33a) 

(5-33b) 
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_  .  16  4  34  1  1  1  i  ■  „  ,  O  .  X  X 

t3(T.  *)  “  “  70875  7875  “  3000  2  "  2000  ,5  *  K~  315  100  2 

T  T  T 

3  1,  „2  .  1  1  .  _3  _1Y  .  ,3.1  _1  .1  _1.  /h  „  > 

+  200  5^  "  Z  ^10  2+  20  5*  +  Z*3  2+2_5^  (5"33o) 

T  T  T  T  T 

F  (T  z,  _  1472  5  859  y2  53_„  1 - 21 _ 1 _ L_  _L 

E4(t,  Zi)  81860625  24948000  173250  T  360000  t4  16000  T7 

*7,_LT2+_LI  +  JLL  +  _Llu72/.-2Li 

+  Z(2025  T  1750  t  3000  4  +  400  7)+Z  '  1575  T  15  33d) 

T  T 

JL  _L  _  JL  _L\  +  z3/-2  i+-I_L 

"  200  t4  80  t7'  +  ^  '45  t  +  30  t4  +  4  t7'  +  ^  '  12  ^  8 

Lot  us  recall  [from  Eq.  (4“l6lb)  and  Eq.  (4-164)]  that  for  the 
Hankel  functions 

_  o  2/3  ,  2  1 

^  =  <2)(toi)  *  b2=i*  h3=r2*  h4  =  3  * 


11  11 


1  1 


If  we  let 


Q  =  (;)Z 


we  find  that  we  can  check  the  numerical  coefficients  in  Eq.  (5~ 26) 
by  a  comparison  with  Eq.  (5-33)  since 


<§)  P„(T,  Q)=En(T,2<S) 


(5-34) 


We  have  also  shown  that  the  roots  \jg  defined  by 

H<1,2)  (ka)  +  (i|)1/3r  H<1,2)  (ka)  =  0 
s  s 

can  be  represented  by  an  asymptotic  expansion  of  the  form 

vs=kl  +  <t  >1/3|t  +  <e>2/3[^  t2  +  f]+ <h>4/3[-  im -  m  ♦£ Tr] 


(5-35) 


where 


A,'  281  4  29  JL_  2r.lr2 

'ka'  4536000  T  12600  T  "  360  T  1  4  1 


|t  r3]  +  .  .  . 


t  =  tg  =  ag  exp  (±  i  ir/3) 


(5-36) 


(5-37) 


LOCKHEED  MISSILES  8t  SPACE  COMPANY 


we  find  that 

F1<T’  r>  =Bj2  +  r  (5-39a) 

F2^t*  r)  =  526  T  ”  140  +  3  T  r  (5~39b) 

F3<T*  r)  =  *  70875  T  ~  1575  T  +  45T  r  +  4r  +  3tF  (5"39c) 

If  we  set 

p  =  (|)r 

we  can  use  the  relation 

(§)  ~  (5-4o) 


to  obtain  a  method  of  verifying  the  accuracy  of  the  coefficients 
in  Eq.  (5-28). 

5#  3  The  Turning  Points 

In  the  studies  by  Pekeris  (Ref.  2),  Imai  (Refs.  3  and  4)  ,  Brem- 
mer  (Ref.  5)  and  other  authors,  one  needs  the  values  of  the  turn¬ 
ing  point  y.j_  defined  by  Eq#  (4-24),  namely 

*a  +  k2f(yi)  =  k2(iia  +  f(yi)]  =  0  (5-41) 

If  we  recall  the  steps  which  we  took  in  Eqs.  (Lp— YU-)  through  (Ip- 77), 
we  see  that  we  can  define 

y*  =  pu±  =  [k^f1^]-’1u1  (5-42) 

where  u^  is  defined  by 

-ta  +  ^  +  (Sh.,^2  +  p2^3  +  +  ...  =0 

If  we  invert  this  expression,  we  find  that 

5-H 
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i/witsmmmimmmmmm* 


«l=v  »\  ‘82  -  02  (V  2h22>  l83  -  ^  0*4  -  sh2h3  +  5h23>  ‘s4 

-  ?4  (h5  -  6h2h4  -  3hg2  +  illfa  -  lttj4)  t85  +  0(PS) 


Prom  Eq.  (5*2)  and  Eq.  (5“i3)#  we  obtain  the  result 


W^lB 


8r 


2  3  +  4  q  t 


Therefore,  we  find  that 
n1=pra-p\ 


Ta-q 


3  +  4q  T 


#  +0<*> 


if  2  3+4 

4  7Ts  +  — 

Ts~ 


8  1  +0(/33) 


For  q  =  0,  we  can  use  the  results  in  Eq.  (5-7)  to  show  that 


u,  =/3 


P  Bh2T2+^rh2]'^2[(iih3'llih22)T3  +  (5,l3"25h2  > 


1,2.  1 1  .3  [,187.  31097.,  85943.  3  4 

50h2  >  “3  ~P  (315  h4  "  17325  V3  70875  n2  '  T 

T 


.  ,448  64493  t  L  .  36536  t  3,  _  .  17  u  3  1  ,  _L  ».  3  ±] 

+  <H5  h4  “  17325  h2h3  +  15750  b2  )T  +  750ft2  f2+  250  n2  T5j 


+  o(04) 


where  all  a  are  to  be  taken  to  be 

s 


For  q  =  oo,  we  can  use  the  results  in  Eq.  (5-4)  to  show  that 


n—o  T  X,  h  t9  R  R^  f  h  346  ,  2 .  3  .3  .  9,2, 

\  P  15h2  P~P  |^35h3"  525  h2  *  +  *7  h3  "  35^  * 


-P 


>[,187. 

(315h4" 


J  f/i37 

[(693 


17325 

.  2146  .  3, 
1575  h2  )  7 


31097  h  h  4.  85943  ,  3 .  4  .  80  ,  9526  ,  , 

W  70875  h2  >  T  (63  h4  '  3465  h2h3 


i.  116746  u  u  .  194059  L  2  200019867  ,  2, 

5  "  51975  n2n4  +  40425  °3  "  5457375  *2  *3 


2084790958  ,  4  .  5  .  ,1808 


81860625 
1532  7645  .  2 


v> T  +  <■ 


- 


76832 


h«h.  - 


29719.  2 


693  5  "  10395  U2U4  "8085  n3 


_ .  *.  30322830  .  4,  2 

1091475  2  3  "  54573  '5  fl2  '  7 


!J  +  O 


(05> 


where  all  t  are  to  be  taken  to  be  t  . 

s 
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(5-43) 

(5-44) 

(5-45) 

(5-46) 


(5-47) 


5*4  The  Propagation  Constants 

In  many  applications  we  need  representations  for  y/\~ •  For  ex- 

(11  3 

ample,  in  the  case  of  the  Hankel  functions  Hv  '  (ka)  we  defined 


^  =  (v/a)' 


(5-48) 


in  Eq*  (4-162a).  In  order  to  treat  those  problems  it  will  be 
convenient  to  define 


\  —  K 


(5-49) 


lrfe  will  call  k  the  propagation  constant.  It  will  also  be  conveni¬ 
ent  to  define 

_  _  2  /  !-»  riA\ 


fo=  no 

and  call  nQ  the  index  of  refraction  at  y  =*  0. 
We  can  then  express  Eq*  (5-2)  in  the  form 


(5-50) 


‘b2  -  <kno>2  +  k4/3  fl2/3  tb  +  k4/3  fl2/3  f  V.'  «>  P 


If  we  assume  that  Kgcan  be  expressed  in  the  form 


1-1/3  -  2/3 
1  1 

Ks  =  kno  +  2  n - 

o 


2 


(S-S2, 


we  can  show  that 


+|n2  +  ~±-  2t  Nj  n2  +|n3+^-  (2t  n2  +  Nj2)  p3+.  .  .  (5-S3) 


Therefore,  we  find  that 


Nl(T»  q)  -  D^t,  q)  -  t2 

o 

h 

N2(t,  q)  =  D2(t,  q)  "  4f  2t  N^t,  q) 

o 

N3(t,  q)  =  D3(t,  q)  -  -±-  |2t  N2(r,  q)  +  N^r,  q)j 


(5-54a) 


(5-548) 


(5-54c) 
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The  expansions  for  ve  which  are  given  in  Eq.  (5"30)  and  Eq.  (5”36^ 

s 

can  be  used  to  verify  the  correctness  of  the  coefficients  in  Eq. 

(5-54). 

5*5  The  Characteristic  Wave  Numbers 


Up  to  this  point,  we  have  always  considered  k  to  be  known  and  we 

have  sought  to  determine  the  eigenvalues  X  ,  However,  in  pulse 

diffraction  problems  we  encounter  the  case  in  which  X  is  known 

and  we  must  find  the  characteristic  wave  numbers  k  for  which 

s 

either 


F(0,X)  =  0 


[dF(y,X)/dy]  0  =  0 


(5-55a) 


(5“55b) 


The  more  general  problem 

[dF/dy  +  i  ks  Z  Fjy_0  =  0  (5-55c) 

will  not  be  considered  because  the  impedance  Z  is  usually  a 

function  of  k_. 

s 

We  can  determine  k  for  the  Dirichlet  problem  defined  by  Eq,  (5"55a) 

S 

by  using  Eq.  (5-2)  with  Dn  defined  by  Eq.  (5“4)»  Let  us  consider 
Eq.  (5-2)  as  the  definition  of  a  relation  between  X  and  k  which 
makes  F(y,X)  vanish  for  y  =  0.  We  can  then  define  the  character¬ 
istic  wave  numbers  k  by  means  of  Eq.  (5-2)  which  we  write  in  the 

s 

form 


*  *  k„2  f0  ♦  ks4/3  fi2/3  Ts  +  Di<V  ks2/3  fi1/3  +  2  Ws, 3  fl  3  (5-56) 


2/3  ,  1/3 


4-2n  2-n 
3  ,  3 


If  we  seek  a  representation  for  kg  of  the  form 

9/o  _  2^n  4-2n 

fo  ks2  ■ k  -  h2\  <r>  +2Fn(Ts>fi3  <r> 3 

0  n-1  « 


(5-57) 


wo  can  determine  P (t  )  by  inserting  Eq*  (5-57)  in  Eq*  (5-56)  and 

n  s 
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isstj-  11 1,111  * 


equate  the  coefficients  of  X  on  each  side  of  the  equation. 


The  above  suggestion  leads  to  an  expansion  for  k_  whereas  in 

s 

praot4.ee  we  generally  want  k  •  However,  if  we  express  k  in  the 

S  8 


form 


2-n  l-2n 
3  ,  A  v  6 


ks  =  JF  -W  <1/3  Ts  <f>  +  t  Mn<Ts>  fl3  (f7»  6  (S-S8) 

A  A  A  (1 


and  use  this  in  Eq.  (5-56)  we  can  relate  the  M^t^)  to  the  Dn(^3)« 


For  the  special  case  of  the  kg  defined  by  the  Hankel  function 
combination 


H<ll2)'<Vi  '  I  H?,a>  (V>  “ 0 


(5-59) 


we  have  shown  that 

„  1/3  2  1/3  3/3  5/3 

V  -  *  -  <2)  T  +  <p)  R^T,  Z)  +  (^)  R2(t,  Z)  +  (f)  R3(t,  Z) 

o  7/3 


+  Q  R4(t,  Z) 


(5-60) 


where 


V*  Z)=  +  %  +^7-7  v 

R  ,T  Zx-+-JL _ L  +  JL_L  7(11  JLv  .  1  z? 

n2<T,  ^  ♦  1400  50  +  200  3  4  '  10  3  "  10'  2  3 

T  T  T 

r  /T  i\  —  _  479  4  _  509  1  1 .  1  1  7  /  11  _  ,  1  1 

3*  ’  504000  T  126000  T  3000  2  2000  5  ~  Z  (~  280  100  2 

T  T  T 

+  _1_  JL\  _  z2  ,.11.1  J_v  _  73  .1  JL  .1  1, 

200  5'  4  '  10  2  20  5'  4  '3  2  +  2  5' 

T  T  T  T  T 

D  _  20231  _5  20879  _2  2006  1  .  7  1 

4't>  '  ~  129360000  ~  24948000  "  11088000  T  120000  4 

T 


(5-61a) 

(5-6lb) 


■  5  1  5  2  819  .2  ,  391  1  .  28  1 

80000  7  41  '  226800  126000  126000  T  12000  4 


(5-61 c) 


,  _1 _ 1  y 2  .  783  21  1  111  J_.  _3  ,_1  1  .  JL. 

don  7  *  '  25200  ”  600  4  "  400  7'  '  4  <10  T  10  4 

T  T  T 


400  7 

T 


+  l  +  _Lv  .  Z4,_1_L  .  5  _± 

+  4+  7)  +  z  (12  4  +  8  ?) 

T  T  T 


(5-61d) 
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HDKWm*  !mc-.*3:*?rms±i*±>--^'*-~ 


In  these  results,  t  is  defined  as  in  Eq*  (5“3D» 

The  coefficients  ^(^,0),  R2(,t#0),  and  R^(x,0)  have  been  previous¬ 
ly  given  by  Olver  [See  Eq.  9*6  of  Ref*  6],  The  coefficients 
R R2(t,-1A),  and  R^(t,-1A)  have  been  previously  ob¬ 
tained  by  Hiller  (G*F, )  and  Olver  [See  Eq.  0*39)  of  Ref,  7]» 

For  the  case  Z  =  <»  when  k  is  defined  by 

s 

Hv1,2)  (ksa)  =  0  (5-62) 

we  have  shown  that  k_  can  be  represented  by  an  expansion  of  the 

s 

form  of  Eq«  (5-60)  in  which  -r  is  defined  by  Eq*  (5- 37)  and 


B^r, 

,  3  2 

°°>  =  20  T 

(5-63a) 

B2<t* 

X  1  J  j.  1 

1400  140 

(5-6 3b) 

B3<t* 

479  4  1 

504000  12600 

(5-63c) 

B4(t, 

20231  5  551 

"  "  129360000  1293600 

(5— 63d) 

These  coefficients  were  previosuly  obtained  by  Olver  (Ref,  6), 

These  expansions  for  k  can  be  used  to  extend  the  treatment  of 

s 

pulse  diffraction  by  a  sphere  which  was  recently  the  subject  of 
a  paper  by  Weston  (Ref.  8),  Weston  derived  the  coefficients 
Bi  k8,«)  and  (t;^,  1/4) .  The  cases  Z  =  °o  and  Z  =  1/4  were  of 
interest  to  Weston  because  he  sought  to  obtain  rosults  lor  pulse 
diffraction  problems  by  expressing  the  results  in  the  form 

m 

U(t)  =  ~  f  A(k)  u(k)  exp(-i  k  c  t)  dk  (5**64) 

where  c  denotes  the  velocity  of  propagation,  A(k)  denotes  the 
frequency  spectrum,  and  u(k)  denotes  the  solution  of  the  boundary 
value  problem  for  an  expK-ikct)  =  exp(-iwt)  time  dependence*  For 
the  case  of  the  plane  wave 

§1=  x  exp[-ik(z  +  ct)]  (5-65) 

illuminating  a  perfectly  conducting  sphere  of  radius  a,  the 
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secondary  field  is  given  by 


.  «o  ip  '(ka) 

Is  w  =k  2  «^T)  ("i>n  M)'~  curl  curl  [s  ^W)  picos  0) cos  *1 
n=l  cn  (ka) 


^n(ka) 

+  -rrr -  curl 

^(ka) 


[i  Pn  (cos  sin  $]  J 


(5-66) 


where  the  Riccati  Bessel  functions  are  defined  by 
»/x)  =  x Jn(x)  =  ^  J  1(X) 

It 

‘  X  hn,x)  =  Jf  H«  I(x) 


(5-67a) 


(5-6 7b) 


When  Eq#  (5-66)  is  used  in  Eq#  (5-614.),  one  finds  that  U(t)  can  be 
evaluated  in  the  form  of  a  series  of  residues  derived  from  the 


zeros  ks  of  the  functions 


C\/2<kaa>  =  J¥  Htl)V)  =  0 

£l/2<k.a>  =  /P"  +  SmT  «!>/>] =0 


(5-68a) 

(5-68b) 


The  roots  ks  of  Eq#  (f>-68a)  depend  upon  the  coefficients 
given  in  Eq#  (5-63)  The  roots  k  of  Eq#  (5-68b)  depend  upon  the 

A  S 

coefficients  B  (t*, i/lj.)  which  can  be  derived  from  Eq#  (5”6l)#  The 
rx  *  s 

explicit  form  for  the  solution  of  Eq#  (5”68b)  is 

v  2  3  2  3  1  2  19  1 

ksa  =  l/'<2)  T  +  (20T  "  20  T*  +  ( 1400  +  200  +  800  ~3> 

T 

,  .2  5/3  479  4  1457  9  1  27  1 

V  r  504000  252000  T  "  8000  2  “  16000  5; 

T  T 


20231  _5  .  3287 


12801  1  .  4567  1 


.  <“  V  i  W  IMW  I  •<  MW*  ,  TUU I  X 

1  v }  '  ”  129360000  T  49896000  '  22176000  r  1920000  4 

T 

19605  _1_. 

1280000  7> 

T 


(5-69) 


In  acoustic  diffraction  problems  involving  a  rigid  sphere  of  radius 
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a,  we  find  that  the  secondary  field  is  of  the  form 


V*  n  (ka)  m 

us(k)  =-  2  <2n  +  X>  <’i>  3v7T  hn  ^  Pn(cos  *> 


n=0 


h^V) 


n' 


(5-70) 


where  the  spherical  Bessel  functions  are  defined  in  Eq.  (5-67) • 

If  we  seek  to  study  a  pulse  diffraction  problem  for  this  case 

we  find  that  k  is  defined  by 
s  " 

V.a)  =  [h^V,.)  -  -  0  ( 5-71 1 


We  observe  that  this  case  requires  the  coefficients  Bn(xg, -1  /I4.) 
which  can  be  derived  from  Eq.  (5“6D.  The  explicit  form  for 

the  solution  for  this  case  is 
1/3 


1  _  ,2.1/3.3  2  7  1.  .2  ”'  ” ,_l2_  9  ,49  1, 

ksa-J,"(2^  T+(y)  <20  T  20  r*  ( 1400  "  200  800  t3) 

t/2.5/3  479  4  499  _  ,  343  _2  343  1 

+  V  504000  T  “  36000 T  24000  T  16000  5* 

T 


,2.s/3.  r2 


*(5> 


7/3 


(- 


20231 

129360000 


36000  *  24000 

5  86803 


49896000 


T2  + 


90907  1 

22176000  T 


12807 

1920000  4 
T 


)  + 


(5-72) 


Similar  asymptotic  expansions  for  the  characteristic  frequencies 

k  can  be  found  from  Eq.  (5“52)  for  diffraction  problems  involving 
s 

circular  cylinders,  elliptic  cylinders,  parabolic  cylinders,  el¬ 
lipsoids  of  revolution,  and  paraboloids  of  revolution. 

Before  we  conclude  this  discussion,  we  should  emphasize  the  fact 
that  those  results  are  useful  also  in  the  extension  of  01ver*s 
studies  (Ref.  7)  of  the  zeros  of  Bessel  functions.  For  example, 
if  we  replace  Eq.  (5“59)  by 


V«*.>+<h>zW°  (5‘73) 

we  can  use  Eq.  (5-60)  and  Eq.  (5-61 )  to  Solve  for  xg  by  letting 
x  =  B  •  where  Ai'  (-3  )  =  0.  If  we  consider  the  Neumann  functions 
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Y  (x)  [somotimos  denoted  by  N  (x)l  and  seek  to  solve  for  x„ 
v  y  s 

defined  by 

+  w» 


V  '  s’ 


(5-74) 


we  again  use  Eq.  (5-60)  and  Eq.  (5-61),  but  now  we  must  let 

t  =  60  (5-75) 


where  6g  denotes  the  roots  of 
Bi' (-6g )  =  0 


(5-76) 


Tables  of  these  roots  have  been  prepared  by  Miller  (Ref.  9)  and 
Olver  IRef.  7). 

5«6  The  Normalization  integral 


Let  us  now  see  what  representations  we  can  obtain  for  the  normali¬ 
zation  integral 


Ns  -  N<v  =  /  [F(y'  \.f  * 


(5-77) 


which  was  defined  in  Eq.  (4-20).  For  complex  X,  the  function 
F(y,A)  will  increase  as  y  increases  and  the  integral  of  the 
square  of  F(y,A)  taken  over  y  from  0  to  »  will  diverge.  However, 
for  certain  assumptions  on  f(y)  in  the  complex  plane,  F(y,A)  will 
behave  like  w^^  2(t;  -  k®f^y)  for  complex  y.  Under  these  conditions, 
the  integral  will  converge  on  the  ray  y  =  y  explicit).  Therefore, 
we  can  express  the  normalization  integral  in  the  form 

«>  exp  (±  i  ir/3) 

N .  *  /  F  *>l2  *  (5-78) 

0 

where  the  ±  sign  is  used  with  exp(+ikct)  time  dependence  (i.e., 
with  w^  2 (^  -  u).  However,  if  we  assume  that  k  has  a  small 
imaginary  part  (for  example,  Im  k  >  0  for  exp(-ikct)  time  dependance), 
then  we  can  continue  to  use  Eq.  (5-77)* 
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The  techniques  for  the  evaluation  of  Ng  are  well  known.  The 

classic  method  consists  of  considering  two  solutions  F(y,X^) 

and  P(y,X.)  which  are  associated  with  different  eigenvalues  X  • 
J  s 

We  then  assume  that  i  ^  j  and  write 


«  . 

/  ^  [fO.  xt)  ^  F(y.  Xj )  -  F(y,  Xj )  -g:  F(y.  X,) j  iy 

1  00 

=  [F(y.  \)-fi  F(y,  Xj )  -  F(y,  Xj)  ^  F(y, 

l  J0 

«0  r  .2  d2  1 

=  f  |F(y,  F(y’  Xj)  -  F(y.  F(y.  Xi)j  dy 


w 

=  (Xj-Xi)  f  F(y,  F<y,  X^  dy 
0 


(5-79) 


We  assume  that  the  behavior  of  f(y)  is  such  that  the  evaluation 
at  y  =  *  can  be  replaced  by  zero.  We  then  have 


~  dF  (0,  X.)  /Vi ; 

(X1-Xj)  j  F(y,  Xt)  F(y,  X^  dy  =F(0,  F(0,  Xj)  ^  (5-80) 

Since  we  assume  that  the  boundary  condition  on  F(y,X  )  is  of  the 

s 

form  givm  in  Eq.  (5-ic),  namely 

dF&~^~  +  k2/3  £il/3  9  F(°«  *>  =  0 
ay  1 

the  right  side  of  Eq.  (5-dO)  is  equal  to  zero  and  hence  we  have 

40 

/  F(y,  Xt)  F(y,  Xj)(fy=0 


dF(0,  X.) 


(5-81) 


provided  i  ^  j. 


For  i  -  j  we  can  use  L'Hospital's  rule  and  arrive  at 
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-  r  l2  rSF(0,  X.)  8F(0,  X.) 

Ns  =  /  [FCr.  xs,]  *  =  —553 - ^ 

®  2 

87(0,  X  ) 

l  Ai  -  Aj  -  xs 


8)  8F(0,  XJ  0  F(0,  X  ) 

P _  _ P _  n/A  *v  v  _ . _ ® _ 


8F(0,  Xa)  8F(0,  Xa) 
8Xo  8y 


•F(0*  \)~STW 
8 


(5-82) 


If  we  recall  that  we  have  defined 

F(y,  xa)  =  G(u,  ta) 

x  =k2f  *k4/V3t 

so  Is 

we  can  also  express  Eq.  (5“ 82)  in  the  form 

r  A  /n  ■  /nl  “*1  r  l  9 


Na  =  [k2/3  f/^]  f  [G(u,  ta)]  2  du 


(5- 83) 


where 


«f  8G(0,  t  )  9G(0,  t_)  8  G(0,  t  ) 

/  (<*.  V]2-  -R-8-  9y  ~  -  G(0-  ‘s> 


Fock  (Ref.lO)  has  shown  how  to  arrive  at  the  result  given  in  Eq« 
(5-82)  without  the  use  Qf  a  result  of  the  form  of  Eq.  (5“80)«  Let 
us  observe  that  from 


$•1- 


X  +  Vi  f(y)  I  F  =  0 


(5-85) 


it  follows  that 


(5-66) 
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If  we  multiply  Eq.  (5-85)  by  dF/dX  and  multiply  Eq.  (5-86)  by  F, 

s 

we  can  form  the  difference  of  the  two  results  and  show  that 


82  /»**•  V\ 
sy2\  8xs  y 


fl2  /»F(y ,  x>\  8F(y,  X  >  8*F (y,  X  > 

^  v = *•  x»>  ^(-^rj  -  ~*r  17 

J_  .  s2F(y.  v  8F<y>  v  8F<y’  v 

“Sy  F(y.  V  9y  8X.  5T  8y 

s  s 


(5-87) 


The  result  given  in  Eq#  (5-82)  follows  immediately  from  Eq#  (5“87) 
Fock  (Ref#  10)  also  showed  that  Eq#  (5“82)  could  be  expressed  in 


the  form 


V-rVVar 


9F(0,XS) 


F(o,  Xs) 


(5-88) 


From  Eq#  (5-lc)  we  find  that  the  logarithmic  derivative  in  Eq. 

a  i 

(5-88)  is  equal  to  -k^f^q,  Therefore,  we  can  write 


Ns  -  k2/3  f,1/3  f2(0,  X8)[^] 


(5-89) 


From  Eq#  (5-2)  and  the  property 


we  find  that 


dq  t:  -  q‘ 


8X„  k4/V/3 

r-,2 

B 


(5-90) 


V  8Dn<V  „n 
L  8t”  * 

n=l 


(5-91) 


This  result  is  most  useful  when  y  and  y^  are  zero#  For  this  case 
we  can  express  Eq#  (l|_— 1 3) »  !•©•# 

*+<V  V  *'<*<•  V  F<F'  V  F<V  V  fc-o,) 

0(x.  y;  x0,  y0)  -  £  - w -  JT  15  9Z’ 
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(5-93) 


( 


i 


{ 


4 


U(x,0jxfl,0)  =  y  -J-V 

°  ..1 


«  *  (x>,  XB)  »'(x<,  Xs) 


"S<TS  -  *“) 


n=l  8 


We  can  obtain  another  useful  expression  for  Ns  by  using  Eq, 

i  •  e*  , 


[dF(y, 

~~W 


V 


+  i  k  Z  F(y,  X  ) 
8 


=  0 


y=0 


to  write 


8  f  8F(°,  X  )  1 

Ns  =  -  Fl<°«  V  8^  \~W~^  +lkZ  F<°*  XB>| 

If  we  express  F(y,X J  in  the  form 

s 

.  -1/2 

F(y,  y  -  Fj(y,  XB)  =  G(u.  ts)  =  H(u,  t8)  =  (|}>  Wj(-,) 


we  find  that  by  defining 

-1/2 

V-  V  ^  O  *2™ 

and  use  of  the  Wronskian  relation 

wl<^>  w2  <"^)  "  wi'(^)  W2H)  =  2i 


that  we  have 


dF„(y,  X)  dF.(y,  X)  ,  9/„ 

Fj(y.  X)  — ^ - F2(y,  X)  — - =  -  2i$  =  -  2i  k2/3  f,l/3 


dy 


Therefore,  if 

dFl  1 

+ikZFi]y  =  o=° 

it  follows  that 
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(4-18), 

(5-94) 

(5-95) 

(5-96) 

(5-97) 

(5-98) 

(5-99) 

(5-ioot 


I 


t  ‘-'w|t>wA*»Twtvwtir'»»v?»i . 


dP2<0'  V  21  k2^3  f1^3 

— *—  ♦  i k z f2,0,  X8,  =  -- 

If  wo  use  Eq.  (5-101)  In  Eq.  (5-95),  we  find  that 

0F,(O,  X  ) 

1  l  — ^ - —  +  lkZF2(0,Xs) 

N"  * ,,  .2/3  T  1/3  8  [aFjfO.X  )  1 

1  ■  V  * 1  k  z  Fi(0,  M 

8 

If  we  use  Eq#  (5-96)  and  Eq,  (5-97)  and  define 

k  1/3 

q  =  i  (J~)  2 

we  can  express  Eq.  (5-102)  in  the  form 


(5-1  01) 


(5-102) 


-A 


|w2,H)4|2wa(i)~?w2(~1>)| 


i  2/3 :  1/3  a  ,  1/2  r  .  - 

1  WB  *<{ta>  [wl'(-9)*^w1H)-aWl(-q) 


(5-103) 


where  the  dots  denote  differentiation  with  respect  to  u.  From 
Eq#  (5-1 00),  we  have 

wl'(-»?)  +W  wx(-»j)  -  ^  w1(-r?)  =  0  (5-lOlj.) 

fl 

This  property  permits  us  to  express  Eq#  (5-103 )  in  the  form 

w2,(-’))+|4  w2^ 


2ik/  fj/  wB [wi'h>  +  2 4 W1<-TJ> - f  wi^>] 


(5-io5) 


From  the  Wronskian  property  expressed  by  Eq#  (5* ■  96)  we  see  that 

for  the  cases  of  q  =  0  and  q  -  <»  that  the  reciprocal  of  N  can  be 

s 

expressed  in  the  elegant  forms 
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WM.  >1  MKMc-»W*V 


4  =  0 


tH.  ”K<- 


2/V3hhH2  ^-tb 

1 _ 1  8Xs 

^V75  <hOY  < 


k2/3  {V* 


of  ,  o.l  2  Q  o 

t,|»1<tb>|  8ts 


1  f  1  8V 
V^w'H2  8”J,  =  -r; 


(5-1 06a) 


^V3KOp  *; 


(5-1 06b) 


We  can  evaluate  w1(^g)  and  w^'Or”)  by  using  the  values  of  Ai(-pg) 
and  Ai'(-ag)  given  in  Tables  2-1  and  2-2.  The  relations  which 
we  need  are 


WjV*)  =  -  2-/V  exp  (-i  ir/6)  Ai'(-«B) 
Wj(tb)  =  2V¥  exp  (i  ir/6)  Ai(-0g) 


(5-l07a) 

(5-107b) 


Tfl  =  <*a  exp  (i  x/3 ) 
t°  =  0g  exp  (i  ir/3 ) 


We  can  then  write 


(5-l07c) 

(5-l07d) 


q  =  0  K 


(5-108a) 


J  k  '  f  J 

q  =  «  li 


JL  1  _8 

nTTirm  8a. 


h,(-«8)]2  0as 


(5-1 08b) 
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Olver  (Ref.  11)  has  shown  that  the  roots  a  and  B  of  the  Airy 

s  s 

functions  possess  an  interesting  and  a  useful  property.  Since 
£  takes  on  only  integral  values,  we  will  have  to  give  a  meaning 
to  the  Olver  relations 


osKvF 


(5-1 09a) 


ds  =  [Ai'(-a8)f 


(5-i09b) 


Let  a(s)  be  a  continuous  function  of  s,  and  let  the  Airy  function 
have  a(s)  as  its  argument  in  the  following  sense 

y(s)  =  Ai [ -a ( s ) ] 

Then  the  property  displayed  as  Eq.  (5-l09b)  is  to  be  interpreted 
in  the  sense 


fda(s)1  =  _ 1 

L  43  J3=n  (t-dy/a 


«]h3=n  {Ai'  (-a(n)  ]}‘ 


where  n  is  an  integer. 


The  Olver  relations  permit  us  to  express  both  Eqs.  (5-l06a)  and 
(5“l06b)  in  the  single  relation  which  includes  both  the  case 
q  =  0  and  the  case  q  =  oo. 


N.  4.  k2/S  ftl/3  88 


15-110) 


The  Olver  relation  can  be  generalized  to  include  the  case  of  the 

roots  t  defined  by 
s 

Wl,(T8)‘qWl<T8)=0 

It  can  be  shown  that  the  generalized  Olver  relation  for  these 
roots  is  of  the  form 
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K<v|2-Tah<v] 


(5-111) 


If  we  use  Eq.  (5-1H)  in  the  representation 

i _ 1 _ _ _ 1 _ 

N  ,2/37173  f...  .12  _  [  “  12 


^  [wI'(Ts)|2-rg[w1(rs,|2  *. 
we  see  that  Eq.  (5-ilO)  holds  for  arbitrary  values  of  q. 


(5-112 


If  we  use  Eq.  (5“2)  along  with  Eq,  (5“H2),  we  can  express  Eq. 
(5-92)  in  t  ie  form 


00 

v 

*+(x>,  Xs)  *"(x<, 

V 

> 

W 

8=1 

8 

F(y.  y  F(y„.  \) 

k<v]2  -  TsK»li 


V  8VTe'  q>  ,nl 

w 


(5-113) 


where  F(y,X  )  is  assumed  to  be  defined  as  in  Eq.  (5-96) 
s 

Eq*  (5-HO)  can  be  used  to  express  U(x,y,;x0,y0)  in  the  form 


U<*.  y;  V  y0>  -  —j 

4ir  k 


l  ^  I  ♦*<*>■  *.>♦><■ 
7^173  l\ 


Fly,  X,)  F(y0,  X8)  (5-H4) 


This  form  is  very  convenient  for  use  with  the  Euler-Maclaurin 
summation  formula 


(i-  /'-) 


t<8)  '2,(N)  '  12  dN  ^  +  7I0  “3  (<N)  -30I40  7-5  f(N) 

QW  dN 


+  •  •  •  (-  *«) 


n  d^ 

(2n)!  ^n- 
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Zi  f(N)  +  •  •  • 


(5-H5) 
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where  Bn  denotes  the  Bernouli  numbers 

B1  =  6  ’  B2  =  30  ’  B3  =  ’  B4  =  3tf  ’  B5  "  M  ’  B6  =  2^  *  B7  =  S’ 

or  the  Gregory  formula  of  numerical  integration 


(f  -  f  dsV)-|f(N)-^  Af(N)+^ 

\s=N  s=N  /  3  4  863 


H  ^  m  ~  m  f<N> 


3  a4  .....  863  .  5  ..y.  275 

+  160  A  ”  60480  A  +  24192  A 

33953  .7  8183  .8 

"  3628800  A  1036800  A 

3250433  .9  .,..,  4671  . 10  , 

~  479001600  A  f<N)  +  788480  A  f(N) 

13695779093  11 f  . 

2615348736000  “  w 


(5-116) 


where  the  foward  differences  are  defined  by 

A  f(N)  =  f(N  +  1)  -  £(N) 

A2  f(N)  =  f(N  +  2)  -  2f(N  +  1)  +  f(N) 

An  +  1  f(N)  =An  f(N  +  1)  -  An  f(N) 


Either  of  Eqs.  (5-H5)  or  (5-H6)  can  be  used  to  express  the 
wave  function  U(x,yjx0,yQ)  in  the  form 

1  "*+(x..X)*~(x  ,X) 

U(x,y;  xo,y0)  =  — 573-^  f  - W(»  F(y,X)  F(y0.X)  dx 


1  k2f 


1  *N  *+<x>,X)j'(x<,X) 

n,  1/3  J  w(x> 

1  A. 


F(y,X)  F(y0,X)  dX 


,  1  ‘v1  ♦*(vV«~<W 

4xk2/3f1/3  1  W«  (y' 


V  r<y0'\)-af 


1  8=1 


1  /»  •  \  *  (xo  V*  <x^’  dA 


8  ds  (5-lly) 
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The  limits  on  the  integral  of  the  form 


dX 


are  used  as  a  shorthand  way  of  specifying  the  path  of  integration. 
The  limit  ®  which  appears  as  the  upper  limit  on  this  integral  is 
to  be  interpreted  in  the  sense 


dX  =  lim 

s— *►«> 


/[’  ‘  ‘I  dX 


p 

where  c  denotes  a  contour  which  starts  at  X  =  k  fg  and  goes  to 
infinity  along  the  root  locus  along  which  one  finds  the  eigen- 

4 

values  X  *  With  an  exp(-icot)  time  dependence  this  will  usually 

3  2 
be  a  contour  which  starts  at  a  point  X  =  k  fQ  on  the  positive 

real  axis  and  then  passes  upward  into  the  first  quadrant  and 

bends  so  as  to  pass  into  the  second  quadrant  and  go  off  to  infinity 


(with  the  imaginary  part  of  X  >  0)  along  a  locus  such  that  the 
angle  between  a  point  on  the  locus  and  the  negative  real  X-axis 
tends  to  zero. 


The  only  case  of  such  a  locus  which  has  been  extensively  studied 
is  that  of  the  Hank  el  functions.  Magnus  and  Kotin  (Ref.  12)  have 
shown  that  for  the  roots  vg  defined  by 

H^z)  =  H^W*)  =  0 

s  s 

that 


where 


v  =  a  +  i  B 
8  6  8 

as=*(f-4>)  (s+^)  [log  (S  +e1/*)  -] 
08  =  r  (s  +  1/4)  [log  (s  +e1/4).,L| 
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Let  us  now  make  some  remarks  concerning  the  integral 

Uf(x,  y;  xo,  yQ)  =  2/s 7173  J  W(A)  ~  F(y’X)  F(yo’X)  dX  (5-118) 

4ir  k 


This  integral  can  generally  be  evaluated  by  approximating  it  by  a 
Fresnel  integral  when 


~t  vg<u,dUtto  a + /) 


(5-119) 


For  6  <  0,  we  can  generally  write 


*  v  v  -  4ir k2/3(  i/3  /[•  •] dx-  ~k2^f  i75  /  l-l" (5_l20) 


where  the  integral 


/ll 


can  be  evaluated  by  the  method  of  stationary  phase  and  the  integral 


K  1  . 

f  °[-  '  ’I 


can  be  approximated  by  a  Fresnel  integral. 

The  stationary  phase  evaluation  of  the  integral  taken  between  the 
limits  «oo  and  +<»  generally  yields  the  ’’free  space  field"  which 
is  present  when  there  is  no  reflecting  surface  at  y  =  0. 

Before  leaving  the  subject  of  these  integral  representations  for 
the  wave  function  UfxjyfOtQjyQ),  we  should  remark  that  it  is  also 
possible  to  express  this  function  in  the  form  of  a  Fourier 
integral 
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Fi<y>*Ai  p2<y<'x> 


«(*.  y.  *0.  y0> 


i  /* 

^V5  f  ~ 


W(X) 


0F2(O,X) 

- +  i  k  Z  F„(0,X) 

0F  (o,x)  Fx(y. x)  F1(yQ,x) 

— ^ - +  ikZF1(0,X) 


dX 


(5-121) 


If  we  evaluate  this  expression  in  the  form  of  the  residue  series 
given  in  Eq.  (5-92)  we  can  readily  verify  the  result  given  in 
Eq.  (5-102). 


5*7  Direct  Integration  of  Ng 

In  our  previous  discussions,  we  arrived  at  some  elegant  repre¬ 
sentations  for  the  normalization  integral.  Let  us  now  consider 
an  alternative  procedure  which  is  more  direct  and  which  contains 
some  interesting  analysis. 

Ve  want  to  evaluate  the  integral 


/  [G<u’  t8 >]2  =  k2/3  fi1/3  /  Ffr- 


(5-122) 


where  G(u,  t  )  can  be  obtained  from  Eq.  4-14®) •  Thus 
s 

G(u,  t)  =  w(t  -  u)  -  -jjr  |(3u  +  2t)  w(t  -  u)  +  (3u2  +  4ut  +  8t2)  w'(t  -  u)j 


Let  us  define 


£  =  t  -  u 


d£  =  -  du 


and  observe  that 


r\  12  }  2  1 

/  |g(u,  t)j  du  =  J  w^(t)  dC~  J 


(5-123) 


(5t  -  3£)  w2(|)  +  (15t2  -  10  ft 


+  3t  )  w(t)  w'(£) 


d£ 


(5-124) 
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w^wptfw*|wriB»aiw-TMr^  •* 


Since 


^  £w2(£)  -  w'2(£)  =  w2(£)  +  2£w'  w-2{ww'=  w2(£) 

^  jt2w2-itw,2(f)+|wW  =  f  w2  +  ^f-ww'-|  w'2-ftS 

4w'24u2  =  i:w2(J) 


(5-1 25a) 


(5-125b) 


4  I  £2w2(£)  + 1 £  W'2(f)  -  |  w(£)  w»(f)J  =  \  £w2(r)  +  4  f2  w  W  +  4  W'2 


+  f  £2  w  W  -  \  w'2  -  \  t  w2  (5-1 25c) 


=  £  w(£)  w'(£) 


we  have  the  following  integrals 


/ w2(£)  d£  =  £  w2(£)  -  w'2(£) 

(5-1 26a) 

/ £  w2(£)  dt  =  |  £2  w2(£)  -  |  r  w,2(£)  +  |  w(£)  W(£) 

(5-1 26b) 

/  w'(£)  w(£)  d£  =  |  w2(£) 

(5-126c) 

/ £2  w(£)  w'<£)  d£  =  f  £2  w2(£)  + f  £  w'2(£)  -  f  w(£)  w*(£) 

(5-126d) 

Therefore,  we  find  that 

f  |g(u,  t)j 2  du  =  t  w2(t)  -  w,2(t)  5t  <t  w2(t)  -  w,2(t) )  -3 t2w2(t) 

0  -ft  w,2(t)  + 1  w(t)  w'(t)  j  -y  t2w2  (t)  -  lOt-^y^ 

+  3  h  t2w2(t)  + f 1  w'2(t)  -  f  w(t)w'(t)| 

A  Af  I  I 


=  W2(t)  (t  -  q2)  -  W2(t)  12t2  -  8tq2  -  2q  +  •  • 


(5-1  27) 


since 


wx  (t)  "  q  wx(t)  =  0 

We  can  readily  verify  this  result  by  using  Eq,  (5“02)  to  write 
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-*<  «**»  .  -  >„!  .  ^a^WUllMlir  I IMIWWMI 


(5-128) 


where 


0 

|ft*  fuj^  “  +  “if  [‘  w  w'  +  16t  w'2  +  16  t3  w  w'J  (5-129a) 

“  Gft^]  Q=  4  w2<4>  +^{5w  w’  -  24  t2w2  -  16  t3  w  w'  (5-1 29b) 


(5-1 29b) 


It  is  readily  verified  that  these  results  confirm  Eq*  (5-127) • 


In  his  paper.  Pock  (Ref*  10)  defined  D(t)  by  means  of 


*  12  9 

f  G(u,  t)  du  =  G(o,  t)  D(t) 

n  J 


(5-130) 


Since 


[g(0,  t)] 2  =  w(t)  -  ^  [2t  w(t)  +  8t2  w'(t)]  2  =  w2(t)  1  -  ^  (2t  +  8t2q)  +  -45-131 ) 

*  *  * 


we  find  that 


D(t)  = 


2  2^^2  2  2 
<t_q  >-l5  (12^  -  8t  q  -  2q)  +  •  •  • 

20ho  o 

1  - (2t  +  8t  q)  +  •  •  • 


=  (t-q2)+^  if  tW)-ft(t-q2)-^tq2+^q  (5-132) 


Since  Pock  gave  D(t)  to  be  (see  his  Eq*  5*09] 
D(t)  =  (t  -  q2)  ( 1  -  4/3  pt^t)  +  2/3  0h2  q 

we  must  conclude  that  his  result  is  in  error. 


(5-133) 
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rnrvJ^arth^Mw^r»  ■.«■»  Tn^wr^ylT«n»n>->i-~tr-N  vr'-’i-'-r  *-+■  >*t~  ,  ».«v-  ^.t. 


5*8  Eigenvalues  Derived  from  the  Langer  Approximation 

In  this  section  we  want  to  discuss  a  technique  which  may  be  of 
some  value  in  obtaining  more  useful  numerical  techniques  for  the 
determination  of  the  eigenvalues.  Let  us  assume  that  the  function 
G(u,t)  which  satisfies  Eq»  (4“77 ),  namely 


-j-  +  [  (-t  +  u)  +  /3  hgU2  +  02  hgU3  +  •  •  •  ]  G  =  0 


(5-1 34) 


is  to  be  approximated  by  an  expression  of  the  form 

G<u’  l)  ~("d^)  Wl,2  (_V 


where 


f  rjo3/2  =  J1  Av  “  t)  +  ^hgV2  +  ^2hgV3  +  •  •  •  dv 


(5-135) 


(5-5  36a) 


for  u  >  and 


§  (-t»0)3//2  =  f  At  -  v)  -  /ShgV2  -  /JhgV3  -  .  .  . 


(5-5  36b) 


for  u  <  u1#  where  u^  is  the  turning  point  defined  by 

t  -  ux  -  flhgUj2  -  ^hgiij3  -  •  .  .  =  0 


(5-137) 


In  Section  6  we  shall  refer  to  this  type  of  approximation  as  the 
"Langer  approximation* " 


Let  %  denote  the  root  of 


w«  0(t)  =  0 


(5-138) 


Then,  in  order  to  solve  for  the  eigenvalue  t  defined  by 

v-i  1 


0(°.t,~[(^)  wt  2(-,0)  ^ 


(5-139) 
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( 


< 


€ 


we  must  invert  the  equation 
u 


1  , 

§T 3/2  =  y  A  -  u  -  -  /33h.u4  -  P*h  u 5  -  .  .  .  du  ( 5-114-0 ) 


and  solve  for  t  in  terms  of  t.  In  order  to  carry  out  these  op¬ 
erations,  let  us  define 


x  =  t  -  u  -  0  h2  u2  -  /32  hg  u3  +  •  •  • 


and  express  the  integral  in  the  form 


4  *5/2 


J  -fx  (t  -  x)  dx  =  yjr  t 
0 

/  ^  „  ,2  .  16  *7/2 

/  dx  =  3^t 
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(5-HA) 


(5-142) 


(5-143) 


Since 

u  =  (t  -  x)  -  p  hg  (t  -  x)2  -  p2  (h3  -  2h22)  (t  -  x)3 
V  (h4-  5ii2h3  +  5h23)  (t  -  x)4 

V< h5-6h2h4-3h32  +  21h22h3-14h24)(t-x)5  +  .  •  • 
we  find  that 

-  ^  =  1  -  ^  ^  <l  -  x>  '  V2  <h3  -  2h22>  (‘  -  x>2 

-  403  (h4  -  5h2  h3  +  5h23)  (t  -  x)3 

-  504  (hg  -  ehg  h4  -  3hg2  +  21h22  hg  -  14h24)  (t  -  x)4  +  .  .  .  ( 5-144) 

Therefore,  if  we  use  the  results 
J  /x  dx  =  §  t3^2 

f  >^x  (t  -  x)3  dx  =  |||  t9/2 


s  &**»*'■**■ 


flWVW'WWSXmP’W’fWfM1  ^rHvKW’r.t^k  w#  ^ 


we  arrive  at 


»  r3/2  -  i  t3/2  -  S  t5/2  -  M  t  (h3  -  2h22,  -  iff  03  «h4  -  5h2  h, 


256  -4 


♦  5hg3 )  t9/2  -  m  »  <»5  -  6h2  »4  -  3h3  +  21 V  ^ 
-  140  tll/2 


(5-14-5) 


In  order  to  invert  Eq*  (5*145) »  we  assume  that  t  can  "be  repre¬ 
sented  by  a  series  of  the  form 


t  =  T  +  0  L,  +  /32  L.  +  03  La  +  ft*  L4  + 


(5-146) 


we  can  then  use  the  binomial  theorem  to  form  the  following 
expressions: 


.3/2  _  3/2  -  3  llUfl2  3  S  3 

t  -T  1  +  P<2  ~)  +  P  (2-  8  2  ' 


+  J  , 3  L3  3  L1L2  _1 

P  '2  T  4  2  16  3 

T  T 

,  A  .3  L4  3  L1  L3  ,3  L22  3  L1  L2 

P  (2  t  4  2  8  2  16  3 

T  T  T 


3  L1 
128  4 

T 


(5-1  Wa) 


.5/2.  5/2  ..is1!  2  5  4  +  i5h_ 

t  -T  1  +P  <2  P  (2  r  8  2  * 


.3  .5  L3  .  15  L1L2  .  5  L1  . 

+  t  <2T  +T-^”+l6^3-)  +  ’  ’  | 


(5-i47t>) 


.7/2  7/2  4  .  , 7  Ll.  .  .2  7  L2  .  35  L1 

t  =r  1+^(2  T)+^  ^2  T  +  T“T)  +  ’  ' 


(5-lWo) 


t9/2  =  r9'2  l*,<f 


(5-i47d) 
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■  i  \t%a~\-  -,.~***  ?***->.*  »*••**» 


i 


If  we  now  use  Eq.  (5-147)  in  Eq.  (5“145)*  we  find  that 

2  .3/2  _  2  3/2  ....  1/2  _8 .  5/2.  -2  1/2  1  2-1/2 

ft  3 T  +0(LiT  -  15  V  )+0  (l2t  +4L1T 

1  v  T  -3/2  16 .  .7/2  32  .  2  7/2.  3  „  1/2 

~  3  h2LlT  "  35  “s7  +  35  “2  T  )  +  ^  (L3T 


•  1  T  T  t-1/2  _Lt  3-3/2  4 

2L1L2T  “24L1T  "3 


8  h  T  T5/2  4.  lih  2,  5/2  .588  .  .  9/2  888  h  T9/2 

•SVlT  +Th2  L1T  *TW  "  315h4T 

688  v  3  9/2*  /  cf  1 1. 

"  _63‘h2  T  )  +  ‘  *  *  (5-1^8) 

Since  the  coefficients  of  pn,  n  >  1*  must  vanish,  we  find  that 


T  -_lh  -r2 

L1  "15h2T 

T  _  ,16  .  48  .  2.  3 

L2  "  (35  ^  “  175^2  )  T 

.  _  .  128  .  11968  v  .  22912  .  3 .  4 

“3  '315  “4  '  17325  “2  °3  T06T5  **2  >  T 


(5-149 a) 
(5-149D) 
(5-1490) 


If  we  compare  these  value  of  Ln(T)  with  the  values  D^t)  for 
q  =  00  in  Eq.  (5“4)  we  find  that  these  are  precisely  the  terms 
which  contain  the  highest  power  of  t.  The  same  thing  is  true 
concerning  Eq.  (5-7)  in  which  Dn(i;)  are  given  for  q  =  0.  This 
result  suggests  a  valuable  means  of  extending  the  computation 
of  X  when  s  (or  mod  t)  is  relatively  large#  Let  T  denote  the 

S  8 


solution  of  Eq.  (5-145)*  Use  the  expansion 
T»  “  T«  +  P  L1  )  +  P2  L9<T-  )  +  fP  )  +  *  * 


(5-150) 


to  compute  an  approximate  value  of  T.  Then  use  this  as  an  approx- 
imation  in  Eq.  (5-145)  and  use  numerical  methods  to  fins  a  more 
accurate  value  of  T„.  Then  compute  X_  by  replacing  Eq.  (5-2)  by 

a  s 

the  equation 


-kV  k4/s  h2/3  T.  ♦  t  [w  q)  -  wl  ? 

n-1  1  J 


(5-151) 
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Section  6 


HEIGHT  GAIN  FUNCTIONS  FOR  LARGE  HEIGHTS 


6*1  The  Langer  Asymptotic  Estimate 


The  representation 


1 

d  “  2 

F<y’V  =  <di>  wi(_Tj) 


(6-1 ) 


where  r]  is  defined  by  Eq.  (Ij.-ll8),  i.e, 


T»  =  u-t  s+  15 


3  u 


2  +  4  ut  -  8  t2 


J  +  0  02) 


(6-2) 


is  only  useful  for  small  values  of  u.  Since 

this  requires  that  we  restrict  the  use  of  this  form  of  represen¬ 
tation  for  small  heights.  However,  for  large  heights  we  can 
still  use  Eq.  (6-1)  if  we  define  by  means  of  Eq.  (4-51).  Thus, 
if  we  let 


f  £ 3/2  =  J  /k2f(v)  -  A  dv 
*1 


(6-3) 


we  find  that 


„-f,,i12/3  “  .  1  “o  t  1  ,2.2/3  “l  i.2  n  10/3 

^73  +3  ^2t+  5(3>  ]173£  +  0  (k  > 


<6-4) 


where  a^,  a^,  and  are  defined  in  Eqs.  (l|.*'37)  through  ( 4-— 39 ) • 
The  approximation 

T}  =  £  (6-5) 

is  often  called  the  Langer  asymptotic  estimate  in  recognition  of 
Langer's  (Ref.  1)  research  on  problems  of  this  type. 
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The  Harvard  University  Computation  Laboratory  tables  (Ref.  2)  can 
be  used  to  evaluate  w^  2^-T)^  for  mot*  U  <  6.  These  tables  give 
eight  decimal  value  3  of 

^T2T  2 

hl ,2(x  +  iy)  =  ~7T~e*V(*i  3  *)  w12(-x-  iy)  (6-6) 

2  2 

and  its  derivatives  for  Ax  =  Ay  =  0.1  and  x  +  y  <  3&«  The 
relation 

Wj  2(x  +  iy)  exP  (*  if  *)  [complex  conjugate  of  h2  x(-  x  +  iy)j  (6-7) 

is  valuable  in  connection  with  the  use  of  these  tables  since 
the  tabulation  of  2(x  +  iy)  and  ^  (x  +  iy)  or.ly  for  y  >  0. 

For  mod  r)  >>  1,  we  can  compute  w1(-r))  by  using  the  phase  and  ampli¬ 
tude  functions  defined  and  tabluated  by  Miller  (Ref.  3).  Thus, 
we  let 


w1>2H)  =  FH)  exp  [±  i  x  (-rj)J 
w'l,  =  ^  G(-TI )  exP  [*  1  ^  M )] 


(6-8a) 

(6-8b) 


and  use  for  F,  G,  and  \|r  the  asymptotic  expansions  given  by 
Miller. 

12  1  1-3-5  1  1.3' 5' 7*  9' 11  1-  3-  5-  7-  9- 11- 13- 15- 17 

~  V75(1  7 +  ,.^7 - — 3— 9 - 

g(-tj)  2~ 1 7/2d *M  4 - +  1- 3- 5- 7- tma. . . l6-9b, 
*  L‘  96  tj  2!  96Z  V  3!  963  rf 

/  „v  I  _  2  3/2..  J  J_  ,  1105  1  82825  1  1282031525  1  . 

X  i-V)  ~  4  7t~3  V  lA"  32  3  6144  6  "  65536  9  58720256  12  "  *  *  m>  (6“9c) 


w  v  1  2  3/2..  7J.  1463  1  ,  4  95271  1  20653042,9  _1_  .  (A-0(,x 

♦  7 *  ~  3V  (1  +  32  3"  6144  6  3  27680  9  8388608  12  ’ 
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The  asymptotic  expansions  given  in  Eq*  (6-9)  can  be  used  for 
complex  values  of  t)  provided 

|argrjJ<^ 


Miller  showed  that 

dxi-ti)  1  ,  d^(-n)  _ 

d"  '  rr2^)  d” 


IG2H) 


We  can  use  these  properties  to  write 

,  -1/2  .  , 

wi  2H)  =^T  (^)  exp  |±ty] 


(6-10) 


(6-11) 

(6-12) 


Prom  Eq*  (6-1)  we  deduce  the  result 

Fl>2(y.  *)  *  (fj)  exp[±iX]  -  k1/3  fxl/6  (&)  exp[±i  x] 


(6-13) 


where  x  =  x^)  =  x("Tl(^(y)))  defined  in  terms  of  tj  by  means 
of  Eq*  (6-9c)  and  r\  is  defined  in  terms  of  £  by  Eq*  (e>— 1|.)  and 
£  is  defined  in  terms  of  y  by  Eq*  (6-3)*  Thus,  we  find  that 

v|-«  tt)|  »  [lt»/2._5  1  1105  X  1  3  VS  f  1/2  J.  -5/2 

4  (3  £  48  ”3/2  9216  p72  J  <2'  [£  32  f 


1105  w- 
2048  £ 


-3/2  1105  .-9/2I  “o 


f(i  £S/2  J.  -1/2  _  221,  -7/2  _J.  -1/2 

l '5  6  32  6  2048  C  )  ®1  '16* 


225  .-7/2.  2  .2 


.  M  .  X 

“  <3>  ^873  +  '  ’  ' 


If  we  use  the  first  term 


X  j-n  (t)|-  f  ~  |  t3^2  =  y  A2f(v)  -  X  dv 

yi 


we  find  that 
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7* 


(6-11^) 


(6-15) 


k1/3  f1/6exp(+I) 

Fi  2<y.«  ~  yp - 4 - “f 


s<y)  -  x 


u/JZZTTx  dv 

L  *i 


(6-16) 


This  is  the  well-known  W.K.B.  approximation  of  the  physicists 
or  the  Jeffrey's  approximation  of  some  of  the  English  applied 
mathematicians**  Therefore,  we  see  that  Eq.  (6-llj.)  provides 
an  extension  of  these  classical  approximations* 

6*2  The  W.K*B*  Approximation 

We  do  not  need  to  solve  first  for  t}  before  arriving  at  Eq.  (6— lip) 
Since  exp(±iX)  is  a  solution  of 


z=o 

dx2 


(6-17) 


and  F(y,X)  is  a  solution  of 

,2 


+ 1-  A  +  k2  f(y)J  F  *0 


we  can  use  Eq.  (Jp-^l)  to  show  that  X(y)  is  a  solution  of 

(x)2-|(f)2  +  H=k2f(y)-x 


(6-18) 


(6-19) 


where  the  dots  denote  differentiation  with  respect  to  y.  Prom 
Eq*  (6-19)  we  find  that 

Oc)2  =  [k2f(y)-xJ-^ 


",W1  ■  ■■  + 

k2f(y)  -  A 


_5 

16 


JCJUL- 


k  f(y)  -  A 


+  0(k‘2) 


(6-20a) 


or 


,  |  5  k4  lt(y)lf  ,  0  ,,  -3, 

k2f(y)-  x]3/2  32  [k2f^  x|5/2  ' 


-I  LT  fef“V7o^O(k-)  (6-20b) 


For  one  of  the  most  recent  publications  whic  i  deals  with  the 
W.K.B.  approximation,  see  N.  Proman  and  F.  0.  Froman,  JWKB 
Approximation :  Contributions  to  the  Theory.  Amsterdam,  North- 
Holland  Publishing  Co.,  1965* 

6— ip 
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This  equation,  can  be  integrated  by  writing 


y 

X(y )=J  x(z)dz  +  x(y0: 


(6-21) 


where  yQ  is  arbitrary#  However,  for  comparison  with  Eq#  (6-114.), 
we  should  take  y^  =  y^,  where  y^  is  the  turning  point* 


If  we  reconsider  the  result 


Pl>2(y,X)  =(diT/du)"1/2w1^2(-Ti)  =  ( dx/ du)  ~*^exp  (±ix )  (6-22) 

we  see  that  Eq#  (6-9c)  allows  us  to  calculate  X  if  we  know  -q# 
Therefore,  let  us  now  show  how  to  determine  q  when  we  know  X*  We 
do  this  by  inverting  Eq.  ( 6  —9 c )  •  Let  us  first  define  y  by  let¬ 
ting 

X  =  |  +  Y  (6-23) 


and  then  write 


Fi>2(y.A)=  (jfa)  exp  (*if )  exp  (±iy)  =  (jjj*)  2  (-  tj)  (6-2 lj.) 


extended 
Jeffreys  form 

From  Eq#  (6-9c)*  we  find  that 


extended 
Langer  form 


_  2  _3/2  ,  _5  1  ,  1105  1  82825  1  .  1282031525  1 

3 v  1  32  3  r  6144  6  '  65536  9  58720256  12  +  *  * 

V  V  V  V 


If  we  let 


2  3/2  A1  A2 
3*  =Y+  —  +  -J  +•  •  • 

1  y 


we  can  show  that 


2  3/2  _5  1  _  1255  _1.  272075  1  ,  .  . 

3  1  7  72  y  31104  3  2239488  5  + 

y  y 


(6-25) 


(6-26a) 
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o  2/3  ,.  „  -4/3 

TJ=(2Y)  +  48(2y) 


295  .3  . 

2304  (2  Y) 


-10/3 


(6 -26b) 


This  important  result  permits  us  to  change  from  the  extended 
Jeffreys  form  to  the  extended  Langer  form.  On  the  other  hand, 

Eq.  (6-25)  permits  us  to  change  from  the  extended  Langer  form 
to  the  extended  Jeffreys  form.  These  results  are  elegant  state¬ 
ments  of  a  procedure  which  is  suggested  in  a  remark  made  by 
Cherry  (Ref.  Jj.,  p.  250,  footnote)  and  which  was  used  (in  a  differ¬ 
ent  form)  by  Olver  (Ref.  5,  p.  3I4.I )  • 


In  Eq.  (14.-29)  we  showed  that  t)  is  a  solution  of 
T?(tj)2-f(^)  |- =  k2f(y)  -  X 

It  may  be  convenient  in  golving  this  equation  to  let 

*  -  2  „ ,-/2 
*  ‘  3  v 

and  observe  that  £(y)  is  a  solution  of 

«/-!  4>2+if+i  <|>2  *  *2f(y)  -  * 


(6-27) 


(6-28) 


where  the  dots  denote  differentiation  with  respect  to  y..Eq.  (6-28) 
is  remarkably  similar  to  Eq.  (6-19)#  the  only  difference  being 
the  term  containing  the  square  of  the  logarithmic  derivative  of 

We  should  also  observe  that  Imai  (Ref.  6,  Eq.  ( 19 ) )  has  given  a 
result  which  can  be  interpreted  as  an  extended  Jeffreys1  approxi¬ 
mation.  The  result  is  of  the  form 
kl/3{  1/8 

hit  7  i  16-29 f 


where 


(6-30a) 


!l«  -  /  | 


«<v>+^7ldv+ni 


(6-30b) 
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'36' 


(6-30C) 


and  a,  aQ,  and  are  defined  by  Eq.  (k“37),  Eq.  (4-38),  and  Eq. 
(I4.-39)#  respectively.  If  we  let 

Y~kz-j^Qi(z)  (6-31) 

and  observe  that 


-Jr. 

d(kz) 


1 


we  can  show  that 


'dy* 


-1/2 


S? 


fly)  -  \ 


1 

$ k^f(y)  -  A 


»  a 

~  a-9  1  exp  ~  Q(z)  (6-32) 

f(y)  -  A  4k 

Therefore,  we  can  rewrite  Imai's  result  in  the  concise  form 

-1/2 

Fl,2(y.*)  ~  k1^3^1^6  (^)  exp  (±  i  f )  exp  (=fc  i  y)  (6-33) 


if  we  let  Y  be  defined  by  Eq.  (6-3I),  In  order  to  use  these  re¬ 
sults,  we  must  require  that 

|*rg  Y  |  <  r 


6.3  Some  Further  Forms  for  F*  0(y,X) 

A  study  of  a  classic  memoir  by  Lorenz  (Ref.  7)  has  led  the  present 
author  to  see  that  the  methods  which  this  19th  century  author  used 
to  obtain  asymptotic  estimates  for  the  Bessel  functions  provides  a 
suggestion  for  an  alternative  approach  to  the  computation  of 
Fl  Eet 


6-7 
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(6-34) 


F1,2^,X)  =  V±  1  exp(±iY) 


If  we  let  primes  denote  differentiation  with  respect  to  y,  we 
can  show  that  the  function  A(y)  has  the  properties 


A(y)  =  F^.X)  F2(y,X)  =  F^ 

A'(y)  =  Fj*  F2  +  Fx  F2' 

A"(y)  =  Fj"  F2  +  Fx  F2”  +  2F1’  F2'  =  2 J k2f (y)  -  x]A(y)  +  2F/F 
A,u(y)  =2 

i  j 

|  A'(y)  +  2k2f'(y)  A(y)  +  2  |k2f(y)  -  xj  A'(y) 


k  f(y)  -  X 


t 

2 


Therefore,  we  see  that  A(y)  is  a  solution  of  the  third-order 
differential  equation 

3 

+  4  [X  -  k2f(y>]  2k2f'(y)  A(y)  =  0  (6-35) 

dy 

Differentiation  of  the  relation 


exp  <i  2  y)  = 


Fj(y,X) 

F2(y.x) 


and  use  of  the  Wronskian  relation  W(F1,F2)  defined  by  Eq,  (5"99), 
namely 


dF2(y i  X)  dF,(y,  X)  2/3  1/3 

W(F1,F2)  =  Fx(y,  X)  — - F2-(y.  X)  — 4- - =  -  2i  k2/J  f,1/3 


dy 


leads  to  a  first-order  differential  equation  for  y(y)  which  is 
of  the  form 


d*  =  dy 
dy 


F  - 
r2 


dFj 

djL 


21  Fx  F2 


k2/3fl1/3 


A(y) 


(6-36) 


We  can  find  an  interesting  special  case  of  these  relations  in 
the  introduction  of  Miller* s  (Ref,  3)  table  of  the  Airy  functions. 
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Miller  showed  that  if  a,b,  and  c  were  arbitrary  constants,  that 
the  function 

Z(x)  =  a  Ai2(x)  +  b  Ai(x)  Bi(x)  +  c  Bi2(x)  (6-37) 

was  a  solution  of  the  third-order  differential  equation 


d3Z  .  dZ  _  _Q 
dx2  d*  2Z 


(6-38) 


We  have  already  cited  some  results  taken  from  Miller* s  work 
which  is  related  to  these  ideas  employed  by  Lorenz.  For  example, 
since  the  Airy  functions  are  solutions  of 


d2Vi  2(t) 

- *2 - 

dt^ 


=  t  w^2(t) 


we  can  use  the  definitions 


w^2(t)  =  (Bi{t)  ±  iAi  ( t )  ]  (6-39) 

to  show  that 

Z(t)  =  w1(t)w2(t)  =  n{[Bi(t)J2  +  (Ai(t)]2}  =  itF2  (t) 

is  a  solution  of  Eq.  (6-37)  provided  we  merely  change  the  inde- 
pedent  variable  from  x  to  t.  We  readily  see  that  Eq,  (6-10)  pro¬ 
vides  an  example  of  Eq#  (6-36)  if  we  compare  Eq#  (6-39)  with  Eq# 
(6-11)#  If  we  compare  the  Lorenz  form  in  Eq#  (6-34)  with  the 
extended  Jeffreys  form  in  Eq.  (6-34)  we  see  that  they  differ  only 
in  the  manner  'iich  the  factor  multiplying  exp(±iY)  are  de¬ 
fined;  however,  Eq#  (6-36)  even  provides  a  relationship  between 
these  factors.  The  basic  difference  in  the  Lorenz  formulation 
is  that  the  third-order  differential  equation  in  Eq#  (6-35)  is 
to  be  solved,  and  then  the  "phase  factor"  determined  by  inte¬ 
grating  the  first-order  equation  given  in  Eq.  (6-36)#  From  Eq. 
(6-23)  we  can  show  that  Y* (y )  is  a  solution  of  the  non-linear, 
third-order  differential  equation 

<W2  -  f  tf>2  +  |  <|>  -  k2f(y)  -  X  (6-40) 
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Prom  the  experience  of  the  present  author,  it  appears  that  if 
one  is  interested  in  deriving  asymptotic  expansions  that  the 
results  are  arrived  at  with  the  greatest  ease  by  solving  Eq. 

(6-l|°)  by  assuming  a  form  for  the  solution  (such  as  we  have  done 
in  Eq#  (4**H5)  in  order  to  solve  Eq#  (4“H4)  and  using  the  non¬ 
linear,  third-order  differential  equation  to  determine  the  un¬ 
known  coefficients.  The  amplitude  (which  we  should  put  in  quo¬ 
tation  marks  as  "amplitude”  since  the  function  will  generally  be 
a  complex-valued  function)  can  then  be  determined  by  computing 
the  derivative  dY/du  as  shown  in  the  extended  Jeffreys  form  of 
Eq#  (6-24)#  However,  from  the  standpoint  of  obtaining  the  solu¬ 
tions  for  2^*^)  Uy  means  of  numerical  methods  there  are  ad¬ 
vantages  associated  with  using  the  form  given  in  Eq#  (6-34)  and 
in  starting  the  calculations  by  solving  for  A(y)  from  the  linear 
third-order  differential  equation  of  Eq.  (6-35).  The  "phase" 
function  Y(y)  is  then  to  be  determined  by  integrating  the  first- 
order  differential  equation  given  as  Eq#  (6-36)# 

Miller  (Ref.  8)  has  made  extensive  use  of  Eq.  (6-35)  in  his  studies 
of  the  parabolic  cylinder  functions  which  satisfy  the  differential 
equation 

H  +(-a  +  ix2)f  =  0  (6-41) 

dx 

The  use  of  Eq.  (6-35)  and  Eq#  (6-36)  is  most  attractive  when  X 

2  2 

is  real  and  positive,  and  k  f(y)  is  real,  and  X  >  k  f  (y).  Under 
those  conditions,  both  A(y)  and  Y(y)  are  real. 


Lorenz  (Ref.  7)  also  gave  a  method  (for  the  study  of  the  Bessel 
functions)  which  suggests  a  method  which  can  be  useful  when  X 
is  real  and  [-X  +  k  f(y))  <  0  for  the  values  of  y  of  interest. 

In  this  region  we  can  show  that  for  y  not  near  the  turning  point 
y-  that  F.  9(y,X>  has  the  asymptotic  behavior 

W  r  y 


f(y) 


expf/ 
6-10 


X  -  k  f(v)  dv 


(6-42) 
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( 
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Since  tbiis  result  does  not  permit  us  to  distinguish  between 
and  Fg#  we  shall  illustrate  the  idea  set  forth  by  Lorenz  by  con¬ 
sidering  the  analogous  situation  with  the  Airy  functions  as  a 
model  of  the  method#  Let  us  define  two  functions  U(y,X)  and 
V(y,X)  by  means  of  the  relation 

2F12(y,\)  =  U(y,A)±iV<y,X)  (^3) 


so  that 

F,(y.  X)  -  F2(y,  X) 

u(y.x)  =  21 — - - 

F,(y,  X)  +  F2(y,  X) 

V(y,x)  =  — - 5 — - - 


The  corresponding  Airy  function  formulae  are 


2 

1 2<z)  =  u<z)  *  1  v<z) 

wl<z)  "  W2<Z)  _ 

v(z) 

*  2i 

Ai(z) 

w,(z)  +  W  (z) 

u(z) 

-  1  2  2 

Bi(z) 

(6-41j.a) 

(6-ljij.b) 

(6-^5) 

(6-46a) 

(6-46b) 


For  y  near  the  turning  point  y^,  we  use  the  function  tj  defined 
by  Eq.  (i|.— HQ )  and  write 


u<y.  A)  =  a  1/3  fj176  <&) 1/2  » (-n) 


(6-47a) 


-1/2 


V(y,  A)  =  k1/3  tj/6  ({ja>  u  H) 


(6-47b) 


where  rj  is  negative  and  real  when  [-X  +  k  r(y)]  is  real  and 

negative. 


Miller  (Ref.  3)  showed  that  for  arg  x  < 

vW  -  K  Ai(z)  -  i  x-174  e'«  (1  -  f  +  1 

2  1.216  £  2J(216)2  r 

7.  9- !!■  13*  15- 17  1 


3!  (216)' 
6-11 


V 


(6-48a) 
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,  4  r-  „  -1/4  £  y1  3.5  1  ,  5-7-9.11  1 

u(x)  =  P*  Bi(z)  ~  x  e  (1  +  « ,  gig  t  +  2  2 

A-  ZA°  4  2!  (216)  £ 


7-  9- 11. 13- 15- 17  1 

+ - 5 - 3  +  *  *  * 

31  (216) 0  £ 


(6-48b) 


where 


H*3/2 


However,  the  form  of  asymptotic  expansion  which  is  suggested  by 
a  study  of  Lorenz’s  memoir  (Ref.  7)  is  dependent  upon  the  intro¬ 
duction  of  the  auxiliary  functions  r(x)  and  n(x)  by  means  of 

-1/2 

2v(x)  =  2VT  Ai(x)  =  Vr(x)  exp  |-/i(x)J  =  (^)  exp  [-/i(x)j 

-1/2 

u(x)  =  P*  Bi(x)  =  V r(x)  exp  j/i(x)j  =  (^)  exp  [  M(x)j 

Since 

r(x;  =  2v(x)u(x)  =  2nAi  (x)Bi  (x) 
we  see  that  r(x)  is  a  solution  of  Eq.  (6-38)  and  that 


dp-(x) 


r(x) 


(6-50) 


(»2-! <!>  -  Jf-* 


(6-51 ) 


where  the  dots  denote  differentiation  with  respect  to  x.  We  can 
show  that  r(x)  and  p.(x)  possess  asymptotic  expansions  of  the 


Tx  1  *  T¥  ~5  *  —  ~5' 7'  11  -4 

VX  1'96  x3  2!  (96) 3  x6 


.  1-3- 5- 7- 9. 11- 13- 15- 17  1 
+ - - - -  +  .  . 

32  (96)°  x* 


2  3/2  «  51 

M(x)-gX  I+32-3 
lx 


_L  X  ^05  J_  82825 

3  6144  6  65536 

x  x 


-?+■  •  •  j 

X  J 


(6-52a) 


(6-52b) 
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In  a  similar  way,  we  can  show  that 

2v'(x)  =  2 Ai'(x)=-  Vp(x)  exp  |-  X(x)] 
u'(x)  =  vTr  Bi'(x)  =  VpfxT  exp[\(x)] 


where 


dX  _  x 
“  ptx) 


(6-53) 


and  p(x)  is  a  solution  of  the  third-order  differential  equation 


x2  .3x^|+3^E-ipc3^£  +  2x2p  =  0 
dxJ  dx  dx  dx 


(6-5W 


We  can  show  that  p(x)  ana  X(x)  possess  asymptotic  expansions  of 
the  form 

1/2  .  1-3  7  1*  3*  5*  7*  9  13  1-  3-  5-  9- 11. 13*  15  1  ,,  ^  » 

P(x)  ~  X  1  -  jT5 g  -o  - 2 - 6 - 3 - 9  ■  *  *  (6-55a) 

96  xd  2!  96  x°  3!  96  x* 


2  3/2  1J__  1463  J_  _  495291  _1_  _  206530429  _1 

o  X  X  “  on  O  "  ai  a  a  o  "  oorrooo  h  "  OOQOCAO  1 


32  3  6144  6  327680  9  8388608  12 

XXX  X 


-j2+  •  •  •}  (6-55b) 


Let  us  now  turn  to  Eq.  (6— i+l*.)  and  obtain  generalizations  of  Eq. 
(6— l+Q )  by  making  the  definitions 


2V(y,x)  =  \/R(y)  expE-r(y)] 
u(y,x)  =  VR(y)  exp[+r(y)] 


(6-56a) 

(6-56b) 


The  function  R(y)  will  be  a  solution  of  Eq.  (6-35)  and  r(y)  will 
be  a  solution  of 

k2/3  .  1/3 

jn  •*> 

f  "  3y  R(yj  (6—57) 


(!)*♦  f  (r>2  ‘I  |  -  k2f(y)-X 


(6-58) 


The  procedures  which  we  have  derived  from  the  methods  employed  by 
Lorenz  were  used  extensively  by  Nicholson  (Ref.  9)*  The  casual 
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manner  in  which  Lorenz  used  these  procedures  suggests  that  they 
may  have  been  well-known  methods  for  analysts  of  the  late  nine¬ 
teenth  century*  One  of  the  most  extensive  uses  of  these  methods 
in  recent  years  has  been  in  the  study  of  the  parabolic  cylinder 
functions  by  Miller  (Ref.  8), 


Watson  (Ref.  10,  p.  22ij.)  says  of  the  method  used  in  Lorenz's 
memoirs  "It  is  not  easy  to  estimate  exactly  the  magnitude  or  the 
sign  of  the  remainder  after  any  number  of  terms  in  these  asymp¬ 
totic  expansions  when  this  method  is  used."  This  is  still  a  very 
valid  criticism.  Nevertheless,  these  methods  permit  one  to  readi¬ 
ly  "grind  out"  successive  terms  in  the  asymptotic  expansions  • 
These  series  are  often  found  to  be  useful  for  computational  pur¬ 
poses.  The  value  of  these  expansions  can  be  greatly  enhanced  if 
one  follows  the  suggestions  of  Miller  (Ref.  11)  and  seeks  to  de¬ 
termine  converging  factors.  Slater  (Ref.  12)  has  had  some  out¬ 
standing  success  with  Miller's  converging  factors  in  the  study 
of  the  confluent  hypergeometric  functions  which  are  solutions 
of  Rummer's  equation 

x^-5  +  (b  -  x)^  -  a  y  =  0 
cbc  dx 

If  we  define  z(x)  by  means  of 


(x)  a  x“b//2  exp(x/2)  z(x) 


we  see  that  these  studies  involve  Whittaker's  equation 
X 


d l  w  [  1  b  -  2a  b(b  -  2)  _  . 

l 4  *  '^n’=0 


Since  Whittaker's  equation  is  of  the  same  form  as  the  height 
gain  function,  some  of  the  methods  and  results  which  have  been 
discussed  above  can  be  used  in  the  study  of  this  function.  In 
quantum  physic%  this  equation  leads  to  the  Coulomb  wave  functions 
for  which  there  is  an  extensive  literature. 
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Section  7 


ASYMPTOTIC  ESTIMATES  FOR  U(x,yjx0,y0) 


7.1  The  Diffraction  Functions 


In  Section  1  we  have  discussed  a  mathematical  model  for  the  dif¬ 
fraction  of  waves  by  a  convex  surface  which  involved  a  function 
q)  which  could  be  represented  by  a  series  of  the  form 

-  expatT^w^-Qw^-tp) 

D(£,  £,  £  »  q)  -  i  \  2,2  (7-1} 

k  Vwi<Ts)]  -Iwi<Ts)]  7 

in  which  the  functions  w1(z)  and  w^' (z)  are  the  Airy  function 

W1(z)«  —  / exp (-§<P  -  wz)do>  (7-2) 

W 


and  its  derivative 


Wj/ (z)  = 


dwx  ( z ) 


and  the  quantitites  Tg  are  the  roots  of  the  equation 


wi'(V  -qw^)  =  0 


(7-3) 


We  can  refer  to  Eq.  (7-i)  as  the  van  der  Pol-Bremmer  formula 
since  this  function  was  first  extensively  used  in  their  classic 
papers  (Refs.  1  and  2)  which  appeared  during  the  late  1930‘s. 
Pryce  (Ref.  3)  and  Fock  (Ref.  ij.)  also  expressed  D(£,£,£Q,q) 
in  the  form  of  a  Fourier  integral 


■if 


8xp(i5t)P(t,5,50,q)dt 


(7-4a) 


where 
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v'  (t)-qv(t) 

P(t,^,^0,q)  =  Wx(t-5  )v(t-5  ) - - —  W1(t-^)w1lt-^0J 

w1' (t)-qw1 (t) 


w 

=  ■§wi<t-S0)  w2(t-^)  - 

L  wi 


w2' (t)-qw2(t) 
w1#  (tj-qwj^  (t) 


(7-4b) 


where  v(t)  is  the  Airy  integral 


00 

v(t)  =  —  /  cos(^x-^  -  xt)dx  = 

J 


w^t)  +  w2(\) 


(7-5) 


We  have  discussed  three  limiting  forms  of  Eq.(7-1)  and  three 
families  of  two-parameter  functions  have  been  introduced  and 
have  been  referred  to  as  "diffraction  functions." 

The  attenuation  function  was  defined  by 


V«»*>  =  |/^F/°xp(i^)y  cty-' 


w.  (t) 


=  VI*?  X] 


exp(i£xg) 


s=l  "  q 

The  current  distribution  function  was  defined  by 


(7-6a) 


( 7"6b ) 


w  ;»i « 

-00 


=  l2s/* 


exp(i^TB) 

(x  -  q2)w1(T_) 


The  reflection  coefficient  function  was  defined  by 


(7-7a) 


(7-7b) 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


ifir i ^nuTinnwa womin~ wr»miiTiiMfi—T arTiTmnTrr — . — 


oo 


(7-8a) 


(7-8b) 


(7-8c) 


These  functions  can  serve  as  '’models’*  for  the  defining  of  special 
functions  which  can  he  derived  from  the  Greenes  function  which 
was  defined  in  Eq*  (14.-13),  namely 

*  *+(x.,X  )«"(x^X  )  F(y,X  )  F(y  ,X ) 

U(x.  y;  *,.  y„)  -  f  ^ - FT -  (7_9) 

B*1 

However,  we  shall  more  often  be  interested  in  actually  employing 
the  functions  D(£,^0,q),  VQ(^,q),  V^q),  Vn(£,q),  and  V^q) 
as  asymptotic  approximations  to  U(x,y,  ;xQ,y0), 


7*2  The  Reflection  Formula 

An  exception  to  our  aim  of  actually  employing  the  functions  de¬ 
fined  in  Eqs.  (7-1)  through  (7-8)  to  approximate  Eq,  (7-9)  is 
the  case  of  the  obtaining  of  a  representation  for  the  reflected 
wave  which  corresponds  to  the  result  obtained  from  geometrical 
optics*  In  this  case,  we  shall  use  the  theory  associated  with 
the  function  D(£,£,£g,q)  as  a  "model”  for  how  to  proceed  with 
the  more  general  function  U(x,yjXQ,y^) • 


According  to  Eq.  (1-42),  we  have 


(U,S,S0)  =  J exp(i£t) w1  ( t-^>)v(t-^<)  =  exp (-12)  (7-lOa) 

-OO 
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where 

p3  £  (x  «•  4  )  ^ 

8  =  a(£,^,^0)  - - (4  +  s0) - —  (7-iOb) 

u  12  2  u  44 

If  we  decompose  D(4,4,40,q)  into  the  components 

D(£,4»?0»q)  =  D0(£,4,S0)  +  R(£,4,4Q,q)  (7-Ha) 

we  can  use  the  fact  that  Dq(£,4,£q)  is  the  field  which  exists 
when  the  "reflecting  surface"  does  not  exist  to  refer  to  the 
portion  R(£,4,£Q,q)  as  the  "reflected  wave."  We  can  use  the  first 
of  the  equations  in  Eq.  (7-4^)  to  arrive  at  the  explicit  form 
for  R(£,4,^Q,q)  which  is  given  in  Eq.  (1-4-3).  However,  we  are 
interested  at  this  point  in  our  discussion  in  making  a  different 
decomposition  of  D(4,4,40,q)  by  deforming  the  path  of  integra¬ 
tion  and  by  using  the  second  of  the  equations  in  Eq.  (7**4b). 

Thus,  we  define 

D(£,4^0’q)  =  +  Dr(£,4,40,q) 

where 

Di(§,4,40)  =  —  /ex p(i4t)w1(t-4  )w2(t-^  )dt 
***  JC 

Dr(^,^,40,q)  =  — /exp(i4t)R(t,q)w1(t-4)w1(t-40)dt  (Y-l2b) 

W 

wp# (t)  -  qWp(t) 

R (t,q)  =  — - - -  (7-12c) 

wx' (t)  -  qw1(t) 

The  evaluation  of  D^(£,4,4q)  and  Dr(£,£,£Q,q)  by  means  of  the 
method  of  stationary  phase  has  been  discussed  in  considerable 
detail  by  Pock  (Ref.  4>  PP»  241-246,  under  the  heading  "The 
Reflection  Formula.").  The  contour  C  associated  with  the  inte¬ 
grals  is  to  be  chosen  so  as  to  permit  the  application  of  the 
method  of  stationary  phase  to  the  evaluation  of  the  integrals. 


(V-llb) 

(7-12a) 
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Fock’s  analysis  leads  to  the  results 


*  Do(?»^«o)  =  exp(-iG) 

2\/rcf 

where  ffi  is  defined  in  Eq.  (7-lOb),  and 


(7-1 3a) 


Dr (a+a0, a2+2ap, a02+2a0P0, q)  ■ 


p»l 


where 


^  q  -  iP  VP 

2\/ji  q  +  ip  V2aa0+p(a+a0 

2 

a*  =  -(a3+aQ3)  +  2f3(a2+a02)  +  p2(a  +  aQ) 


exp(io)  )  (7-1 3b) 


(7-1 3c) 


Eq.  (7-l3c)  is  merely  a  restatement  of  the  result  which  we  have 
already  given  as  Eq.  (1-1|4)» 

With  the  background  which  we  have  sketched  above,  we  can  now 
turn  to  the  case  of  the  Green’s  function  U(x,y;x0,y0) .  If  we 
consider  the  Fourier  integral  representation  given  in  Eq.  (5-121) 
we  see  that  the  counterpart  of  Dr(£,£,£Q,q)  which  is  defined  in 
Eq.  (7-12b)  is  the  integral 

j.  r  *+(X>,  X)  *’(x<,  X) 

ur<x»  y;  xo’  yQ)  =  “  ,  .2/3  t  1/3  J  W(Xj 


4*  k  v  £ 


1  P 


F2'  (0,  X)  +  i  k  Z  F2(0,  X) 

Fj'  (0,  X)  +  i  k  Z  F1(0,  X)  Fl(y*  X)  Fl(yo’  X)  dX  (7-i^) 


We  define 


X  =  k2H 


and  let  y^  denote  the  ’’turning  point”  at  which 

f(yj.)  *  W- 
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If  we  recall  the  Wronskian  property  defined  by  Eq*  (lp-19) 

W3  =  W3(X)  =  J+|-»'| 

2 

and  use  X  =  k  p.,  we  see  that  the  asymptotic  estimate  (WKB  approxi¬ 
mation)  of  Eq*  (lp-16),  namely 

*  v _ ^  constant  _ f  ,  .  />  /,  2  .  ,  .  ,  ■  1 


Iv  ,  v _  constant 

*  VA*  A  ./  *  4/  ft 

k— vk  g(x)  +  X 


*  X 

exp  ±  i  J  /k2g(u)  +  X  du 
+  X  n 


leads  to  the  asymptotic  result 

e 

*+(X>,  X)*  (X<,  X) 

W(Xj  k  — •  °°r  7 


’[“  / 


Vg(u)  +  M  du 


k  $g(x)  +  n  $g(x  J  +  m 


(7-15) 


If  we  use  the  leading  term  of  Eq*  (6-29)  for  namely 

kV±lfl’  /-n - 

Pi,2^y,X^  ~  ""yj—-- exp(±i/Vk  r(v)  -  X  dv)  (7-16) 
VV^2f(y)  -  *  y 

2 

and  use  X  s  k  n,  we  find  that 

F  '  (0,  X)  +  i  k  Z  F2(0,  X)  Z  -  VTT^T  r  0  _  1 

Fj  (0,  X)  +  i  k  Z  Fj(0,  X)  k  — i  "  1  Z  +  VIC'-  »'  exp['i  2k  /  ^ 


Fl<y.  x)  F,(yo. 


k-V3f  1/3 


l‘k(y+ 


(7-18) 


where  we  recall  that  fQ  =  f(0)  and  T±  =  f'(o).  We  can  now  use 
Eqs«  (7-15)  through  (7-18)  to  show  that  these  asymptotic  results 
permit  us  to  express  Eq*  (7-120  in  the  form 


ur(x,  y;  x0,  y0)  ^  Jam  exp  [i  k  *  (M)] 


where 
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(7-19) 


«» . . . . 


z  +  Vfo  +  M  $g(x)  +  M$g(xJ  +n$i(y)  -  M  h(yn)  -  M  (7-20) 


J  >  Vg(u)  +  n  chi  +  VfM  -  M  +  Vf(v)  -  7* 


(7-21) 


and  the  symbol  P  on  the  integral  sign  denotes  the  fact  that  the 
path  of  the  integral  is  to  pass  through  the  point  of  stationary 
phase*  According  to  the  theory  of  the  method  of  stationary 
phase. 


/  m  exp  II  k  f(z)]  dz  ~  )  g(zQ)  exp  [i  k  f(zQ)  -if] 


(7-22) 


where  Zq  is  defined  by  the  condition 

f1<z0>  =  o 

and  in  the  form  given  in  Eq.  (7-22)  we  assume  that  f"(zQ)  <  0. 
Therefore,  we  find  that 


Ur<I>5,iVyo)Tn^ 


A(|i0)  exp[lM  (|i0)  +  tfl 


where  the  point  of  stationary  phase  is  defined  by 


/>7g^uT 

x< 


.  o  1 


(V)  -  K 


J WfTir^  -0  (7-24) 


The  second  derivative  of  0 (m>)  is  of  the  form 
*"(M)  -  -  f  J>  [g(u)  +  Ml  '3/2  du  +  J  [f(v)  -  Ml "3/2dv  +  j°  [f(v)-M]' 3/2dv| 

For  the  case  \i  -  we  can  express  0"  (y.)  in  the  form 

<P\)  = 


,-L.f  / _ M _ rdv+  r° — & 

4Mo[/  [f(v)  -  M013/2  /  [f(v)  - 


f  > - 3?2  du  (7«25) 

/  [g(u)  +  M0l3/2  JU 
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'*J.Vn>nvw*!*»i«i<Br*;^TK'.w'  *«.*- 


If  we  collect  these  results,  we  see  that  Eq.(7“23)  informs  us 
that  the  evaluation  by  means  of  the  method  of  stationary  phase 
has  led  us  to  the  approximation 


Ur(x,yjx0,y0) 


~ z 
+  z 


P(x,y,Jx0<y0)exp[iP(x,y,x0,y0)3  ( 7-26 ) 


where 


[P(x,y,;x0,y0)]2  = 


*i  m 


f(y) 


m  -  m0j 


372  dv-/> 


[f(u)  +  M0] 


372 


dul 


-1 


vlg(x)  ♦  pJ  [f(x  )  +  mJ [f(y)  -  mJ  [f(yj  -  mJ 


and 


>  ___  y _ 

Vg(u)  +  nQ  du  +  ^  Vf(v)  -  mo  + 

Further  discussions  of  the  result  described  by  Eq.  (7-26)  can  be 
found  in  Refs.  5  through  11,  In  the  above  discussion  we  have 
merely  attempted  to  sketch  the  manner  in  which  the  WKB  approxima¬ 
tions  are  employed  to  obtain  this  reflection  formula  for  the  field 
in  the  lighted  region  and  well  away  from  the  "horizon."  In  this 
report  we  are  primarily  concerned  with  the  applications  of  the 
diffraction  functions  which  make  it  possible  to  describe  the  transi 
tion  across  the  "horizon". 


P(x,y,ix0,y0) 


-U 


j, 

/ 


Vf(v)  -  M0dv) 


However,  before  returning  to  the  applications  of  the  diffraction 
functions,  we  will  pause  to  make  some  remarks  concerning  the  use 
of  the  WKB  approximation  in  the  case  of  inhomogeneous  media.  The 
author  is  of  the  opinion  that  for  many  of  the  practical  problems 
which  confront  the  microwave  engineer  that  tho  changes  in  the  index 
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of  refraction  are  often  too  rapid  to  permit  one  to  obtain  a  re¬ 
sult  of  the  desired  accuracy  by  means  of  the  WKB  approximation. 
Since  the  extensions  of  the  WKB  approximation  to  obtain  higher- 
order  corrections  generally  involves  the  use  of  asymptotic  series 
(such  as  the  series  we  gave  as  Eq.  (ij.-i;2)),  the  theory  is  diffi¬ 
cult  to  "translate”  into  practical  results  and  the  use  of  these 
classical  results  has  been  rather  limited. 

'’’he  future  work  on  the  height  gain  function  will  probably  be  very 
much  influenced  by  the  t  ichniques  which  are  developed  for  the 
treatment  of  the  problem  of  propagation  of  waves  through  inhomo¬ 
geneous  layers.  Rydbeck  (Ref.  12)  has  laid  the  foundation  for  a 
method  which  is  attractive  from  the  point  of  view  of  numerical 
analysis.  Tischer  (Ref.  13)  has  presented  a  brief  discussion 
of  this  method  in  his  monograph  on  space  communications.  There 
is  already  a  sizeable  literature  upon  the  theory  behind  these 
methods.  Schelkunoff  (Ref.  llj.)  and  Bremmer  (Ref.  l£)  have  writ¬ 
ten  papers  that  indicate  how  one  can  begin  to  tackle  the  problem 
of  a  medium  in  which  the  rate  of  change  of  the  index  of  refraction 
plays  an  important  role  in  the  obtaining  of  numerical  results. 
Bremmer  (Ref.  15)  showed  that  the  WKB  approximation  could  be  in¬ 
terpreted  as  the  first  term  in  a  series  in  which  the  successive 
terms  are  classified  according  to  the  number  of  "reflections" 
which  they  have  undergone.  This  series  has  become  known  as  the 
"Bremmer  series”  and  the  reader  is  cautioned  to  not  confuse  the 
"Bremmer  series"  discussed  by  Atkinson  (Ref.  16)  and  Kay  (Ref  17) 
with  the  series  described  by  Eq.  (7-1)  which  the  present  author 
sometimes  refers  to  as  the  "van  der  Pol-Bremmer  formula." 

The  basic  idoa  which  is  contained  in  Refs.  12  through  17  is  that 
we  should  seek  to  determine  the  "total"  solution  of  height  gain 
differential  equation  instead  of  trying  to  find  the  two  solutions 
Fl  2 (y»?v)  seek  representations  for  each  of  these  solutions. 
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To  illustrate  the  difference  in  approach  which  may  be  expected 
to  play  an  important  role  in  future  work,  let  us  observe  that 
for  y0  >  y  that  Eq.  (5-121)  contains  a  function 

3Pp (0, X) 

— 4=- -  +  ikZ  F?(0,X) 

P(y,x)  =  P2(y,x)  -  ap^6,X)  - pi(y*x>  <?-27> 

— -  +  ikZ  P1(0,X) 

which  is  a  solution  of  the  height  gain  differential  equation 


d  F(y,X)  2 

- « -  +  [-X  +  k  r  (y)  J  P(y,X)  =  0 

dy 

which  satisfies  the  boundary  condition 


(Y-28a) 


^■F1QjAI  +  ikz  P(0,X)  =  0 


(Y-28b) 


If  we  use  the  approximations  of  Eq.  (7-17)  and  Eq.  (7-18)  to 
obtain  an  asymptotic  result  for  the  quantity 


H(y,y0,x,k)  =  P(y,x)F1(y0,x) 

2 

we  arrive  at  the  result  (with  X  =  k  \i) 


(7-29) 


H(y,y0,n,k)  »  H0(y,y0,p,k)  +  %  (y,y0,^,k) 


(7-30a) 


where 


H0(y,yQ,H,k)  = 


,  -4-^  A 
k 

t'y )  “M-  v^y0J-M- 


exp ( ik 


r° , , 

<1  VHvP? 


dv)  (7.30b) 


K^y^k)  = 


Z  -  Vf0-H  k"-^  fj^ 

z  +  V*0-n  J  Vf  (y)-M-  vny0)-^ 


exp(ikA)  (Y-3°c) 


=  A(y,y0,iO 


y  y( 

</;/> 


\//(v)  -  p  dv 


(7-30d) 
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Wo  can  interpret  Eq.  (7“30c)  as  a  wave  which  has  been  reflected 
from  the  surface  y  =  0  with  a  reflection  coefficient 


a  "diverging  factor" 


s(y,y0,n,k) 


z  -  Vf  0  -  it 
z  +  V*0  -  v-  9 


and  a  phase  shift  which  is  represented  by  the  factor  exp(ikA). 
These  considerations  can  be  shown  to  permit  one  to  interpret 
these  results  on  the  basis  of  a  "geometrical  optics"  of  inhomo¬ 
geneous  media.  However,  if  the  function  f  (y)  varies  "rapidly" 
we  should  expect  that  the  effect  of  traversing  the  inhomogeneous 
medium  should  involve  some  "internal  reflections"  in  the  medium 
as  well  as  the  "phase  shift."  If  these  effects  are  to  be  included 
in  Eq.  (7-27),  one  may  be  forced  to  obtain  some  extremely  accu¬ 
rate  solutions  of  P^(y,X)  and  P2(y,X),  The  author's  experience 
with  this  problem  has  led  him  to  favor  seeking  to  solve  for 
an  approximation  to  F(y,A),  as  defined  in  Eq.  (7-28),  in  the  case 
of  media  in  which  these  "internal  reflections"  are  important. 


In  order  to  illustrate  the  techniques  which  can  be  learned  from 
a  study  of  Refs.  12  through  17,  let  us  consider  the  problem  of 
finding  a  solution  of  the  differential  equation 


^5*  +  p2(x)U  =  0 
dx* 


(7-31) 


under  the  condition  that  p(x)  is  continuous  function  of  the  vari¬ 
able  x.  We  assume  that  p(x)  =  p^  =  constant  when  x  <  0.  Then, 
if  the  time  dependence  exp(-icot)  is  suppressed,  an  incident  plane 
wave  is  given  by  exp(ipQx)  in  the  region  x  <  0.  For  the  sake  of 
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simplicity,  we  shall  assume  that  the  medium  to  the  right  of  x  =  0 
extends  to  infinity.  The  theory  can  be  readily  extended  to  the 
case  in  which 


dU 


+  iZU  =  0 


at  x  =  xQ  >  0.  However,  this  complication  "clutters  up"  the 
theory  and  our  aim  at  this  point  is  merely  to  point  the  way  for 
further  work  in  this  type  of  treatment  of  Eq.  (7-31). 

Let  us  assume  that  in  the  region  x  >  0  the  total  field  U(x)  can 
be  represented  as  the  sum  of  two  terms 

U(x)  =  V(x)  +  W  (x)  (7-32) 

where  V(x)  is  the  contribution  of  all  waves  moving  foward  which 
have  arisen  from  points  to  the  left  of  x,  and  W(x)  represents  the 
total  of  all  backward  waves  starting  from  points  to  the  right  of 
x.  Prom  tho  theory  of  the  WKB  approximation,  we  know  that  the 
function 


Y(x)  = 


exp 


(3.y*  p(s)ds) 


(7-33a) 


VpTxJ  0 

represents  a  transmitted  wave  propagating  in  the  foward  direction, 


and 


1  x 

Z(x)  =  —  ■  ■■■  exp(-i /  p(s)ds) 

VpTxT 


( 7-33*> ) 


represents  a  wave  propagating  in  the  backward  direction.  We  make 
the  observation  that  Y(x)  and  Z(x)  satisfy  the  first-order  differ¬ 
ential  equations 


Y'  =  (+ip - )  Y 

2p 


(7-3^a) 


Z'  =  (-ip  -  tL)z  (7-34bl 

2p 

The  "trick"  which  is  found  in  Refs.  12  through  l‘(  is  that  of 
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observing  that  the  functions  V(x)  and  W(x)  are  solutions  of  the 
coupled  first-order  differential  equations 


p' 

p' 

(+ip - )v  + 

—  W 

2p 

2p 

P' 

p' 

(-ip  -  — ) W  + 

—  V 

2p 

2p 

( 7— 35a) 
(7-35b) 


We  can  readily  verify  that  this  pair  of  equations  is  equivalent  to 
Eq«  (7-31)  by  observing  that 


U'  =  V'  +  W',  =  ip(V  -  W} 

and 

U"  =  ip'  (V  -  W)  +  ip(V'  -  W' )  =  -  p2U 


If  we  define  f(x)  to  be  the  phase  factor 

x 

¥(x)  =  J  p  (s)ds  (7-36) 

0 

we  can  replace  the  pair  of  coupled  differential  equations  given 
above  as  Eqt  (7-35)  by  the  coupled  integral  equations 


W(x) 


00 

exp[  -i¥  (x)  ]  r 
- - /  expt+i'if  (t)  ] 

Vp 7x7  J 

X 


p'  (t) 

- -  V  ( t )  dt 

2\/p(t) 


(7-37a) 


V(x) 


exp[+iy(x)  ] 
VpIxT 


Je: 


A  +  Jex p[-if (t)] 
0 


P'(t) 
2VP ( t ) 


W(t)dt 


(7-37b) 


The  constant  A  which  appears  in  Eq.  (7-37b)  is  to  be  determined  by 
the  boundary  conditions  at  the  interface  x  =  0.  If  we  assume  that 
the  field  for  x  <  0  is  of  the  form 

U(x)  =  exp(+ipQx)  +  R  exp(-ipQx)  (7  -38) 
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If  we  require  that  both  U(x)  and  its  derivative  be  continuous  at 
x  =  0,  we  readily  see  that 


A  =  VpTST  =  \/p^  (7-39a) 

1  7  P'(t) 

R  =  -  -  /exp[+i¥(t)  ]  — (7 “39b) 

Vp qJ  2Vp(tT 

u0 


The  author  has  not  been  able  to  find  any  literature  which  deals 
with  the  numerical  integration  of  Eq.  ( 7—37)  on  an  electronic 
computer.  Atkinson  (Ref.  16)  and  Kay  (Ref.  17)  have  discussed 
certain  iteration  processes  which  lead  to  solutions.  One  of 
the  chief  applications  of  this  theory  appears  to  be  that  of  in¬ 
troducing  the  concept  of  a  "reflection  coefficient"  which  is 
defined  as  the  ratio  of  W(x)  to  V(x),  namely 

W(x) 

R(X)  =  - 

V(x) 


It  is  customary  to  approximate  V(x)  by  neglecting  the  integral 
in  Eq.  (7**37b),  This  loads  to  the  approximation 


00 


,  P'(t) 

R(x)  a  -  exp[-i2y(x)]  /  exp[+i2y(t)  -  dt 

2p(t) 


]/e 


(7-40) 


Our  discussion  of  the  replacement  of  the  second-order  equation 
of  the  form  of  Eq.  (|-3l)  by  the  coupled  first-order  differential 
equations  has  taken  us  quite  far  astray  from  our  main  purpose  whicu 
was  that  of  finding  approximations  for  the  reflected  wave  which 
was  defined  by  Eq,  (7  -14)  •  However,  the  practical  importance  of 
problems  involving  inhomogeneous  media  surrounding  convex  surfaces 
(such  as  the  ionized  layers  surrounding  a  re-entry  body)  cannot 
be  overemphasized.  The  WKB  approximation  has  only  limited  appli¬ 
cability  in  some  of  these  problems  and  in  order  to  enlarge  the 
scope  of  the  applicability  of  our  diffraction  functions  we  need  to 
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bo  aware  of  new  methods  which  may  offer  the  prospect  of  extending 
the  theory  to  a  wider  range  of  problems. 

The  author  would  like  to  direct  attention  to  the  fact  that  the 
presence  of  the  reciprocal  of  p(x)  in  Eq.  (7-3 5)  indicates  that 
the  type  of  decomposition  of  U(x)  which  is  given  in  Eq.  (7-32) 
can  only  be  used  "far  away"  from  the  turning  points  at  which 
p(x)  vanishes. 

7*3  The  Diffraction  Formula 

Let  us  now  turn  to  the  problem  of  expressing  the  Green's  function 
U(x,yjXQ,y0)  as  defined  in  Eq.  (7-9)  in  terms  of  the  diffraction 
function  D(£,£,£q, q)  as  defined  in  Eq.  (7-1)*  The  first  step 
will  be  that  of  using  the  WKB  estimates  in  Eq.  (1+-16)  and  the 
Wronskian  definition  in  Eq.  (1+-19)  to  show  that 


T+(x>,Xs)¥'(x<,Xs) 


exp i  /v [k  g(u)  +  A  ]  du 


k  -*  oo 


-W \Ak2s(*)+V  \/[k2g(x0)+X3] 


(7-41) 


We  then  recall  Eq.  (5-2) 


X3  =  k%  + 


and  observe  that 


/'[k2g(x)+Xs]  =  k  VTg(x)  +  fQ  +  (^A^tg] 


*>  k  Viet*)  +  f0)  +  -  - 

2V[g(x)  +  f0] 


(7-42) 


Let  us  now  use  the  leading  term  of  Eq.  (7-1+2)  in  the  denominator 
of  Eq.  (7-1+1)  and  retain  the  first  two  terms  in  the  phase  factor. 
We  then  have  the  approximation 
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1 

I 


*  <X>’  V  *’<*<’ V 


w. 


T=" 


exp 


ik  f>7tdrri 


du 


-  i  2  k  $g(x)  +  f  $g(x)  +  f 


We  now  recall  from  Eq*  (£-2)  that 


CO 


*3  =  Ts  +SDn^Ts,q^n  *  P 
n=l 

and  from  Eq*  (5-H2)  that 


=  k-Sf^ 


■§•  i 

k^3 


dt 


s 


M3  4-ts 


(7-43) 


(7-1)4' 


(7-45) 


Let  us  now  introduce  several  definitions  which  will  simplify  the 
writing  out  of  the  formulae  which  are  to  follow.  Let 


r  =  r(x,x0)  =  j  >  vg(u)  +  fo 
x< 

5  =  cu,x0)  =  |  k^sy  >  Vg<u>\ , 


du 


(7-46) 

(7-47) 


i  (fx/k)^  exp(ikY) 


00 


D(x,yJk0,yn)  — zz^fl  vj 
k  -*■  "  W)  +  f0  vg(x0)  +  fo 


F(y.^,)  F(yn,X.) 

Ts[wl<Ts»2  ■  Iwi(Ts>l: 


1  + 


exp(i£t  ) 


8D „(t  ) 

"  8  f 


V  n  1 

4  »T, 


n=l 


I 


(7-48) 


Prom  the  first  several  terms  of  Eq*  < 4— -4®^  we  find  that  we  can 
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express  the  height  gain  function  F(y,X)  for  y  ->  0  and  k  -*•  a>  in 
the  form 

o  2 

F(y,  X)  ~  w(t  -  u)  -  [  (3u  +  2t)  w(t  -  u)  +  (3u  +  4ut  +  8t  )  w’(t  -  u)  ]  +  •  •  •  ( 7-1+9) 


where 


u  -  k2/3fl1/3  y  ,  X  =  k2f0  +  kni2/3t  , 

t  *  T  +  Dj(T)  0  +  D2(t)  02  +  •  •  • 

and  the  Airy  function  w(z)  is  understood  to  he  w^(z).  For  suffi¬ 
ciently  large  value  of  k,  we  have  the  parameter  (3  -*•  0  and  we  can 
introduce  the  further  approximations 


*8  55  Ts 


where 


p(y0>?OF(y,X)  ~  (ts  -  -  (i.02) 


2  A  i 
y.  «  k^f^y 


n  2  s  k^f-^V 
h-q  K  I1  y0 


(7-50) 

(7-51) 


(7-52a) 


(7-52b) 


Tf  we  now  use  Eq.  (7-50)  and  Eo.  (7-51)  In  Eq.  (7-l|-8),  and  recall 
that  we  have  p  ->  0,  we  find  that 


(f^/k)3  exp(ikY) 


P(x,y;x0,y0) -  - ■„  '  '  -  D(^,n2,n02,q)  (7-53) 

y  -  0  2  vg(x)  +  iQ  v  g(xQ )  +  iQ 

V  o 

This  result  should  only  be  used  in  the  thin  boundary  layer  for 
2  2 

which  both  p.  and  are  small  (where  "small"  probably  means  that 
wo  should  require  that  these  quantities  be  less  than  unity). 

For  larger  heights,  we  should  use  the  WKB  approximation  given  in 
Eq.  (6-16),  namely 


rg(x  )  +  f 
o'  o 
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44frMM$K$- 


where 


ki/3  1/6 

F  (y,X(  ~  .,  g  exp  (1  j)  exp 

1  7kZf(y)  -  X  4 


X  =  k2f  +  k4/3f,2/3t 
O  1 


J  /k2f(v)  - 


X  dv 


(7-54) 


Prom  Eqs.  (5~l\.2)  and  iS-\\S)  we  see  that 

*1 


P  -*>  0 

and  therefore  we  will  replace  the  lower  limit  in  Eq*  (7-54^  by  0 
when  we  consider  the  case  (3  -*•  0#  We  also  take 

+  (k2fi>8^ 

and  observe  that  the  radicals  can  be  approximated  by 

_l  3. 

jT  ■-  — - - —  ^£3*^* 

Vkr(y)-A_  =s  Wf(y)  -  71  +  ■* . 3—  +•••■ 

3  0  2  Vf  ryT  "‘-  T" 


We  can  then  approximate  Eq*  (7“54)  by 


1/6 


pl(y.xe)=(^)  exp 

k  tlFT 


ik  f  Vf(v)  -f  dv 


/ 


dv 

iwrr 


We  can  then  express  U(x,y$XQ,y0)  in  the  form 

(  i (f«/k)^  exp (ikY  +  ikAn  +  ir) 

•  u.7,V>.l  -TTT-ll= - S-i 


y0  ■*  * 


“  Mtpgtr,)  w^-y)  1 

Ml  t»|wi(t«,,2‘  Iwi<r*>)  ' 


where  Aq  and  £  are  defined  by 
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(7— 57a) 


Aa  *  A(yn) 


V*(v)  -  fQdv 


«  "  /X>  Tgjrnr  *  -  ^  7!J7T-r  <*  J  (T-STb ) 

Since  w^TTg)  =  9wi(ts),  we  observe  that 

WVJ8  ■  t"i'<T,)]2  =  (t,  -  q2)twx(ira)32  (7-58) 

and,  therefore,  (^,q)  as  defined  by  Eq.  (7— 7b)  can  also  be 
expressed  in  the  form 

«  exp  (i  t  t  ) 

Vjft,  q)=127x  Y - -  (7-59) 

£l  <T,  -  q  )  Wj(t8) 

Therefore,  if  we  let  y  =  0  in  Eq.  (7-56),  we  obtain 


U(x,Ojx0,y0) 


(^/kJ^expUkY  +  ikAQ  +  ir) 


P  0  2/F  $g(i)  Ti 


V^qW-so) 


When 


both  y  and  yQ  are  large,  we  use  Eq.  (7-55)  for  both  F(y0>*-S) 


and  F(y,X _)  and  arrive  at 
s 


U(x,y{x0,y0) 


p  ->  0 

y0  ■* 00 

y  -*•  oo 


(fiA)*  exp(ika) 


(V  +  fcT 


«cp  (irj  t  ) 


y  — —7  s'  j 

8ti  vwi<vj 

(f^/k)e~  exp(ikq  +  |) _ 

/*  [V  g(x)  +  fQ  V  +  iQ  V  f (y)  -  r  V  f(y0)  -  1Q  ] 


V11(ri,q)  (7-61) 


where  Eq.(7-58)  lias  been  used  in  Eq.  (7-8b)  in  order  to  show  that 
the  reflection  funotion  can  be  written  in  the  form 
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(7-62) 


Vn(ri,q)  =  iZ/tt  £ 

8*1 

and  where  a  is  defined  by 


exp  (in  Tfl) 

Vwi<ts>i2  -  K<TS»2 


o  =  f  >  /g(u7+T0du  +  ^^W^dv  +  ^VTivT^dy  (7-63) 

and  the  argument  t)  is  defined  in  terms  of  a  quantity  6  by  means  of 


„  k1/3f,2/3  />  ,  ,  <■»_  .  1  kl/3f  2/3  /  J  U  dv 

2  1  /  7gjiT+  f0  2k  fx  [f+f)JwrT0 


-  1.1/3  2/3. 

2  K  fl  6 

and  6  is  defined  by 


(7-64) 


6  =  /  ”  7g(uV+f  "  /  7TJifV  {  -  J°  V{(v)v- !  (7-65) 

x<  °  o  0  5  ° 

The  physical  significance  of  the  parameters  a  and  6  has  been  dis¬ 
cussed  by  Friedlander  (Ref,  6),  The  path  of  the  diffracted  rays 
is  depicted  in  Fig,  7-1,  Friedlander  showed  that  t]  is  the  geo¬ 
desic  distance  of  (x,y)  from  (x^y^)  measured  along  the  descend¬ 
ing  branch  (PA)  of  the  glancing  ray,  the  segment  (AB)  along  the 
boundary,  and  the  diffracted  ray  (BQ)  •  The  variable  6  is  the 
geodesic  distance  from  A  to  B,  i.e.,  the  distance  the  wave  travels 
along  the  surface,  Friedlander  showed  that  it  was  possible  to 
also  express  6  in  the  form 


?2  du 

6  =  J  TgfiJpT 

xi 


(7-66) 


where  x^  and  Xg  are  defined  in  Fig,  7-1*  Similar  discussions  have 
been  given  by  Seckler  and  Keller  (Ref,  7)  and  by  Jones  (Refs,  8 
and  9)* 
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Pig.  7-1  Ray  Paths  in  Inhomogeneous  Medium 

These  geometrical  interpretations  for  the  parameters  appearing 
in  the  asymptotic  estimate  for  U(x,y;xQ,y0)  are  made  possible 
by  the  use  of  the  asymptotic  estimate  for  the  height  gain  func¬ 
tion  which  is  given  as  Eq.  (7-55) •  This  estimate  was  used  in 
the  above  form  by  Friadlander  (Ref.  6).  However,  an  analogous 
result  had  already  been  used  by  Pock  (Ref.  Ij.,  Eqs.  (6.10)  and 
(6.11,  p,  2Ylj.)  in  his  classic  paper  of  1914-8. 


Since  6  as  defined  by  Eq.  (7-66)  Is  the  same  as  y  defined  by  Eq. 
(7-14-6),  we  observe  that  for  y  =  yQ  =  0  that  we  can  use  the  asymp¬ 
totic  estimate 


U(x,  0jx0,0) 


Kfl/k^oxptlkc)  y  ««P  <tTl  tb>  t»ifrs))2  (7_6?) 

m  ■  ■■  4 — i  ■  .  ■  ..  .  —  r.»  \i^  _  f«!  /»  \i  ^ 


P  00  igftvr  $g(xj  V#  s-iTs[w1(rg)]  -  [W^T§)) 


along  with  the  property  in  Eq.  (7-58)  to  show  that 
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U(x,0;x0,0) 


(7-68) 


(f-j/kp'expUka  +  r) 

7 - -  -  :■■■■:  ~Z  v0(ri,q) 

p  "* 00  v  itT) [Vg (x)  +fl0Vg(x0)  +f 0) 

where  Vg(q,q)  is  the  attenuation  function  defined  in  Eq.  (7-6) » 
and  Eq.  (7-63)  reduces  to 


-"2 

a  =  f  Ve(u)  +  f0 


For  the  case  y  =  0,  we  observe  that 


du 


o  =  Y  +  Aq 

whore  Y  and  aq  are  defined  by  Eqs.  (7-46)  and  (7-57a),  respective¬ 
ly.  For  this  case,  we  also  observe  that  £  as  defined  by  Eq.  (7“57b) 
is  equivalent  to  q  as  defined  by  Eq.  (7-64) •  Therefore,  we  can 
express  Eq.  (7-60)  in  the  alternative  form 

(f,/k)3exp(ika  +  ¥•) 

OU.Ojk0,y0)— - -  . x  -  . ^  . -  ^  (,,,<})  (7-69) 

/QZ  °  2\/We  ( x )  +f 0V g  (x0 )  +f 0VHy 0 )  - f o 

The  forms  in  which  we  have  put  Eqs.  (7-61),  (7-68)  and  (7-69) 
reveal  that  in  each  case  where  we  have  used  the  two-parameter 
functions  VQ(q,q),  V^qjq),  and  V11(q,q)  that  the  parameter  q  is 
related  to  the  distance  that  the  wavB  has  traveled  along  the  in¬ 
terface  at  y  =  0,  whereas  the  parameter  o  which  has  appeared  in 
the  exponential  factor  that  multiplies  these  special  functions 
is  related  to  the  geodesic  distance  that  the  wave  has  traveled 
along  the  ray  path  between  the  source  at  (Xq>Xq)  and  the  receiver 
at  (x,y). 

Although  we  have  obtained  some  useful  special  results  in  the  course 
of  the  above  discussion,  we  do  not  have  a  formula  which  is  valid 
for  arbitrary  values  of  y  and  yQ  as  p  -+  0.  In  Eq.  (7-53)  we  have 
obtained  a  result  for  the  boundary  layer  in  which  both  y  and  yQ 
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■Aw.  V 


V  , 


are  assumed  to  be  small.  In  Eq.  (7-69)  we  required  that  y  =  0  and 
yQ  -+  oo,  whereas  in  Eq.  (7-61)  we  required  that  both  y  -+  «  and 
yQ  ■+  oo.  Let  us  now  show  how  to  obtain  a  result  which  contains  all 
of  the  results  given  above  as  special  cases. 

7.4  A  Digression  on  Hankel  Functions 


Before  introducing  the  type  of  result  which  we  want  to  employ  in 
place  of  Eq.  (7-55)  or  Eq.  (7-51)*  let  us  consider  the  special 
case  of  the  Hankel  function  for  which  Eq.  (7-55)  yields  the 
asymptotic  estimate 

H^W)  ~  J-  «p|lk  (i/r1  -  iz  -a tan"1  ) 


w  1/3  ,  rTTTT  1 

-  1  ‘  <y  >  tan'1  — 


(7-70) 


where 


v2  =  (ka)2  +  4  (lf)4/3  t 


(7-71) 


The  corresponding  special  form  taken  by  Eq.  (7-1+9)  is 

(1)  i  2  ^3  I  1  2  2^2 

UX*// 1»a»\  — _ * _  /  **  t  I  ...  /i  1  «  V  »  /o--  .  _  u  , 


Hv  (kr)  =  "  VT  wi(t  ‘  u)  -  30  (ki)  l(3u  +  2t)  wi(t  -  u)  +  (3»1 

4/3  I 

+  4ut+8t2)w1'(t-u))+0[(j|)  ]  (7.72) 


where 


2  1/3  r  ka  2/3  r  2 

u  =  <H)  kalogf-(f)  log(f) 


(7-73) 


The  results  in  Eq.  (7-72)  are  new  since  in  the  work  of  van  der  Pol, 
Breramer,  Fock,  and  other  writers  it  has  been  customary  to  replace 
the  Hankel  functions  H^(kr),  K^'(kr),  where 


v  =  (ka)  +  (ka/2)1^3  t 


(7-71+) 


by  the  asymptotic  approximations 
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(7-75) 


m  i  o  ^'3 

IV<kr>~-77r  wi<T_y) 

(iy  i  2  2^3 

Hv  <■“»  ~  77  <h>  wi  (T  -  y) 


(7-76) 


where 


Since 


2  ^ 

y  =  (j^)  k(r  -  a) 


(7-77) 


o  1/3  _  1/3  2 

"■«&  kal0*f  ka|ITi-5liL¥L-t---l  ,7'78) 

a  J 

we  can  express  Eq.  (7-7 2)  in  the  alternative  form 

(^cr)  77  wi(l  “  y)  "  60  ^ka^  N®y  +  4t)  w^(t  -  y) 

+  (9y2  +  8y  t  +16  t2 )  (t  -  y)]  +  O  [  (2/ka)4^3]  ^  7“79 ^ 

A  comparison  of  Eq.  (7-71)  and  Eq.  (7-71+)  leads  to 

1  2  2^3  2 

t  =  T  +  i(i£>  T  (7-8o) 

Therefore,  Eq.  (7-79)  can  be  replaced  by 

1/3  2/3 

=  -  77  <h)  wi<t  -  y>  -  ^  <h)  ((®y +  4T)  wi<t  -  y) 

+  (9y2  +  eyT  +  t2 )  (r  -  y)]  +  O  [  (2/ka)4/3]  j  ( 7-81 ) 


Although  Eq*  (7-81)  is  an  extension  of  the  classical  approximation 
described  by  Eq*  (7-75) »  the  result  is  of  limited  usefulness  un¬ 
less  ka  is  very  large  and  (r  -  a)  is  small,  or,  more  specifically, 


r  =  a  (1  + 


0[(2/ka)2/3] 


(7-82) 


The  results  in  Eqs*  (7-1+9)  and  (7-72)  are  also  useful  only  in  the 
"boundary  layer"  defined  by  Eq.  (7-82). 


If  we  use  the  property 
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wl<t-y>  y»f  ***  [*1 fr-q  1  +1f]  (7“83a) 

we  obtain 

wl<*  “  exP  [*  (f  y3/2  -  y1^2  t  +  f )]  (7-8 3b) 


We  then  find  that  according  to  the  "boundary  layer"  approximation 
of  Eq.  (7-75)  that 


H^lkr) 


7T  <S>  W1<T  -  ri "y'-V  7Tv7  <5?  7  exp  [‘  I  ^ 


■  i  y1/2  T  ~  i  t 


( 7-84) 


or 


h<V> ~ A ^-t>  3/2- ir <if, 1/3 /o 


K7-85) 


This  result  does  not  agree  with  Eq.  (7-70).  However,  if  in  Eq. 

(7-70)  we  ute  the  approximations 

r~2 - 5“  _ _ _  _ 

Vr  -a  =  V(r  +  a  (r  -  a)  ~  V2a  (r  -  a) 


we  see  that  Eq.  (7-70)  "joins”  onto  the  result  derived  from  Eq. 
(7-75)*  However,  these  results  serve  to  emphasize  the  fact  that 
Eq.  (7-75)  is  only  useful  in  the  "boundary  layer"  defined  by 
Eq.  (7-82). 


A  study  of  these  results  reveals  that  if  we  merely  replace  the 
variable  y  by  a  new  parameter 


2  k.  8/3  r2  -  »2 
t2  -  <T  >  J— 


(7-86, 


we  obtain  a  modified  approximation  which  has  the  property 
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■j 


“i-V*  ~  -  7T  wi<r  -  f2> 


£  — • « 


'irk/ r  -  a 


[‘T 


2  2  3/2 
(— o*  ) 


ka  1/3  r2  -  a2 

-Mt>  Mt1) 

a 


(7-8?) 


This  result  lias  the  advantage  of  leading  to  the  same  amplitude  as 
given  hy  Eq*  (7-70)*  However,  the  phase  is  only  an  approximation 
to  the  phase  in  the  exponent  of  Eq*  (7-70).  The  phase  can  bo 
readily  corrected  by  observing  that  for  givon  (finite)  values  of 
Z  and  t, 

explik  (OT  W1  ^L)  -1  (lf)1/3T  up'1  (ffi) 

-.fd.ifr] 


•  2  J.3  |  y 

-  i  3  £  +  i  t  r 


=  i  + 


O  2/3i 

°l<=) 


(7-88) 


Therefore,  the  modified  asymptotic  estimate 

m  i  2  1/3 


Hi/  (kr)  ~  17  (H)  exP  (*  *)  wi<T  '  t  ) 


(7-89) 


where 


*  =  k/r2-a2  -ka  tan'1  — -  (^f )  /  t  tan'1  (^~)-  |  £3  +  £r  (7-90) 
leads  to  Eq*  (7-70)  for  £  -*  m  and  to  Eq*  ( 7—75^  for  £  -+  0. 


If  we  use  the  property 

2  19  2/3  9 

£  y 

we  can  use  Eq*  (7-81)  to  obtain  the  result 

H*1* _ *  /  Jn1/3  L  „  _  ,2  v  A  ,  2  3/3  l  i  _ 


(7-91) 


Up  ~  “  7T  <E>  j  wi<T  '  *  )  +  <K>  B  T  '  iK >  wi<T  -  «  > 

+  fe  -  BTt2  +  wi'(T  -  t2 )|  +  o  [ (^)4/3]  J  ( 7-92) 
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Ay  r  +1  _A_  ill+iJL..J,i: 

=iE‘«  V  v  V  16 15 


ill  ±± 

L6  ^5  32  £5 


(7-93) 


W] 


(T-£2) 


we  can  show  that 


H^kD-fTTS-^rlH*173  1  +  <h>2/  [-lf£5  +  1iT£3  +  1Ht  +  -  •  •] 

+  0(<5)4/3]1Wi(T'e2)  (7"9W 

The  presence  of  the  positive  powers  of  £  in  the  coefficient  of 
(ka/2)~*  reveals  that  this  form  of  representation  for  H^^(kr) 
is  only  useful  for  moderate  values  of  However,  if  we  write 
Eq#  (7-90)  in  the  form 

* .  2  ^>i/3^  [(j|,i/3£] 


=  <E>  '  (-|£5  +  5t£3)  +  < E>4/3(f£7-5’-£5)  + 


we  find  that 


exp  (i  *)  =  1  +  (£) 


'[-‘!£5-^£3]-((il»4/3] 


(7-95) 


(7-96) 


Therefore,  if  we  replace  Eq.  (7-94)  by 


m  1  2  1/3  o  2/3  ,  , 

Hi W) ~ (H)  «p(i*)i  +  (E,  (^^•••) 

2  4/3  2 

+  °[(i^)  ]  w1(T-r) 

we  find  that 

Hi1)(k^r=r"^<E)  exp (1  i+°[(is>4/3j  v-f2> 


(7-97) 


(7-98) 


This  result  shows  that  not  only  do  we  get  the  correct  phase  for 
the  leading  term  by  using  Eq«  (7-89)*  hut  we  also  obtain  a  result 
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for  z,  •*  oo  in  which  the  corrections  of  order  (ka/2)"*^  vanish.. 

Rq*  (7-97)  cannot  be  used  for  snail  values  of  £  because  of  the 
presence  of  the  inverse  powers  of  However,  the  alternative 


form 


1/3 


H^kr)  ~  -  ^  “  exp  [i  *]  Iwj 

"  15  T  "  10  *  ^  W1^T  “  *  ) 
.2  .  2  k4 


V*  >  +  <E> 


2/3 


Kif  ** 


i|rf3 


+  <-fe-AT*W*  >*iV-ni  + 


(7-99) 


J 


can  be  used  for  both  large  and  small  values  of  £.  For  large  values 

of  the  form  in  Eq.  (7-97)  nay  be  unsatisfactory  because  it  may 

2 

be  more  convenient  to  replace  w^(t;  -  £  )  by  an  asymptotic  expan¬ 
sion.  We  can  obtain  such  a  result  from  Eq.  (7-99)  by  using  the 
expansions 


W1(T  '  *  )~»  T  fiCr 


exp 


if  (t2-r)V2  +  lfj 

2 


[1  _  UiL  ,3. 

MA4A  \  A/ 


11216 


2V-r> 


5-  7- 9- 11  3 
2  '2* 


£  •— 00 


2!  (216) 

exp  (if  £3  -  It  £  +  i|) 

- 7f - 


•  •  • 


i+ai+jL/i.ii) 

1  4£  t2  (  4  32' 


1/  T6  .  5  3  J.,  1  ,  r8  7t5  35  2 

+  f3  (’  384  +  48  T  "  48 '  f4  '  6144  384  192  ' 

i  /.  t10  JL.-_35.-4  35  .  n  .  1  . 

+  f5  (l22880  “  512  512  192  0  ^6' 


and 


1  + 

4£  (32  +  4  • 


wi'(T  >7^^ «p(ifr-iTt-if) 

+  ± /_iL.2L +JL) +Jl  /_l1.  jL  Jlr2) 

f3  (  384  48  48*  f4  (6144  "  384  '  192  ' 


l  r10 

+  j.5  ( 122880 


-Li--?!.  t4+J5 
1536  1536  192  ’ 


(7-100) 


(Eq*  concluded  on  next  page.) 
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1/_ 


.  JL  ,  T  ,  5  T9t_7_  •  -245  3  +  455, 

+  £6  '  2949120  73728  T  6144  T  2304  T  4608 

+  0(^) 
t 


(7-101) 


In  the  discussion  between  Eq,  (7-75)  and  Eq,  (7-99) >  we  have 
used  t:  as  defined  by  Eq,  (7“74)  in  order  to  conform  with  the 
usage  of  Pock,  Wait,  and  other  authors.  However,  for  the  sake 
of  completeness,  we  will  also  set  down  the  Hankel  function  re¬ 
sults  which  involve  t  as  defined  in  Eq,(7-71)«  In  order  to  do 
this,  we  use  Eq,  (7-80)  to  write 


ka  3/3f  /  o  1  12  3^3  2  2  ^ 

r  =  2(f)  [/!  +  <£>  t-lJ-t-jlK)  ‘2+°[<H> 


We  then  obtain  from  Eq,  (7-72)  the  result 

/u  12  ^  I  2  12  2  2 

H^W)  ~  “ -fa  (j|)  wi<t  -  *  )  ~  30  <1S>  +  2t)  wl(t  ’  f  > 


(7-102) 


4  2  2.2  2  3 

+  (-  i2r  +  4rt  +  sr)w1’(t-r)  +o[(^>  ]  (7-103) 

* 


We  can  also  obtain  this  result  from  Eq,  (7-72)  by  using  the 
property 

,ka2/3  ,r  2  J2  l,22/3fc4. 


u  =  (t)  iog(t)  -r  -|<E)  r  + 


(7-104) 


In  order  to  improve  Eq,  (7-103)  for  the  case  when  £  Is  very  large, 
v/e  define 


=  kv42-a2  -  ka  tan"1  -  t  (^|)1/3  tan'1  -  |  f3  +  £t 

=  <H)2/3<-ff54^3)  +  OKH)4/3] 


(7-105) 


and  obtain  tho  modified  result 
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Ht1}(kr)  ~  -  77  (j|)1/3  exp  (i  *)  wx(t  -  £2 )  +  (—^[(i  §  £5  -  i  f  tt3 


2  4/3  I 
+°ks:>  i 


4  .2  2  .„2  .  2  .4, 


(7-106) 


These  results  which  we  have  given  for  the  Hankel  function  have 
proven  to  be  very  useful  in  the  case  of  the  diffraction  of  waves 
by  spheres  and  circular  cylinders.  We  want  to  now  use  these  con¬ 
cepts  to  obtain  a  more  useful  form  for  the  more  general  height 
gain  function  F(y,A). 

7*5  The  Extended  Height  Gain  Approximation 

The  form  taken  by  Eq.  (7-99)  can  serve  as  a  model  for  an  extended 
result  for  F1(y,^)  which  behaves  like  Eq.  (7-^9)  for  small  values 
of  y  and  which  behaves  like  Eq.  (7“55)  for  large  values  of  y. 

The  first  step  is  to  start  from  the  asymptotic  estimate  of  Eq. 
(7-l|9)  and  observe  that 

*  1/6 _ ..  ir . 

Fj(y,  A)  ~  Wj(t  -  u)  .  Wj(t  -  k2/Sf1l/3 )  ——►(-1-)  ^  4 


axp  1 1  k  f^y72  -  1 1  k  1/3fi1/6  yV2  ( 7-107) 


Since  the  factor  multiplying  the  exponent  in  Eq.  (7-55)  differs 
from  that  in  Eq.  (7-107),  we  take  a  hint  from  Eq.  (7-86)  and  de¬ 
fine 

2/3 

t2  =  (^-)  [f(y)-f0]  * u  +  /JhgU2  +  02hjU3  +0  (/93 )  (7-lo8a) 


u  =  t2  -  0b,  t4  +  O<02) 


(7-lo8b) 


Next  we  take  a  hint  from  Eq.  (7-105)  and  observe  that  the  exponent 
in  Eq.  ((-$&)  is  of  the  form 
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i*ibd  ** 


k  /  vT^dv-fki''Y/st  jT  vtwd;to  -ft+M-fv1 

+fv3t>+°02> 

Therefore,  by  defining 

*  =  k  Jy  Vf(v)  -  f0  4v  -  i  k173^273 1 J  7{(vf.  fo  - 1  £3  +  « 
and  observing  that 

Wl(t  -  u)  =  wx(t  -  f 2 )  +  /Jh^4  w^t  -  t2 )  +  0  </J2 ) 


(7-109) 


(7-1 10a) 


(7-ll0b) 


(7-111) 


we  can  modify  Eq*  (7-^9)  to  obtain  the  representation 
F]0r,  »)  -  exp  (t  *)T Wj(t  -  £2 )  +  2/J  hj  [ (i |  £5  -  i i  t£3  -  ^  t  -  ~  t2)  w^t-f2) 

+  ("  *2  ~  ^  *t2  +  f  t4>  Wi’(‘  -  £2)  J  +O(02)J  (7-112) 

This  extended  form  of  the  asymptotic  expansion  for  P1(y,^)  is 
very  useful  in  the  problem  of  finding  representation  for  the 
Green's  function  U(x,yjXQ,y0)  which  involve  the  van  der  Pol-Brem- 
mer  formula  D(£,£,£0,q).  Thus,  we  can  now  replace  Eq.  (7-53) 
by 


f,  1/3 

U<*.  y;  *0.  y0)  ~  <x> 


,  exp  (1  V1 - ■  (».v2.  r„2.  «>  <7-113) 

2  ?g«  +  f0  $g(*0)  +  f0 


where 


EM,  y2.  Y02.  q)  =  «p  l-  if  (Y3  +Y03)]  D({.  Y02,  q> 


(7-H4) 


(  *tj  +  y  +  yr 
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Jst, 


f>qmxnMi*!Mir^^'>n.a*U*,«««vr?KraM«fwuRtn-v*-«r.?  wru.  »•  -»^iw»v*  /»<*—■  •■»*:'•»'•  ♦*-»•  * 


y2  -  (^-)2/S  If(y)  -  y  (7-11 5b) 

2/3 

r02  -  (r-1  IW  -  fQ]  17-11  So) 

and  o  and  n  are  defined  in  Eos.  (7-63)  and  (7-64)#  respectively. 

The  result  contained  in  Eq#  (7-H3)  is  the  desired  extension  of 
the  previous  results*  For  example,  the  limiting  form 

e  fo.  y2 ■  y2’  <o-y=s  |  Ji~  vu<".  1)  (7-116) 

7,—  ° 

leads  to  Eq*  (7-61)*  The  limiting  form 

E(tj,  0,  yo2.  q)^rri  V^rj.q)  (7-H7) 

leads  to  Eq*  (7-69)*  If  we  use  the  approximation 

f(y)  »  f0  +  fxy 

in  Eqs*  (7-115^)  and  (7-H5c)  we  see  that 


the  boundary  layer  approximation  of  Eq.  (7-53)  follows  from  the 
more  general  result  in  Eq.  (7-H3)« 

7*6  Extension  of  Bremmer’s  Results 

The  approximation  which  we  have  given  above  as  Eq.  ( Y— 1 1 3 )  Is  one 
of  the  key  results  of  our  investigation.  This  result  permits  us 
have  an  asymptotic  estimate  which  is  valid  for  arbitrary  values  of 
the  height  parameters  provided  the  parameter  k  is  large  enough, 
i*e*#  P  =  k^f^"^  -*■  0.  Eq*  (Y-H3)  Is  only  the  leading  term  in 
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an  asymptotic  expansion  of  U(x,y;x0,y0)  in  powers  of  (3*  We  have 
not  attempted  to  include  above  the  further  terms  in  the  expansion 
but  it  is  readily  seen  that  we  have  laid  out  the  necessary  formulae 
from  which  such  an  expansion  can  be  obtained*  The  further  terms 
in  the  expansion  will  involve  various  derivatives  (and  integrals) 
of  the  basic  function  D(£,£,£q, q)  which  was  defined  in  Eq*  (7-1)* 

In  a  later  phase  of  the  present  research  work  we  will  give  the 
explicit  forms  for  these  corresctions  along  with  numerical  work 
related  to  finding  the  deriva  tives  and  the  integrals  of  D(£,£,£0,q) 
which  are  required* 


We  would  like  to  conclude  this  discussion  by  indicating  how  one 
can  modify  the  theory  as  given  by  Bremmer  (Ref*  18)  for  the 
propagation  of  waves  through  a  concentrically  stratified  tropo¬ 
sphere*  The  results  that  we  wish  to  give  could  be  obtained  direct¬ 
ly  from  Eq*  (7-113).  However,  we  have  chosen  to  employ  the  notation 
used  by  Bremmer  and  to  assume  that  the  reader  who  wishes  to  fol¬ 
low  the  discussion  which  we  now  undertake  will  have  a  copy  of 
Bremmer^  paper  before  him* 


We  start  by  making  a  few  changes  in  the  notation  employed  by  Brem¬ 
mer*  We  define 

(7 -11 8a) 
(7-ll8b) 
(7-H8c) 


%  *  “eff (a)  *  “<a> 

a  =  a  =  a  .  n^a) — f— - 
o  eff  n(a)  +  an' (a) 


n<r>  =  lWr) 

for  convenience  In  writing  out  certain  equations  for  which  Bremmer 
employs  "eff"  as  subscripts.  We  then  replace  Eq.  (5$)  of  Bremmer ‘s 
paper  with  the  asymptotic  estimate 


.  2  3/2 

V  r>~3V* 


(7-H9a) 


where 


7-33 


LOCKHEED  MISSILES  ft  SPACE  COMPANY 


J 


f^oe372  =k/  p  ^P2n2(p)  -  a2n2 (a)  dp  -(^ 
a  \2*o 


1 

a”\  3 


Hr)t 


»W  =  aoa  y  i 


a 


^2  n2  (p)  -  a2  n2  (a) 


dp 


(7-119b) 


(y-U9c) 


The  results  which  we  have  given  in  Eq*  (y-119)  are  directly  related 
to  the  form  of  the  exponent  which  is  used  in  the  modified  WKB  ap¬ 
proximation  which  we  gave  above  as  Eq*  (7-55)*  In  fact,  we  now 
replace  Bremmer's  WKB  approximation  for  his  height  gain  function 
by  the  result 


f,(r) 


exp 


(a) 


(*K3/2) 


(7-120) 


which  is  essentially  our  Eq*  (7-55).  This  result  is  to  be  used 

when  r  _ 

k  y  ^  Vp2n2(p)  -  a2  n2  (a)  dp  »  1  (7-121) 


which  requires  r  >  a*  For  r  -*  a,  we  use  the  asymptotic  approxi¬ 
mation  which  involves  the  Airy  function,  namely 


where 


fa 


Since 


/r/k,<.\1/6  /  2\ 

1  Vs  {—2)  "1  (».  -  0 

(7-122) 

/fcnoao\  ^  r2n2(r)  -  a2n2(a) 

\  2  /  a2n2  (a) 

(7-123) 

<* 

~ ~7T  exp{l|t3- iCtB- if) 

(7-124) 

V 

we  obtain  the  result 
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) 


f  r  #n(r)  -  ^  n2(a) 


exp  (iq  £  -  Ut„ 


a-i  25) 


Since  this  result  does  not  agree  with  that  given  as  Eq,  (7-120), 
it  is  proposed  that  Eq,  (7 -122)  be  replaced  by  the  modified  form 

<*(r)~N/J  exp  [iln«3/2"  if  £3  +  i£ts]wl(ts"t2)  (7-126) 

which  contains  both  the  properties  of  Eq,  (7-120)  and  Eq,  (7-122). 


We  observe  that 


wiW 


(7-127) 


and  therefore  the  height  gain  ratio  given  as  Eq,  (59)  by  Bremmer 
is  to  be  replaced  by 


a  \,2  3/2,2  .3 

f|(a)  ~re3qp[i3TJ«.  "  i3t 


,2  3  1 


(7-128) 


Let  us  now  turn  to  the  problem  of  evaluating  the  expression  re¬ 
ferred  to  in  Bremmer* s  paper  as  Eq,  (38)*  The  quantity  to  be 
evaluated  is 


a  f  5r  (rfr)  |  2kan0  7  . : 

*1  P  *VW  l  1 


(r)  dr 


(7-1  29) 


and  we  will  use  the  approximations 


ft<r>  ~  4  Pa)  wi(*s  -  O 


(7-1 30a > 


■  ter  -v  • 


'2  2 
2k  n 

o 


y  =  r  -  a 


P-1 30b) 


which  are  valid  for  the  situation  r  -*•  a*  Prom  the  integral  which 
we  designated  as  Eq,  (5-l26a)  we  find  that 
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/  wi2  (*.  -  «y)  <*y  -  s  [‘.wi2  (‘.)  -  wi2(* ■)] 


(7-1 31) 


Therefore,  we  can  use  the  approximate  re«ult 


/  f|  (r)  dr  ~ 


a 


^K\i2 

a  w 


/  *1 


..-^r 


dy 


a 


1/3 


t2k2nQ2' 


/T 

a  »  9„  2 

2no 


1/6 


.12 


Kwr-Mwr 


to  show 

that 

Li  (rf 

8 

8r  \rfl 

81 

rf£ 

2k  n  /  a 
o  /  o 


1/3 


a  \2k2no2 

22/3kl/3n  1/3  a  1/3 
o  o 


‘.I* 

.Ml 

2  _ 

KW 

L2 

m 

f-v,2) 


where  ts  is  defined  by  the  familiar  equation. 


(7-1 32) 


(7-133) 


wl' (*«)  ~  q  wl(taJ  ~  0 


where  we  must  let  q  he  related  to  Bremmer's  notation  by  means  of 
the  relation 


The  present  author  suspects  that  Bremmer^  Eq.  (38)  and  all  re¬ 
sults  based  upon  it  are  in  error.  We  need  to  observe  that  in 
Bremmer's  notation 


and  therefore  a  comparison  of  our  Eq.  (7-133)  with  Bremmer^  Eq. 
(38)  suggests  that  nQff(a)  should  be  replaced  by  [n0ff  (a)]^  =  nQ^. 
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-  I_  O 

q  a  oi2  2 

2k  n 
o 


r  kna 
r  o  o 

kn  a  2 

o 


(7-134) 


Let  us  observe  that  Bremmer's  Eq,  (ij.1 )  appears  as 

/  3\1/3 

‘  ~  kv  *  (*v)  *. 

in  our  notation*  We  can  then  use  the  results  which  we  have  given 
above  to  rewrite  BremmeHs  Eq*  (1^.2)  in  the  extended  form 


,  m  h  ioxkn  a  .  /  _  \  1/3 

n(r,0) -(eh)/  rb  sln  0  exP  "  iwt]  E (7-136) 

where  E(£,£  ( r),£  (b),q)  is  the  function  defined  above  as  Eq* 
(7-llij.)  and  L  is  the  path  length  based  upon  the  geometrical  op¬ 
tics  of  inhomogeneous  media 


r  b 


a  a 


L  =  noa0  +|  (  y  +  J  U  J o2n2(p)  -  a2 


n2(a)  dp 


(7-137) 


and  the  parameters  £  and  £  are  defined  by 


/,  3\  1/3  r  -  „  . 

/kn  a  \  T  r  b» 

£  "  \2a  2/  6  '  an°l-  /  +  /J  /T1 

\  o  /  a  a  J  pvp  n 


a  J  pvp  n  (p)  -  a  n  (a) 


(7-138) 


a2n2(a) 


(7-139) 


In  Bremmer*s  paper  the  concept  of  a  "critical  altitude"  is  intro¬ 
duced  and  certain  expressions  are  derived  which  are  to  be  used  in 
place  of  his  Eq*  (ij. 2)  when  the  source  or  the  receiver  lie  above 
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this  critical  height*  A  comparison  of  Breramer^  discussion  with 
the  discussion  which  we  have  given  above  will  reveal  that  Brem- 
mer^  Eq*  (60)  is  the  analog  of  our  Eq*  (7-69)  and  his  Eq*  (61) 
is  the  analog  of  our  Eq#  (7-61)*  Just  as  we  have  caused  Eqs* 
(7-61)  and  (7"69)  to  follow  as  special  cases  of  the  more  general 
result  given  in  Eq*  (7-H3)»  so  also  the  results  of  Bremmer’s 
Eqs*  (60)  and  (61)  follow  as  special  cases  of  the  more  general 
result  which  we  have  given  above  as  Eq*  (7-136)*  All  of  these 
results  which  we  have  based  upon  the  discussion  in  Bremner*s 
paper  correspond  to  results  which  are  valid  in  the  vicinity  of, 
and  below,  the  horizon.  This  is  also  true  of  our  Eq*  (7-136) 

Further  research  is  needed  to  obtain  an  extension  of  the  results 
Which  involve  the  function  D(£,£,£Q,q)  which  will  be  valid  within 
the  lighted  region  and  which  will  pass  over  smoothly  to  agree  with 
the  resu3.ts  of  the  method  of  stationary  phase  as  outlined  in 
Section  7*2*  The  results  which  we  have  discussed  in  Section  3 
will  provide  some  "checks"  upon  the  extended  theory  when  the  re¬ 
search  is  completed. 
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Section  8 

CHEBYSHEV  POLYNOMIAL  REPRESENTATIONS 
8.1  Introduction 

The  time-span  of  the  present  contract  was  not  adequate  for  the 
author  to  be  able  to  develop  the  representations  in  terms  of 
Chebyshev  polynomials  which  he  envisioned  at  the  start  of  this 
program.  The  author* s  increasing  awareness  of  the  necessity  to 
deal  with  functions  defined  in  the  complex-plane  has  dampenod  a 
little  his  orginal  enthusiasm  for  the  utility  of  the  Chebyshov 
polynomials.  However,  the  conviction  that  the  Chebyshev  polyno¬ 
mials  will  play  an  important  role  in  future  work  has  not  been  un¬ 
dermined  in  spite  of  the  growing  avmreness  of  tho  fact  that  the 
use  of  these  polynomials  does  not  provide  a  panecea  for  all  of 
the  representation  problems  that  confront  the  numerical  analyst 
in  the  problems  that  arise  in  diffraction  theory. 

The  past  decade  has  witnessed  a  rapid  growth  of  interest  In  a 
branch  of  applied  mathematics  which  will  probably  como  to  bo 

■ft 

known  as  the  constructive  theory  of  functions.  Until  recently, 
there  appeared  to  be  much  more  interest  in  this  subject  display¬ 
ed  by  the  papers  appearing  In  Russian  mathematical  journals  than 
in  the  papers  being  presented  for  publication  in  journals  whose 
authors  were  predominately  from  tho  United  States.  This  fact 
can  probably  be  traced  to  the  fact  that  the  Russian  students  of 
Chebyshev  and  Bernstein  found  their  motivos  for  the.-  study  of  this 
class  of  px’oblems  tlo-ougi:  inspiration  from  their  t  .acher3  who  had 


rAn  excellent  introduction  to  the  subject  is  to  be  found  in  the 
monograph:  J.  Todd,  Introduction  to  the  Constructive  Theory  of 
Functions,  Basel,  Birkhauser,  1963 
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found  these  problems  to  be  fascinating*  The  recent  upsurge  of 
interest  in  the  United  States  would  seem  to  be  directly  related 
to  the  fact  that  the  digital  computer  has  given  a  "new  life”  to 
this  "more-or-less  classical"  branch  of  mathematics* 

The  basic  problem  is  that  of  constructing  approximate  representa¬ 
tions  of  functions  in  terms  of  simpler  functions*  To  the  rapidly 
expanding  literature  in  English,  there  have  recently  been  added 
a  number  of  English  translations  of  standard  works  which  origi- 
nally  appeared  in  Russian. 

In  this  section,  we  are  interested  in  only  a  very  narrow  spectrum 
of  the  topics  in  the  theory  of  the  construction  of  approximate 
representations  for  mathematical  functions*  We  want  to  consider 
the  advantages  of  expanding  a  function  defined  over  a  given  range 
of  a  real  v.U'iable  in  terms  of  certain  types  of  Fourier  series  in 
which  one  employs  the  so-called  Chebyshev  polynomials  Tn(x)  and 
Tn(x)  which  are  defined  by  means  of  the  relations 

Tn(x)  =  cos[n  cos"1(x)}  ,  -1  <  x  <  1  (8-la) 

T*(x)  =  cos[n  cos^fSx  -1)],  0<x<l  (8-lb) 

In  view  of  the  fact  that  there  exists  such  a  voluminous  litera¬ 
ture  upon  the  so-called  Chebyshev  approximation  problem,  it  is 
almost  regretable  that  the  nomenclature  "Chebyshev  polynomials" 
has  come  to  be  associated  with  the  method  of  trigonometrical  in- 
terpoltation  of  empirical  and  analytical  functions  which  has  been 
developed  since  the  publication  in  1938  of  a  classic  paper  by 


I*P*  Natanson,  Constructive  Theory  of  Functions,  AEC  Trans* 

TR-4503#  1961 

E*  Remez,  General  Computation  Methods  for  Chebyshev  Approxlma- 
tion,  AEC  Trans*  TR-i|49l#  I960 

N*  I*  Achieser,  Theory  of  Approximation,  New  York,  Ungar,  1956 
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Lanozos  (Ref.  1).  The  "Chebyshov  approximation  problem"  deals 
with  the  developing  of  a  representation  for  a  function  which 
possesses  the  minimum  maximum  error.  The  reader  who  is  not  famil¬ 
iar  with  those  so-called  "best  fit"  procedures  may  find  it  parti¬ 
cularly  instructive  to  "thumb  through"  the  small  handbook  prepared 
by  Hastings  (Ref.  2)  and  to  read  the  chaptor  on  these  methods 
which  appeared  in  a  recent  book  by  Ralston  (Ref.  37). 

The  author  wishes  the  reader  to  grasp  the  essential  point  that 
the  Chebyshev  polynomials  arise  only  in  those  problems  for  which 
the  form  chosen  for  the  approximation  to  the  function  is  that  of 
a  polynomial.  Since  the  Chebyshev  approximation  theory  often 
deals  with  representations  in  the  form  of  continued  fractions, 
rational  fractions,  series  of  exponentials,  etc.,  there  is  often 
no  relevance  between  the  papers  on  Chebyshev  "best  fit"  and  the 
class  of  polynomials  problems  which  the  author  proposes  as  a 
means  of  representing  certain  functions  which  occur  in  diffraction 
theory.  Even  when  the  mode  of  representation  which  is  chosen  is 
that  of  a  polynomial,  the  representation  advocated  by  the  author 
is  that  of  a  truncated  Chebyshev  series  expansion.  Although  these 
truncated  serios  may  be  closely  related  to  the  "best  fit"  poly¬ 
nomial,  the  amount  of  labour  necessary  to  compute  the  "Chebyshev 
approximation"  is  far  greater  than  that  of  the  method  of  trigono¬ 
metric  interpolation  which  is  employed  when  the  truncated  Cheby¬ 
shev  series  expansion  is  used  to  represent  the  function.  In  a 
recent  paper,  Clenshaw  (Ref.  3)  has  discussed  this  problem  and 
his  references  will  lead  the  reader  to  other  sources  In  which 
the  Chebyshev  series  expansions  are  compared  with  the  "best  fit" 
polynomials.  The  technical  report  by  Murnaghan  and  Wrench  (Ref, 
I4.),  which  is  summarized  by  the  recent  journal  article  (Ref.  5)> 
affords  an  excellent  example  of  the  labour  which  is  required  to 
arrive  at  the  "best  fit"  polynomial.  For  most  practical  prob¬ 
lems,  the  obtaining  of  the  "best  fit"  polynomial  appea/s  to  the 
present  author  to  be  primarily  of  academic  interest  if  one  has 
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at  his  disposal  the  means  of  obtaining  readily  a  truncated  Cheby- 
shev  polynomial  expansion. 


8*2  Polynomial  Expansions 

Unless  the  reader  has  had  experience  with  numerical  analysis,  he 
will  probably  be  inclined  to  think  of  representations  of  functions 
in  terms  of  Taylor  series,  asymptotic  expansions  in  inverse  powers 
of  the  variable,  or  in  terms  of  Fourier  series.  The  Taylor  series 
and  the  Fourier  series  are  the  most  attractive  from  the  standpoint 
of  our  knowledge  of  what  types  of  functions  can  be  represented 
and  of  the  rules  for  the  determination  of  the  coefficients  in  the 
expansions.  Each  of  these  types  of  expansions  involve  well-defined 
infinite  processes.  Within  the  range  of  convergence  of  the  series, 
we  can  achieve  an  arbitrary  degree  of  accuracy  by  considering  a 
sufficient  number  of  terms  and  by  carrying  each  term  to  a  suffici¬ 
ent  number  of  significant  figures.  The  asymptotic  series,  on  the 
other  hand,  are  far  more  difficult  to  deal  with  since  the  terms 
in  the  series  may  not  display  a  behavior  which  permits  one  to  eval¬ 
uate  the  function  for  the  values  of  the  variable  which  are  of  in¬ 
terest. 


We  can  work  with  the  Taylor  series  with  the  knowledge  that  the 
series  will  converge  within  any  circle  about  the  expansion  point 
which  does  not  intersect  a  point  at  which  the  function  possesses 
a  singularity*  Lanzcos  (Ref.  1)  has  written  a  very  interesting 
paper  in  which  he  demonstrates  that  the  Taylor  series  is  an 
extrapolating  series  which  takes  all  its  information  about 
the  function  at  a  given  point  and  then  employs  this  set  of 
information  to  represent  the  funotion  in  a  finite  region  which 
surrounds  the  given  point.  The  demands  placed  upon  such  a 
function  are  quite  severe  and  we  describe  these  conditions  by 
saying  that  the  function  must  be  analytic  in  the  neighborhood 
of  the  expansion  point.  The  function  must  possess  derivatives 
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of  all  orders  at  the  point,  and  the  value  of  the  derivative  must 
be  independent  of  the  direction  in  which  we  approach  the  point 
from  a  neighboring  point  in  the  complex  plane. 

Lanczos  (Ref.  1)  emphasizes  the  fact  that  the  Fourier  scries  is 
an  interpolating  series.  If  we  consider  the  relations 

OO 

f(x)  =2^  An(a,b)exp{i2'itn[  (x-a)/(b-a)  ] }  (8-2) 

n=-oo 

b 

\(a,b)  =  ft  (x)exp{-i2im[  (x-a)/(b-a)  ] }  [dx/(b-a)  ]  (8-3) 

we  see  that  f  (x)  is  represented  on  a  <  x  <  b  in  terms  of  the 
values  of  the  function  over  this  range.  The  function  f(x)  need 
not  be  defined  anywhere  except  on  the  range  a  <  x  <  b,  and, 
in  particular,  it  need  not  be  analytic  in  the  neighborhood  of 
this  range  since  the  only  requirement  is  that  the  integral  be 
integrable.  Therefore,  the  Fourier  series  permits  us  to  work 
with  a  much  broader  class  of  functions  than  the  exremely  re¬ 
stricted  class  of  functions  which  possess  Taylor  sories. 


9 


Research  in  the  diffraction  of  waves  by  obstacles  which  are  larger 
than  a  wavolength  requires  the  investigator  to  possess  a  certain 
amount  of  familiarity  with  asymptotic  series.  Since  many  of  these 
series  have  tho  property  that  they  converge  in  the  beginning  but 
that  the  terms  increase  in  magnitude  after  a  certain  minimum,  the 
practical  use  of  such  scries  is  sufficiently  difficult  that  even 
the  subject  of  such  series  is  avoided  in  many  textbooks.  However, 
the  modern  reader  now  has  access  to  two  very  clear  introductions 
in  the  form  of  the  little  monographs  by  Copson  (Ref.  6)  and  Erdelyi 
(Rof.  7).  Lanzcos  (Rof,  1)  discusses  these  types  of  series  from 
the  standpoint  of  interpolation  and  extrapolation  and  shows  that 
they  resemble  the  Taylor  series  in  that  they  are  extrapolating 
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series  which  involve  information  about  the  function  at  a  single 
point  (usually  the  point  at  infinity  since  the  series  are  usual¬ 
ly  in  inverse  powers  of  tho  variable).  Furthermore,  Lanzcos  re¬ 
marks  that,  unlike  the  Taylor  series,  the  value  of  the  derivative 
need  not  be  the  same  when  infinity  is  approached  along  different 
rays  in  tho  complex  plane.  This  phenomena  greatly  complicates  the 
practical  use  of  asymptotic  expansions  of  functions  for  complex 
values  of  tho  variable  since  it  is  often  found  that  different 
asymptotic  expansions  are  required  for  different  sectors  in  the 
complex  plane  as  the  variable  is  allowed  to  tend  to  infinity. 

With  a  number  of  problems  that  occur  in  diffraction  theory,  this 
phenomenon  is  known  as  the  "Stokes 1  phenomenon"  and  it  has  been 
discussed  in  a  number  of  texts  which  have  appeared  in  recent 
years.  The  author  particularly  recommends  to  the  reader  who  is 
unfamiliar  with  this  phenomenon  that  he  consult  the  monographs 
by  Jeffreys  (Ref.  8)  and  by  Heading  (Ref.  9)« 

The  Taylor  series  and  the  asymptotic  series  have  something  in 
common  in  the  sense  that  when  they  are  employed  to  evaluate  a 
function  that  only  a  finite  number  of  terms  are  employed.  The 
numerical  problem  then  becomes  that  of  evaluating  a  polynomial. 
Until  the  usage  of  electronic  computers  became  widespread,  very 
little  thought  was  given  to  the  fact  that  the  classical  Taylor 
series  and  the  asymptotic  series  are  very  inefficient  except  for 
the  cases  in  which  the  value  of  the  function  is  obtained  by  use 
of  only  a  few  terms.  Not  only  does  the  electronic  computer  af¬ 
ford  us  a  motivation  for  seeking  a  more  efficient  polynomial 
representation,  but  the  ease  of  evaluating  polynomials  on  a  com¬ 
puter  has  given  a  "new  life"  to  the  classic  theorem  of  Weierstrass 
which  asserts  that:  For  any  continuous  function  f(x)  defined  upon 
the  range  a  <  x  <  b,  there  exists  a  sequence  of  algebraic  poly¬ 
nomials  of  the  form 

Pn(x)  =  C0  +  *  CjX2  +  o3*3+  ...  +  Cnxn 
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which  converges  uniformly  to  f(x)  on  a  <  x  <  b.  This  theorem 
informs  us  that  there  exist  polynomial  representations  for  func¬ 
tions  which  may  not  possess  a  Taylor  scries  over  the  range  of 
interes  t. 
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The  finite  word-length  of  the  electronic  computer  has  changed 
some  of  the  basic  philosophy  regarding  what  constitutes  a  "good" 
algorithm  for  the  evaluation  of  a  function.  If  we  are  to  work 
with  floating  point  numbers  which  consist  of  8-digits  (which  is 
generally  the  case  in  FORTRAN  compilers  when  one  works  in  single¬ 
precision),  we  readily  see  that  any  term  in  the  polynomial  which 

O 

is  less  than  10”  times  the  sum  of  the  polynomial  will  not  be 
used  in  forming  tue  sum.  Also,  since  we  seldom  can  find  a  single 
algorithm  which  is  useful  for  an  arbitrary  value  of  the  variable, 
we  will  find  ourselves  frequently  writing  a  computer  program 
which  is  to  be  used  only  fora  certain  range  of  the  variables. 

When  the  values  of  the  variable  are  taken  over  a  real  range,  and 
the  value  of  the  variable  which  we  will  use  in  the  program  is 
likely  to  lie  anywhere  in  the  range  with  almost  equal  probability, 
we  arrive  at  a  situation  where  the  conventional  power  series  and 
asymptotic  expansions  become  relatively  inefficient  as  compared 
with  a  Fourier  series  for  the  function  developed  over  this  range. 

The  Chebyshev  polynomials  Eire  nothing  more  than  a  specific  type 
of  Fourier  series  which  are  particularly  useful  when  the  function 
is  to  be  computed  for  arbitrary  values  of  x  lying  in  the  range 
a  <  x  <  b  and  the  computer  to  be  employed  has  a  finite  word-size 
and  hence  the  accuracy  to  which  the  function  can  be  computed  is 
limited  by  the  computer. 

Since  the  transformation 

x  =  (2y  -  b  -  a)/(b  -  a)  (8— ip) 

transforms  the  segment  a  <  y  <  b  into  the  segment  -1  <  x  <  1,  we 
can  simplify  the  discussion  by  restricting  the  range  to  the 
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x-axis  between  -1  and  +1  when  discussing  the  applications  of  the 
Chebyshev  polynomials  Tn(x).  In  a  similar  manner,  the  transfor¬ 
mation 

x  =  (y  -  a)/(b  -  a)  (8-5) 

transforms  the  segment  a  <  y  <  b  into  the  segment  0  <  x  <  1  which 

ft 

is  the  range  over  which  the  "T-star"  polynomials  T  (x)  have  been 

ft  n 

defined*  However,  the  Tn(x)  polynomials  will  generally  be  most 
useful  when  the  function  is  to  be  represented  over  the  infinite 
range  a  ^  y  <  oo.  In  this  important  class  of  problems  we  can  de¬ 
fine  the  variable  x  to  be 

x  =  y/a  (8-6) 


* 


l 


and  then  we  see  that  x  =  0  corresponds  to  y  ->  oo  and  x  =  1  corre¬ 
sponds  to  y  =  a. 


If  we  now  assume  that  a  function  f(x)  which  Is  defined  on  (-1,1) 
has  been  expanded  in  a  series  of  Chebyshev  polynomials  with  coef¬ 
ficients  Ah 

OO  00 

f(x)  =  -  Aq  •AnTn^x)  =  "Ao  Ancos(ncos“1x)  (8-7) 

2  n=l  2  n=l 

we  can  intuitively  make  some  predictions  about  the  behavior  of 
the  A^  if  the  function  f (x)  behaves  in  a  sufficiently  smooth  man¬ 
ner.  Since  Eq*  (8-7)  is  essentially  a  resolution  of  the  function 
f(x)  into  its  "spectral  components,"  we  can  expect  that  after  the 
first  several  values  of  An  that,  as  n  increases,  the  magnitude  of 
Ah  will  diminish  rather  rapidly  because  they  represent  "small 
ripples"  of  successive  "corrections*"  Since  no  Ah  which  is  less 
than  l(f8  times  the  largest  of  the  will  contribute  to  the  sum 
(when  employing  conventional  FORTRAN  compilers),  we  can  discard 
all  such  "spectral  terms"  and  arrive  thereby  at  an  efficient 
means  of  evaluating  the  function  f(x)  for  values  of  x  in  the 
range  (-1,1).  From  the  conventional  theory  of  Fourier  series,  we 
recognize  the  fact  that  we  can  use  Eq*  (8-3)  in  the  form 
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However,  we  shall  shov;  bolow  that  it  is  seldom  necessary  to  ro 
sort  to  Eq.  (8-8)  to  determine  the  An* 


8«3  Properties  of  Chebyshev  Polynomials 


The  reader  who  undertakes  to  employ  the  Chebyshev  polynomials 
should  arrange  to  have  access  to  Refs.  (  10)  and  ('ll)  v/hore  a 
rather  complete  summary  of  the  properties  of  the  Chebyshev  poly¬ 
nomials  will  be  found. 

Explicit  expressions  for  the  first  several  Chebyshev  polynomials 
are 

TQ(x)  =  1 

^(x)  =  x 

T2(x)  =  2x2  -  1 

T^(x)  =  1\jx?  -  3x 

T,  (x)  =  8x^  -  8x2  +  1 

T^(x)  =  16x^  -  20x^  +  5x 

Further  polynomials  are  readily  obtained  from  the  recursion  for¬ 
mula 

^n+1(x)  "  2*  Tnu)  +  Tn-i  (x)  =  0  (8-9) 


^hc  T" (x)  polynomials  are  related  to  the  Tn(x)  polynomials  through 
he  relationships 

T^(x2)  =  Tn(2x2  -  1)  =  T  (x)  (8-10) 

and  therefore  it  is  merely  a  natter  of  notational  convenience  to 

introduce  the  "T-star"  polynomials,  Tho  first  few  t[(x)  are 

n 
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Tq(x)  =  1 
T*(x)  =  2x  -  1 
Tg(x)  =  8x2  -  8x  +  1 
T*(x)  =  32x3  -  lj.8x2  +  I8x  -  1 
T*(x)  =  128x^  -  256x3  +  160x2  -  32x  +  1 
T*(x)  =  5l2x*  -  1280x^  +  1120X3  -  i^OOx2  +  $0x  -  1 
and  the  recursion  formula  is 

-n+l(x>  =  2(2x  *  "  Tn-l(x)  (8_11) 


These  relations  can  "be  employed  when  one  wishes  to  convert  a  re¬ 
presentation  in  terms  of  Chebyshev  polynomials  into  an  algebraic 
polynomial,  i.e.,  when  carrying  out  the  operations  indicated  by 
the  following  formulae: 


f(x)  =2A0  +  AjT^x)  +  A2T2(x)  +  A3T3(x)  +  ...  +  AnTn(x) 
=  Bq  +  BjX1  +  B2x2  +  B3x3  +  B^x^  +  ...  + 


n 


+  antn 

(x) 

R.tN 

V 

(8-12) 

+  cntn 

(x) 

vN 

(8-13) 

in  Eq* 

(8- 

•12)  and 

arrive  at  the  coefficients  A^,  the  following  inverse  relations 
will  be  found  useful 


x°  =  T0(x) 
x1  =  Tj^x) 

2x2  =  TQ(x)  +  T2(x) 

=  3T1(x)  +  T3(x) 

8*^  =  3T0(x)  +  i^T2(x)  +  T^(x) 
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If  one  wishes  to  start  with  the  coefficients  in  Eq.  (8—1 3 )  and 
arrive  at  the  coefficients  Cn,  the  following  inverse  relations 
will  be  found  useful 


2X1  =  T^(x)  +  T^(x) 

Ox2  =  3Tq(x)  +  4Tj(x)  +  T'2  (x) 

32x^  =  IOTq  (x)  +  lfjT^Cx)  +  6T^x>  +  T^(x) 

I20x['  =  35T*vx)  +  56T1'(x)  +  28T2  (x)  +  8T*(x)  +  T?(x) 

Lanczos  (Ref.  10)  has  listed  both  types  of  inverse  relations  for 

12 

all  terns  up  and  including  x  .  However,  in  actual  practice  one 
will  seldom  need  these  explicit  representations  because  the  neces¬ 
sary  coefficients  are  readily  generated  by  algorithms  which  will 
be  discussed  below. 

8.4  Slimming  Series  of  Chebyshev  Polynomials 

Extensive  tables  of  the  Chebyshev  polynomials  are  contained  in 
a  publication  (Ref.  10)  In  the  NBS  Applied  Mathematics  Series, 
However,  in  practice  one  seldom  has  a  need  for  these  tables  since 
Clenshaw  (Ref.  11)  has  published  an  algorithm  which  permits  one 
to  sum  a  series  of  Chebyshev  polynomials  without  actually  compu¬ 
ting  the  values  of  Tn(x)  or  T^(x)  for  the  particular  value  of  x 
and  the  range  of  values  of  n.  Before  we  present  the  algorithm, 
let  us  consider  what  might  bo  necessary  if  the  algorithm  were 
not  known. 

Let  us  introduce  a  set  of  FORTRAN  variables  which  are  related  to 
the  mathematical  variables  as  follows: 

X  =  x 
SUM  =  f (x) 

A0  =  A0 
A (I)  =  An 
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where  I  =  n,  for  n  =  1,2, 3»***#N.  In  order  to  evaluate  the  sum 
in  Eq.  (8-12)  we  could  employ  the  FORTRAN  program  designated  as 
Program  8-1. 


Program  8-1 

SUBROUTINE  CHEBYS  (X, SUM,  AO, A,  N) 

DIMENSION  A(N),T(N) 

IF(ABS(X).GT.  (1.0))  GO  TO  10 
T(l)  =  1.0 
T(2)  =  X 
DO  1  I  =  3,N 

T (I )  =  2.0*X#T(I-1)  -  T (1-2) 

1  CONTINUE 
SUM  =  0.5#A0 
DO  2  I  =  2,N 

SUM  =  SUM  +  A(I)#T(I) 

2  CONTINUE 
RETURN 

10  WRITE(6,H )  X 
CALL  EXIT 

11  FORMAT  (37H1  SUBROUTINE  CHEBYS  CANN0T  HANDLE  X  =  ,E15.8) 
END 


In  the  above  program  we  have  first  set  vp  an  array  of  numbers 
denoted  by  T(N)  which  correspond  to  the  values  of  the  Chebyshev 
polynomials  Tn(x).  This  has  been  done  by  programming  the  re¬ 
cursion  formula  in  Eq.  (8-9)*  Then,  In  the  second  DO  -loop  we 
have  formed  the  sum  wnich  appears  in  Eq.  (8-12). 


Clenshaw's  algorithm  permits  us  to  sum  the  series  in  Eq.  (8-12) 
by  letting 

bN+2  =  bN+l  =  0 

and  then  recurring  backwards  with  the  recurrence  formula 


br  =  2xbr+l 


‘  br+2  +  Ar 


(8-1/4.) 


until  we  have  b^,  and  bQ.  We  then  determine  f(x)  by  means  of 
the  relation 
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f (x)  =  |(b0  -  b2) 

=  xb^  -  b2  +  ^Aq  (8-15) 

We  observe  that  the  only  difference  between  the  recurrence  rela¬ 
tion  in  Eq.  (8-llg  and  that  in  Eq.  (8-9)  is  the  presence  of  the 
term  in  Eq.  (8-lij.) . 

We  can  carry  out  the  operations  indicated  in  Eqs.  (8-14)  and 
(8-15)  by  means  of  the  FORTRAN  program  vihich  is  designateu  as 
Program  8-2. 

Program  8-2 

SUBROUTINE  C LENS W ( X,  SUM,  AO ,  A,  N ) 

DIMENSION  A(N) 

IF(ABS(X).GT.  (1.0))  GO  TO  10 
B2  =  0.0 
B1  =  0.0 

DO  1  I  =  1,N 

M  =  N  +  1  -  I 

BO  =  2.0WB1  -  B2  +  A(M) 

B2  =  Bl 
B1  =  BO 
1  CONTINUE 

SUM  =  X*B1  -  B2  +  O'.  5* AO 
RETURN 

10  WRITE(6,11)  X 
CALL  EXIT 

11  FORMAT (37H1SUBR0UTINE  CLENSW  CANN0T  HANDLE  X  =  ,E15.8) 

END 


% 


4 


A  comparison  of  Program  8-1  with  Program  8-2  reveals  that  we  now 
have  only  one  DO  -loop,  and  that  it  is  no  longer  necessary  to  set 
up  the  array  T(I),  I  =  1  to  N. 

Since  T^(x)  =  Tn(2x  -  1),  we  observe  that  the  algorithm  in  Eq. 
(8-14)  can  be  employed  to  sum  the  series  in  Eq.  ( 0—1 3 )  if  we 
merely  replace  the  recurrence  formula  of  Eq.  (8-II4.)  by 

br  =  2 (2x  -  l)br+1  -  br+2  +  Cr  (8-16) 
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Therefore,  we  can  sum  a  series  of  ,fT— star”  polynomials  as  given 
in  Eq.  (8-I3)  by  means  of  Program  8-3,  We  observe  that 

CO  =  C0 

C(I)  =  Cn 

for  I  =  n,  with  n  ranging  from  1  to  N. 


Program  8-3 

SUBROUTINE  TNSTAR (X, SUM. CO. C, N) 

DIMENSION  G (N) 

IF((X.LT.(0.0)).OR.(X.GT.(1.0)))  GO  TO  10 

Z  8  2.0#x  -  1.0 

CALL  CLENSW(Z,SUM, CO.C.N) 

RETURN 

10  WRITE(6,H)  X 
CALL  EXIT 

11  FORMAT (37H1  SUBROUTINE  TNSTAR  CANNOT  HANDLE  X  =  ,E15.8) 
END 


The  property  of  the  Chebyshev  polynomials 

T2n(x)  =  Tn(2x2  -  1) 

permits  us  to  sum  a  series  of  even  polynomials  of  the  form 

f(x)  =  ^EQ  +  E1T2(x)  +  E2T^(x)  +  E^T^(x)  +...+  E^T^U)  (8-17) 
by  replacing  the  recurrence  formula  o'*  Eq.  (8-11;;  by 


br  =  2(2x2-  l)br+1  -  tr+2  +  Er  (8-18) 

If  we  then  let 


w  "0 
E(I)  =  En 

for  I  a  n,  and  n  ranging  from  1  to  N,  we  can  evaluate  the  sum 
in  Eq.  (8-1?)  by  means  of  Program  8-1;. 
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Program  8-4 

SUBROUTINE  TNEVEN ( X, SUM, EO , E, N ) 

DIMENSION  E(N) 

IF(ABS(XKGT.  (1.0) )  GO  tO  10 

Z  =  2.0*X-»X  -  1.0 

CALL  CLHNSW(Z,SUM,EO,E,N> 

RETURN 

10  WRITE(6,11)  X 
CALL  EXIT 

11  FORMAT (37H1  SUBROUTINE  TNEVEN  CANNOT  HANDLE  X  =  ,El5.8) 

END 

If  f  (x)  is  expressed  In  the  form  of  a  odd  series  of  the  form 

f (x)  =F1T1(xj  -*  ,2T3(x)  +  F  T^x)  +‘“+PnT2N-1(x)  (8"l9) 

it  will  often  be  convenient  to  use  the  property  described  by 
Eq.  (8-9)  to  express  f(x)  in  the  form 

f(x)  =  x[  ^EQ  +  E1T2(x)  +  E2T^(x)  +...+  Ejj_i'i'2N-2(x)  ]  (8-20) 

where 

2Fji~  E0  t  2F2  —  E^  +  E2,  2F^  —  E2  +  E^,  •  •  •  $  2Fjj  —  Ejj_ ^ 

Clenshaw  (Ref.  11)  has  pointed  out  that  the  form  in  Eq.  (8-20) 
has  the  desirable  property  of  yielding  the  correct  behavior  of 
f  (x)/x  near  x  =  0,  However,  if  one  finds  an  occasion  whore  the 
form  in  Eq.  ( 8— I9 )  is  preferred,  the  recurrence  relation  in  Eq.- 
(8-14)  has  to  be  replaced  by 

br  =  2<2x2  -  l)br+1  -  br+2  +  Fr  (8-21) 

and  the  value  of  f(x)  Is  given  by 

f(x)  =  x(bQ  -  bj.)  (8-22) 

Th&  form  of  Eq.  (8-22)  reveal*,  that  the  Clenshaw  algorithm  yields 
the  correct  behavior  of  f (x)/x  for  x  near  zero.  Since  many  prac¬ 
tical  applications  lead  to  Indeterminate  forms  (such  as  the 
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familiar  form  sin(ax)/x  which  occurs  in  many  diffraction  problems) 
in  which  the  ratio  f(x)/x  occurs,  it  will  be  convenient  to  replace 
Eq.  (8-22)  by  the  alternative  form 


f(x)  =  x  g(x)  a  x(bQ  -  bx)  (8-23) 

and  prepare  a  FORTRAN  program  in  which 


SUM1  =  f(x) 

SUM2  =  g (x) 

F(D  =  Pn 

where  I  =  n,  and  n  ranges  through  the  values  1,2,3, The 
series  given  in  Eq.  (8-I9)  can  be  summed  by  Program  8-5* 


Program  8-5 

SUBROUTINE  TN0DDS(X,SUMl,SUM2,FO,F,N) 

DIMENSION  F(N) 

IF(ABS(X).GT.(1.0))  GO  TO  10 
Z  a  2.0»(2.0*X*X  -  1.0) 

B2  =  0.0 

Bl  =  0.0 

DO  1  I  =  1,N 

M  =  N  +  1  -  I 

BO  =  Z*Bl  -  B2  +  F(M) 

B2  =  Bl 
Bl  =  BO 
1  CONTINUE 

SUM2  =  Bl  -  B2 
SUM-  =  X*SUM2 
RETURN 

10  WRITE (6, 11)  X 
CALL  EXIT 

11  FORMAT  (37H1  SUBROUTINE  TNODDS  CANNOT  HANDLE  X  =  ,E15.8) 
END 


The  reader  will  observe  that  each  of  the  progrpms  given  above  has 
been  provided  with  a  CALL  EXIT  which  will  cause  the  computer  pro¬ 
gram  which  employs  these  subroutines  to  exit  from  the  electronic 
computer  when  the  variable  x  lies  outside  the  allowed  range.  How¬ 
ever,  in  each  case,  the  computer  will  write  a  message  to  indicate 
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that  the  appropriate  subroutine  could  not  handle  the  value  of  x 
which  caused  the  program  to  be  terminated  by  the  CALL  EXIT  state¬ 
ment* 


■> 


» 


,* 


8*5  Further  Remarks  on  the  Clenshaw  Algorithm 

The  technique  which  we  have  employed  in  the  discussion  above  to 
sum  the  Chebyshev  series  belongs  to  a  wider  class  of  algorithms 
which  was  introduced  by  Clenshaw  (Ref.  12).  Let  f(x)  be  repre¬ 
sented  in  the  form  jj 

f(x)  =  ^  A^U)  (8-2J4.) 

n=0 

where  the  functions  denoted  by  pn(x)  satisfy  a  linear  recurrence 
relation  of  the  form 

Pn+lU)  +  VnW  +  Pnpn-lU)  =  0  <8-25) 

where  an  and  Pn  may  be  functions  of  x  as  well  as  of  n.  The  Clen¬ 
shaw  algorithm  asserts  that  if  one  defines 

bN+2  =  bN+l  =  0 

and  then  constructs  the  sequence  bN-2* bl*  b0  ac” 

cording  to  the  rule 

br  +  arbr+l  +  ‘Wbr+2  =  K  '  r  =  ••.b1»bo  (8_26) 

that  the  sum  of  the  series  In  Eq.  (8-2ij.)  is  given  by 

f(x)  =  b0p0(x)  +  b1[p1(x)  +  aQp0(x)]  (8-27) 

A  well-known  example  of  this  algorithm  is  the  case  in  which 

PnU>  =  xn 

for  which  Eq.  (8-25)  takes  the  simple  form 

Pn+iW  ~  xpn(x)  =  0 
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fl»WWW!*WW 


Therefore,  we  see  that  for  this  case 


a  =  -  x 
n 


fl  =0 
Hn 


and  Eq*  (8-27)  reduces  to  the  simple  form 

f (x)  =  bfl 

and  the  recurrence  relation  reduces  to 
br  =  xbr+l  +  *r 

If  we  consider  a  simple  case,  such  as 

2  ^ 

f  (x)  =  AQ  +  A^x  +  A2x  +  kjXr 
we  see  that  the  algorithm  yields  the  successive  results 

b3  =  A3 

b2  =  xb^  +  A2  =  A2  +  A^x 

2 

b1  =  xb2  +  A1  =  A^  +  A2x  +  A^x 

b0  =  xbi  +  A0  =  A0  +  AjX  +  A2XZ  +  A3x3 

The  reader  who  is  experienced  in  the  methods  of  numerical  analy¬ 
sis  will  probably  recognize  this  algorithm  as  being  merely  the 
so-called  "nested-multiplication”  method  of  evaluating  a  poly¬ 
nomial,  i«e«. 


f(x)  =  Aq  +  A^x  +  AgX^  +  Ayc^  =  (Aq  +  x(  A^  +  x(A2  +  xA^)]} 


The  Clenshaw  algorithm  provides  an  extension  of  the  "nested  mul¬ 
tiplication"  technique  which  enables  one  to  evaluate  the  function 
f(x)  and  its  derivatives  when  it  is  expressed  in  the  form  of  a 
Taylor  series 


f 


N 


n=0 


(8-28a) 


and 
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(8 -28b) 


i 


t 


r 


4 


f(m)(x)  =  d  =  y  \  [n(n-l)  •  •  •  (n-m+1)  ]— • 

dx  n=m 

N-n 

=  ]C  Vk^ 

k=0 


N 


(8-28c) 


If  we  observe  that  the  pn(x)  in  Eq.  (8-28)  are  xn/xj  we  see  that 
the  recurrence  relation  is 


pn+ll3t)  “  — 7  pn(3c> 


n  +  1 


and  hence  an  and  pn  are  defined  by 


an  =  " 


x 

n  +  1 


*  Pn  =  0 


Therefore,  if  we  let 

bN-m+l  =  0 

br  =  r?Tbr+l  +  Ar+m  '  r  =  N_m»  N-m-1,... ,2,1,0 
we  will  find  that 

f (m)  M  =  *0 

The  summation  of  Fourier  series  of  the  form 

N 


r(e)  A^cos  (ne ) 

(8-29a) 

n=0 

N 

g(e)  =  Vin(ne) 

(8-29"b) 

can  be  accomplished  readily  by  using  the  algorithm  in  the  form 


bN+2  =  bN+l 


=  0 
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br  _  2  0088  br+l  '  br+2  +  '  r  =  »,N-l,N-2,... ,2,1,0 

The  algorithm  asserts  that 

f  (0)  =  bQ  -  bx  cose  (8-30a) 

g(e)  =  b^  sine  (8-3013) 

Since  many  diffraction  problems  involving  a  circular  cylinder 
can  be  solved  by  series  of  the  form  in  Eq*  (8-29)*  the  use  of  this 
algorithm  can  be  extremely  helpful  in  making  more  efficient  com¬ 
puter  programs  for  the  calculation  of  the  scattering  patterns, 
current  distributions,  and  other  quantities  which  can  be  express¬ 
ed  in  a  Fourier  series  of  the  form  of  Eq*  (8-29)* 

One  can  also  obtain  more  efficient  programs  for  the  summing  of 
certain  series  of  spherical  harmonics  such  as  occur  in  the  theory 
of  the  diffraction  of  waves  by  a  sphere.  In  the  case  of  a  series 
of  Legendre  functions  Pn(cos0)  such  as 

N 

f(e)  =  T  ArTPn(cos9)  (8-3I) 

n=0 

we  consider  the  recurrence  formula  for  the  polynomials,  namely. 


(n  +  l)Pn+1(cose)  =  (2n  +  l)cose  Pn(cose)  -  nPn-1(cose) 


and  find  that  the  an  and  Pn  of  Eq*  (8-25)  are 
“ft  =  -  TST  0088  >  Pn  =  — 


n  n+J 


Therefore,  if  we  set 


bN+2  =  bN+l  =  0 


and  recur  backwards  with  the  formula 


b_  = 


cose  b 


r+1 


r+1 

r+2 


r+2 


(8-32) 
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(6-33) 


» 


* 


T 


« 


we  will  find 


* 


that 


f(9)  =  bQ 

The  resu] t  contained  in  Eq*  (8-33)  can  be  used  as  tho  basis  for 
summing  the  many  series  of  the  form  of  Eq*  (8— 31 )  which  occur  in 
boundary  value  problems  involving  a  sphere* 

There  are  many  other  problems  in  applied  mathematics  which  can  be 
summed  by  means  of  the  Glenshaw  algorithm*  For  example,  in  his 
original  paper  (Ref*  12),  Clenshaw  observed  that  the  finite 
Neumann  series  of  Besse^  functions 

r<*>  =  Evutv11' 

n=0 

could  be  evaluated  in  this  manner. 

The  author  has  encountered  several  cases  in  which  the  coefficients 
in  series  of  the  form  described  by  Eq.  (8-28)  behaved  in  such  a 
manner  that  the  backward  recursion  led  to  incorrect  results  be¬ 
cause  of  some  unfavorable  cancellation  which  took  place  during 
the  recurrence  process.  Therefore,  until  such  time  as  the  theory 
of  the  propagation  of  errors  in  such  processes  is  better  under¬ 
stood,  the  author  would  like  to  advise  the  reader  that  it  may  be 
advisable  to  test  the  algorithm  by  comparing  its  results  with  the 
results  obtained  by  computing  the  magnitude  of  the  quantities 
Anpn(x)  in  Eq*  ( 8— 2ip)  and  listing  these  for  visual  inspection  and 

•11 

The  author  suggests  that  "skeptics"  join  him  in  observing  that 

Eq*  (8-33)  is  correct  by  considering  the  case  of  the  simple  func- 

tion  f(0)  =  Pq(cos0)  +  P1(cose)  +  2P2(cosd)  =  cos0  +  3cos  0.  We 

start  with  b^  =  b^  =  0,  and  then  compute  b2=  2$^  =(3/2)cos0  (2) 

+  1=1  +  3  cos0;  and  bn  =  oosGU  +  3  cos©)  -  0/2)  (2)  +  1  = 

2  ^ 

cos0  +  3  cos  0*  Therefore,  we  do  find  that  f  ( 0 )  =  bQ  as  im¬ 
plied  by  Eq.  (8-33). 
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comparing  the  sum  of  this  "column”  of  figures  with  the  results 
obtained  from  the  algorithm. 

8.6  Determination  of  Coefficients 

We  now  want  to  take  up  the  problem  of  the  determination  of  the 
coefficients  A^  in  the  truncated  series  of  Chebyshev  polynomials 
which  is  employed  to  represent  a  function  f(x). 

f(x)  =  ^  A0  +  AjT^x)  +  A2T2(x)  +  A3T3(x)  +r.+  AjjTn (x) 

=  Bq  +  B1x1  +  BgX2  +  B3x3  +  BjjX^  +...+  BjjXN 

Let  us  first  of  all  dispose  of  a  related  problem.  Suppose  we 
already  have  the  A^  for  n  =  0,1,2,  •••,N  and  we  would  like  to  con¬ 
vert  from  the  series  of  Chebyshev  polynomials  to  the  conventional 
algebraic  polynomial,  i.#.,  we  know  the  A^  in  Eq.  (8-3ij.)  and  we 
would  like  to  know  the  Bn«  This  was  one  of  the  first  problems 
which  the  author  undertook  under  the  present  contract,  but  dur¬ 
ing  the  course  of  the  work  there  have  appeared  several  programs 
which  will  accomplish  this  task.  Golden  (Ref.  47,  pp.  120-124) 
has  presented  a  good  treatment  of  this  problem^  and  actual 
FORTRAN  IV  programs  ere  constructed.  Prager  (Ref.  79)  restricts 
his  discussion  to  the  "shifted"  Chebyshev  polynomials  (which  we 
have  referred  to  as  the  "T  star"  polynomials)  and  he  has  given 
FORTRAN  IV  programs  that  permit  one  to  convert  from  the  Cn  of 
Eq.  (8-I3)  to  the  Dn,  or  vice  versa.  Arden  has  discussed  this 
problem  when  it  is  in  the  form  of  Eq.  (8-34)  (which  is  the  same 
as  Eq.(8-12)),  but  his  treatment  (Ref.  48)  seems  (to  the  present 
author)  to  fall  to  correctly  yield  the  Bn  from  the  An  if  N  is 
greater  than  5*  Since  it  would  be  convenient  to  have  the  abili¬ 
ty  to  carry  out  these  operations  as  a  suDroutine,  we  give  in 
Program  8-6  a  subroutine  which  will  take  a  set  of  A(I)  =  A^, 
for  I  =  n  (and  n  <  97)  and  convert  them  to  a  set  of  B(I)  =  Bn» 
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The  algorithm  which  has  been  programmed  in  Program  8-6  has  two 
features  which  may  require  modification  if  the  reader  wishes  to 
compile  this  FORTRAN  IV  subroutine  on  the  electronic  computer 
which  is  available  to  him.  The  UNIVAC  1107  compiler  permits  one 
to  use  positive  and  negative  integers,  as  well  as  zero,  as  a  sub¬ 
script.  This  compiler  also  permits  one  to  write  i^f-loops  which 
proceed  in  "negative 11  increments*  Both  of  these  features  have 
been  employed  in  Program  8-6  (and  in  Program  8-7)*  The  reader 
will  observe  that  in  order  for  the  program  to  have  access  to 


Program  8-6 


10 


11 

20 

9 


7 


6 

8 


SUBROUTINE  CBS2PS (N,A,B) 

DIMENSION  A(N),B(N) 

DIMENSION  ABl (98 ) .  AAB1  (99 ) ,  AB2  (98 )  *  AAB2 (99 ) 
EQUIVALENCE  (ABl  (1 ) , AAB1  (2) )  ,  (AB2(1 )  ,  AAB2(2) ) 
IF(N.GT.O)  GO  TO  10 
B(0)  =  A(0) 

RETURN 

IF(N.LE*97)  gO  TO  20 
WRITE(6,H)  N 
CALL  EXIT 

FORMAT  ( 3 7H1  SUBROUTINE  CBS2PS  CANNOT  HANDLE  N  =  ,16) 
DO  9  1=0, N 
ABl  (I)  =  A(  I) 

CONTINUE 

NMl  =  N-l 

DO  8  I=NMl,l,-l 

AB2(I+2)  =  AB2 ( 1+1 ) 

DO  7  J=I,1,-1 

AB2(J)  =  2*G*> ABl  ( J+l)  -  AB2(  J+2) 

CONTINUE 

AB2(0)  =  ABl(l)  -  0*5':fAB2(2) 

B(N-I-l)  =  AB1(0)  -  0,5*AB2(1) 

DO  6  J=0,I 
ABl  ( J)  =  AB2(J) 

CONTINUE 
CONTINUE 
B(N-l)  =  ABl (0) 

B(N)  =  ABl  (1 ) 

RETURN 

END 
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the  array  AB1(0),  AB1  (1),  ABl(2),«..  that  it  has  been  necessary 
to  dimension  AB1(98)  and  then  introduce  a  second  array  AABl(99)* 
The  EQUIVALENCE  statement  is  then  used  in  such  a  manner  that 
a  reference  to  ABl(O)  is  actually  a  reference  to  AAB1(1)  and  hence 
the  compiler  is  able  to  work  with  zero  as  a  subscript.  Many  com¬ 
pilers  for  FORTRAN  IV  will  not  permit  a  D^-loop  of  the  form 

D0  8  I  =  NKl,  1,-1 

since  the  allowed  form  is  generally 

T4  8  I  =  N1,N2,N3 

where  Nl,N2,  and  N3  are  unsigned  (i.e.,  positive)  integers. 

Both  of  these  features  of  the  UNIVAC  1107  oompiler  (and  certain 
other  FORTRAN  IV  compilers)  are  very  convenient  because  they 
permit  us  to  write  an  algorithm  which  is  closer  to  the  mathemati¬ 
cal  language. 

Since  the  Program  8-6  expects  to  find  a  value  for  A10)  and 
will  give  back  a  result  B(0),  the  calling  program  must  contain 
a  "gimmick"  such  as: 

DIMENSION  A(N),B(N),AA(2),BB(2) 

EQUIVALENCE  (A(1),AA(2)), (B(1),BB(2)) 

Program  8-6  may  be  found  useful  in  the  case  of  a  function  which 
is  to  be  evaluated  many  times  because  there  are  fewer  steps  in¬ 
volved  In  evaluating  the  series  when  expressed  in  the  form  of  an 
algebraic  polynomial.  However,  Clenshaw  (Ref.  11,  p.  13)  has 
shown  that  the  Chebyshev  coefficients  of  ascending  order  usually 
decrease  more  rapidly  than  the  coefficients  of  ascending  powers. 
Therefore,  the  evaluation  of  the  algebraic  polynomial  may  be 
faster  than  that  of  the  equivalent  Chebyshev  expansion,  but  the 
Chebyshev  expansion  may  be  subject  to  smaller  errors.  Clen- 
shaw's  example  shows  definitely  some  advantages  to  leaving  the 
function  represented  as  a  Chebyshev  series.  However,  Beasley 
(Ref.  27)  has  shown  that  a  different  rearrangement  of  the  series 
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used  in  Clenshav^s  example  can  lead  to  an  algebraic  polynomial 
which  does  not  suffer  the  disadvantages  of  the  algebraic  poly¬ 
nomial  which  was  considered  by  Clonshaw. 


Let  us  turn  now  to  the  problem  of  obtaining  the  coefficients  A^ 

in  Eq.  (8-3l|.)  when  the  coefficients  Bn  are  assumed  to  be  known. 

A  program  which  will  accomplish  this  is  given  as  Program  8-7* 

Many  of  the  remarks  made  in  connection  with  the  discussion  of 
Program  8-6  apply  equally  well  to  this  program  since  we  have  al¬ 
so  employed  the  zero  subscripts  in  A(0),  B(0),  etc*,  and  backward 
steps  are  made  in  Df*  -loops  such  as  "Dtf  7  J  =  1,1, -1." 

Program  8-7 

SUBROUTINE  PS2CBS(N, A,B) 

DIMENSION  A(N),B(N) 

DIMENSION  AB1(98),AAB1(99).AB2(98),AAB2(99) 

EQUIVALENCE  ( ABl  ( 1 )  ,  AABl  ( 2 ) ) ,  ( AB2  ( 1 )  ,  AAB2  ( 99 ) ) 

IP(N.GT.O)  GO  TO  10 
A ( 0 )  =  B(0) 

RETURN 

10  TP(N.LE*97)  GO  TO  20 
WRITE(6,H )  N 

CALL  EXIT 

11  FORMAT ( 37H1  SUBROUTINE  PS2CBS  CANNOT  HANDLE  N  =  ,16) 

20  DO  2  1=0, N 

ABl (I)  =  B ( I ) 

2  CONTINUE 
NMSl  =  N-l 

DO  3  I=NMSl,  1,-1 
AB2(I+2)  =  0.0 
AB2 ( 1+1 )  =  0.0 
DO  If  J=I,1,-1 

AB2(J)  =  2.0*AB1(J+1)  -  AB2 ( J+2) 

CONTINUE 

AB2(0)  =  ABl ( 1 )  -  0.5*AB2(2) 

A(N-I-l)  =  AB1(0)  -  0.5*AB2(1) 

DO  5  J=1,I 
AB1(J)  =  AB2(J) 

9  CONTINUE 

3  CONTINUE 
A(N-l)  =  ABl (0) 

A(N)  =  ABl  (1 ) 

RETURN 

END 
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Although  Program  8-7  is  quite  limited  in  its  usefulness  (since 
one  needs  to  already  have  a  polynomial  represenation  for  the 
function),  most  of  the  literature  on  the  Chebyshev  series  has 
evolved  around  the  concept  of  using  the  Chebyshev  polynomials  to 
’'telescope"  a  power  series#  This  concept  has  been  quite  clearly 
discussed  by  Prager  (Ref.  79),  Golden  (Ref.  47),  Arden  (Ref.  1+8) , 
Lanzcos  (Ref.  1  and  Ref.  36),  Minnick  (Ref.  !}4)>  Spielberg  (Ref. 
ij.2),  and  other  authors  whose  papers  are  listed  in  the  references 
for  this  Section.  Often  times  the  polynomial  which  one  starts 
with  is  the  Taylor *s  series  and  then  the  process  of  "telescoping" 
permits  one  to  obtain  a  power  series  containing  fewer  terms  which 
can  be  used  to  compute  the  function  to  the  same  accuracy  over 
particular  range  of  interest. 

The  telescoping  process  uaS  attracted  so  much  attention  in  thu 
literature  of  the  recent  past  that  the  important  concepts  asso¬ 
ciated  with  the  idea  of  trigonometrical  interpolation  (which  were 
stressed  by  Lanzcos  (Ref.  1))  have  not  received  sufficient  em¬ 
phasis.  In  Eq.  (8-8)  we  showed  that  the  coefficients  in  the 
expansion  in  a  series  of  Chebyshev  polynomials  could  be  obtained 
by  a  process  of  numerical  integration. 

The  most  promising  approach  to  the  determination  of  of  the  An  in 
Eq»  (6-3^)  is  associated  with  an  orthogonality  property  of  the 
Fourier  series  which,  as  Lanzcos  has  emphasized,  is  peculiar  to 
the  Fourier  series  when  one  examines  the  Fourier  series  as  being 
an  example  of  expansions  in  terms  of  orthogonal  functions.  We 
refer  the  reader  to  the  paper  by  Lanzcos  (Ref.  1)  and  the  discus¬ 
sion  by  Clenshaw  (Ref.  11)  for  more  details,  the  result  which  we 
want  to  employ  is  the  following: 

NAp  —  f  (*Q)+2f  )T^  (Xy ) +•  •  • +2f  (Xjj_^  )T^^  (xr)+r(Xjj)T|j(xr)  (8-35) 

where  r  =  0,1,2, and  the  arguments  Xj  appearing  in  f(xj) 
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are  defined  by 

Xj  =  cos(jx/N) 

and  the  arguments  xr  of  the  Chebyshev  polynomials  T^(xr)  are 
defined  by 

xp  =  cos(nt/N)  (8-36b) 

In  the  discussion  above  we  have  made  no  distinction  in  notations 
between  the  A^  which  appear  in  the  infinite  series  of  Eq*  (8-7) 
and  the  which  appear  in  the  truncated  series  of  Eq*  (8-12)  or 
Eq#  (8-34.)*  The  reader  will  find  this  discussed  by  Clenshaw  in 
his  tables  (Ref*  11)  and  in  a  recent  paper  (Ref*  3)*  Further 
study  of  the  relationships  are  needed,  but  it  will  suffice  for  our 
purposes  to  point  out  that  we  are  assured  by  certain  aspects  of 
the  theory  of  Fourier  series  that  as  N  -*■  oo  that  the  A^  which  are 
computed  on  the  basis  of  Eq*  ^8-35)  will  converge  to  the  An  em¬ 
ployed  in  Eq*  (8-7)  and  defined  by  an  integral  in  Eq#  ^8-d). 

It  is  interesting  to  observe  that  the  formula  in  Eq*  (8-35)  is 
itself  a  truncated  Chebyshev  series  and  hence  it  can  be  summed 
by  use  of  the  Clenshaw  algorithm.  All  we  need  to  do  is  to  be 
able  to  compute  the  value  of  f (x)  at  N  +  1  points  Xj  defined  by 
Eq*  (8-36a)*  This  aspect  of  the  determination  of  the  A^  empha¬ 
sises  the  interpolating  nature  of  the  truncated  series  of  Cheby¬ 
shev  polynomials#  An  ALGOL  60  procedure  for  the  calculation  of 
these  coefficients  was  given  by  Schwarz  (Ref*  29)  in  his  tutorial 
paper  on  this  programming  language.  This  i  quite  a  sophisticated 
program  in  that  the  degree  of  approximation  which  the  user  feeds 
in  as  an  input  to  the  ALGOL  procedure  determines  the  degree  N  of 
the  truncated  Chebyshev  series,  and  a  random  number  generator  is 
employed  to  check  that  the  resulting  series  does  indeed  provide 
the  desired  interpolating  polynomial* 

In  this  discussion,  wo  will  be  content  with  the  much  simpler  pro¬ 
gram  for  the  evaluation  of  Eq#  (8-35)  as  given  in  Program  8-8* 
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Program  8-8 


SUBROUTINE  CLNSHW(FUNCTN,A,  B.N,  COEF) 

dOuble  precision  a,b,  cOef(N)  ,  bpa,  bma,dflOat,  dcOs,  pi,  piOn, 

A  ZERO, One, Tw0,X(lOO),T  (100).  E(lOO),P(lOO) 

DATA  pi ,  ZERO, One, TWO/3. 341 59 2653589 793^0,  0.  ODO,  1 ,  ODO,  2. ODO/ 
199  pORHAT(37H  SUBROUTINE  CLNSHW  CANNOT  Handle  A  =  ,D25*16, 

A  5H  B  =  ,D25.16,5H  n  =  ,1k) 

dplOat(kk)  =  DBLE(  FLOAT  (kk)) 

IF(N.LT.2)  GO  TO  98 
IF(N.GT.98)  GO  TO  98 
IF(DABS(A-B).LT.  (l.OD-8))  GO  TO  98 
BPA  =  B  +  A 


BMA  =  B  -  A 

piOn  =  pi/dflOat(n-i) 

DO  1  1=1, N 

T  ( I )  =  DcOs  (  piOn^dplOat  ( I  -1 ) ) 

X(I)  =  (BPA  +  BMA#T(I))/TW0 
CALL  FUNCTN(X(I),E(I) ) 

1  CONTINUE 

F(N+2)  =  ZERO 

P(N+1 )  s  ZERO 

E(N)  =  E(N)/TW0 
DO  2  K  =1,N 
1^  3  L  =N, 1,-1 

F(L)  =  TW0*»T(K)*P(L+1)  -  P(L+2)  +  E(I.) 
3  CONTINUE 

COEP(K)  =  (F(l)  -  F(3))/DFL0AT(N-1) 

2  CONTINUE 
RETURN 

98  WRITE (  ,199)  A,B,N 
CALL  EXIT 
.END 


There  are  a  number  of  aspects  of  Program  8-8  which  require  dis¬ 
cussion*  In  the  argument  list,  FUNC7N  refers  to  another  SUBROU¬ 
TINE  which  it  Is  assumed  the  reader  will  have  provided.  It  must 
be  of  the  form: 

SUBROUTINE  PUNCTN(ARG, VALUE) 

DOUBLE  PRECISION  ARG,  VALUE 

• 

VALUE  =  ... 

RETURN 

END 

When  the  statement  CALL  PUNCTN( ARG, VALUE)  appears  the  function  that 
is  served  is  that  of  obtaining  a  value  for  f(x)  where  the  relation 
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between  the  mathematical  quantities  x  and  f(x)  and  the  FORTRAN 
symbols  are 

x  =  ARG 
f(x)  =  VALUE 

The  A  and  B  which  appear  in  Program  8-8  give,  the  range  of  the 
variable  x  over  which  the  function  is  to  be  approximated,  i,e, 

A  <  ARG  <  B 

Therefore,  if  A  /  -1,  B  jt  +1,  the  user  will  have  to  arrange  to 
use  Eq,  (8-4)  to  employ  the  coefficients  obtained  from  the  pro¬ 
gram.  The  coefficients  A^  are  contained  in  the  array  COEF(N), 
i.  e» , 

An  =  COEF(I),  with  n  =  (1-1),  for  n  =  0,1,2, •  ••,  (N-l) 

The  appearance  of  the  statement  "DO  3  L=N,1,-1"  reveals  that 
this  program  must  he  modified  if  the  compiler  employed  does  not 
permit  a  D^-loop  to  proceed  from  "high"  values  to  "low"  values. 

In  Program*  8-9  we  give  a  test  program  which  was  used  to  test  the 
algorithm  in  Program  8-8, 

Program  8-9 

DOUBLE  PRECISION  COEF(lOO) 

EXTERNAL  FUNG 
110  F^RMAfi’(10X,l4,D25.16) 

CALL  CLNSHW ( FUNC , -1 , 0D0 , + 1 , 0D0 , 1 8 , COEF ) 

WRITE(6,110)  (I,C0EF(I),I=1,18) 

CALL  EXIT 
END 

SUBROUTINE  FUNC(  ARG,  VALUE) 

DOUBLE  PRECISION  ARG,  VALUE,  9EXP 
VALUE  =  DEXP(ARG) 

RETURN 

END 

In  Table  8-1  we  present  the  output  from  the  use  of  Programs  8-8 
and  8-9,  In  the  right  hand  column  we  present,  for  comparison, 
the  Chebyshev  coefficients  for  f(x)  =  exp(x)  on  -1  <  x  <  +1  which 
are  given  by  Clenshaw(Ref,  11), 
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Table  8-1 

CHEBYSHEV  COEFFICIENTS  FOR  EXP(X) 


N  From  Program  8-9  From  Clenshaw  (Ref. 11) 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 


.2832131755504014401 

.1130318207984963+01 

.2714953395340757+00 

.4433684984866365-01 

. 5474240442093978-02 

.5429263119140001-03 

.4497732295421072-04 

.3198436462465850-05 

. 1992124804986286-06 

.1103677183631729-07 

.5505895478103851-09 

.2497978294801374-10 

.  1 039116505259752-11 

.4004639757059681-13 

.1345329076898718-14 

.  6530723674265623-16 

.0000000090000000 

.0000000000000000 


.2532l3l75550i|.0l667l20+0l 
.  1 1 303l82O798li97O051Ul-2+0l 
.27149533953W656237  +00 

.4433684984866380495  -01 
.547424044209373265  -02 
.54292631191394375  -03 

-04 
-05 
-06 


.4497732295429515 

.319843646240199 

.19921248066728 


.1103677172552 

.55058960797 

.2497956617 

.103915223 

.3991263 

.142376 

.4741 

.148 

•4 


-07 

-09 

-10 

-11 

-13 

-14 

-16 

-17 

-18 


A  study  of  the  output  from  Program  8-9  with  the  more  precise  re¬ 
sults  printed  alongside  reveals  that  the  initial  results  (N  near 
1)  are  accurate  to  about  15  decimal  places*  but  that  as  N  increases 
there  is  a  growth  of  the  error  and  by  the  time  one  reaches  N  =  14 
that  there  is  only  one  significant  figure  and  that  this  is  in  the 
14th  decimal  place.  These  results  are  quite  encouraging  and  sug¬ 
gest  that  Eq.  (8-35)  can  be  quite  useful  for  the  determination  of 
the  coefficients  in  the  Chebyshev  series  which  is  truncated  as  in 
Eq.  (8-34). 


8.7  The  Future  for  Diffraction  Theory 

From  the  many  references  at  the  end  of  this  section,  the  author 
has  assembled  a  set  of  BLOCK  DATA  statements  which  contain  (on 
punched  cards  )  virtually  all  the  Chebyshev  coefficients  which 
have  been  published  to  the  present  date.  It  was  originally  part 
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of  the  author* s  plan  for  this  report  that  these  would  he  contain¬ 
ed  in  the  Appendices.  However,  the  compilation  runs  to  many  pages 
and  the  results  are  most  useful  when  they  can  he  read  directly  in¬ 
to  an  electronic  computer.  Therefore,  the  author  plans  to  run 
further  checks  upon  these  listings  (to  insure  their  accuracy)  and 
to  then  submit  the  data  (in  the  form  of  a  strip  of  magnetic  tape) 
to  the  SHARE  organization  so  that  it  will  he  unnecessary  for  pro¬ 
grammers  who  have  access  to  this  tape  to  punch  the  data  direc  tly 
from  the  published  tables. 

Before  we  discuss  some  possible  applications  of  the  Chebyshev 
series  in  diffraction  theory,  let  us  pause  to  point  out  a  field 
which  needs  further  investigation.  The  results  in  Eqs.  (8-34) 
and  (8-35)  permit  us  to  interpolate  (using  the  values  of  the 
function  at  N+l  points)  with  efficiency  and  accuracy  a  function 
f(x)  defined  on  -1  <  x  <  +1.  In  diffraction  theory  (and  in  many 
other  fields)  we  meet  the  need  to  interpolate  when  the  function 
is  defined  in  the  complex  plane  and  therefore  we  find  ourselves 
dealing  with  a  function  of  two  (or  more)  variables.  The  ideas 
advanced  by  Lanzcos  could  be  extended  to  such  problems  by  "brute 
force."  For  example,  if  F(zJ  =  F(x,y)  is  defined  on  -1  <  x  <  +1, 
-1  <  y  <  +1,  we  could  write 

F(x,y)  =  §fQ(y)  +  f1(y)T1(x)  +  f2(y)T2(x)  +• • •+  §fN(y)TN(x) 
where 

fr(y)  =  4o  +  +  A2T2ly)  +•••+  Ajj_1TM.1(y)+ 

5 - 

The  questions  related  to  the  status  of  the  "copyright"  on  these 
tables  has  also  enterred  the  decision  to  omit  these  DATA  BLOCKS 
from  this  report.  However,  since  keypunching  and  verifying  is 
relatively  expensive,  it  is  hoped  that  arrangements  c$n  be  made 
whereby  this  file  (consisting  of  several  thousand  IBM  cards)  can 
be  shared  with  other  scientists  who  employ  the  Chebyshev  series. 
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where  the  coefficients  A^  could  he  determined  from  a  result  de¬ 
rived  from  Eq.  (8-35) •  We  observe  that  this  approach  would  require 
the  knowledge  of  the  value  of  the  function  F(x,y)  at  (N+1)(M+1) 
points  in  the  domain  of  interest,  ite.,  the  square  -1  <  x  <  +1, 

-1  <  y  <  +1.  It  is  quite  conceiveable  'that  as  we  push  foward 
in  the  field  of  the  constructive  theory  of  functions  that  we  will 
find  means  to  interpolate  over  the  rectangle  which  require  many 
fewer  points  than  the  (N+lMMrl)  that  the  above  approach  requires. 
ThB  interpolation  problem  bears  some  resemblance  to  the  problem 
of  choosing  points  for  the  evaluation  of  multiple  integrals. 

This  has  begun  to  be  a  field  which  is  attracting  considerable  In¬ 
terest.  One  author  recently  pointed  out  that  the  use  of  a  Gauss 
3-point  formula  for  an  n-dimenslonal  Integral  would  require  3n 
points,  whereas  comparable  accuracy  can  be  obtained  with  about 
2n^  points.  Results  such  as  this  for  the  interpolation  of  func¬ 
tions  of  more  than  one  variable  are  badly  needed.  However,  the 
problem  is  sufficiently  difficult  that  we  may  have  to  wait  years 
for  significant  advances.  In  the  meantime,  the  outstanding  paper 
on  Interpolation  of  one-dimensional  functions  which  was  written 
in  1938  by  Lanzcos  iRef.  1)  has  only  now  begun  to  be  properly  ap¬ 
preciated  by  people  who  face  applied  problems. 


i 


II 

u 


« 


< 
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The  outstanding  advantages  which  will  accrue  to  diffraction 
theorists  with  the  further  development  of  the  Chebyshev  series 
representations  for  special  functions  will  be  demo  is tr ate d  by 
considering  several  types  of  problems.  Let  us  start  with  the 
Airy  functions.  The  behavior  of  the  Airy  functions  Ai(x)  and  Bi  (x) 
are  depicted  In  Fig.  8-1.  An  essential  point  to  be  borne  in  mind 
when  seeking  representations  in  terms  of  truncated  Chebyshev 
polynomials  is  that  the  coefficients  in  the  expansion  can  be  ex¬ 
pected  to  decrease  rapidly  with  Increasing  order  only  if  the 
function  which  is  to  be  represented  is  "smooth." 

If  we  recall  that  we  know  Taylor  series  (See  Eq.  (B-|?))  for  these 
functions,  we  can  recognize  the  possibility  of  using  the  terms  in 
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Fig,  8-1  Behavior  of  the  Airy  Functions 


these  series  in  an  algorithm  (such  as  Program  8-7)  to  obtain  ef¬ 
ficient  representations  of  the  form 


Ai(x)  =  ^  Aq  +  A1T1(x)  +  •••  +  AjjTj^x) 
Bi(x)  =  |  BQ  +  +•••+  B^U) 


(8-3Va) 


(8-37b) 


where  N  need  not  be  the  same  as  M,  and  where  -1  <  x  <  +1*  It 
might  even  be  worthwhile  to  expand  the  range  to  -2  <  x  <  +2,  and 
employ  series  of  the  form 


e(x>  =  5  °o  +  +--+  °ktk(|) 


(8-38) 


The  use  of  either  Eq,  (8-37)  or  Eq*  (8-38)  would  be  merely  a  con¬ 
ventional  use  of  the  Ohebyshev  polynomials  to  "telescope"  a  power 
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series#  However,  if  one  expected  to  compute  the  Airy  functions 
many  times  on  an  electronic  computer,  it  would  be  economically 
sound  to  seek  these  more  efficient  series# 

Before  leaving  the  subject  of  the  Airy  functions  near  the  origin, 
the  author  would  like  to  point  out  that  it  may  prove  to  be  advan¬ 
tageous  to  consider  the  form  of  Eq#  (B-5)  find  express  Ai(x)  and 
Bi(x)  in  the  form 

Ai(x)  =  af1(^)  -pxf2(£)  ,  Bi(x)  =  V3  Caf^s)  +  pxf2(^)},  (8-39) 

where 

E,  =  x3/A3 

and  f^(£)  and  f ^ (^)  are  expressed  in  the  form  of  Chebyshev  series 

fj(C>  “  I  E0  +  Vl(?l  +,"+  %T N<«>  ,  3  =  1,2 

and  the  expansion  would  be  employed  for  the  range  -A  <  x  <  +A. 

The  author  hopes  that  this  alternative  causes  the  reader  to  see 
that  the  employment  of  the  Chebyshev  representations  is  not  pure¬ 
ly  "mechanical#"  One  will  often  find  that  some  preliminary 
analytical  work  will  suggest  an  argument  to  be  employed  in  the 
Chebyshev  polynomial  which  is  most  appropriate  for  the  problem 
under  consideration# 

Let  us  turn  now  to  an  aspect  of  the  Chebyshev  representation  of 
the  Airy  functions  which  is  more  than  just  "financially  economic" 
in  the  sense  that  we  will  consider  representations  which  cannot 
be  "telescoped"  because  they  start  from  asymptotic  series#  Mil¬ 
ler  has  shown  (See  Eq.  (B— 3) )  that  the  Airy  functions  can  be  ex¬ 
pressed  in  terms  of  certain  auxiliary  functions  F(x)  and  ^(x) 
when  x  is  large  and  negative.  We  recall  that  the  forms  are 

Ai(-r))  =  P(  — r))  sin[x(“T))j  9  Bi (— n)  =  F(-r|)  cos[y(-Ti)]  (8-I4.O) 
where  asymptotic  expansions  for  F(-rj)  and  y ( — -p )  are  given  in  Eq# 
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(6-9)*  Suppose  we  seek  a  representation  for  A  <  tj  <  °°»  Since 
this  is  a  ’’one-sided"  range,  we  would  probably  choose  to  use  the 
shifted  (or  T-star)  polynomials  Tn(x).  An  inspection  of  Eq.  (6-9) 
suggests  that  we  express  F(-r))  and  x(-r})  in  the  forms 

F^(~r|)  -  1  — 1  '■  9  X^)  “  r  =  ^2^  9  ^  ~  (8~4^) 

iVn  ^ 

where  f^(^)  and  f2(f;)  are  to  b®  expressed  in  the  form  of  series 
of  shifted  Chebyshev  polynomials 

f(xj  =  ^  A Q  +  A1T*(x)  +  A2T2(x)  +...+  AjjT^(x)  (8-lj.2a) 

where  the  counterpart  of  Eq.  (8-35)  is 

NAr  =  f(xQ)+2f(x1)T*(xr)+...+2f  (xN-1)T^1(xr)+f(xN)T*(xr)  (8-lj.2b) 

and  the  xr  and  Xj  (j  =  0,lf2,...,N)  are  given  by 

' 

Xj,  =  cos(^)  ,  Xj  =  cos(^)  ,  =  0,1,2, •••#N  (8-^2c) 

J 

In  arriving  at  the  choice  of  this  form  of  expansion  we  have  been 
guided  by  the  asymptotic  theory  which  led  to  Eq,  (6-9),  but  unless 
we  take  A  extremely  large  (in  which  case  we  can  evaluate  the  asym- 
totic  series  in  Eq.  (6-9)  by  considering  only  a  few  decreasing 
terms)  we  cannot  convert  the  series  of  inverse  powers  in  Eq.  (6-9) 
Into  series  of  Chebyshev  polynomials  by  means  of  Program  8-7.  If, 
however,  we  use  Eq.  (6-9)  only  for  those  values  of  rj  for  which 
the  asymptotic  series  yields  the  desired  accuracy,  and  then  by 
"brute  force"  (such  as  by  numerical  integration  from  large  values 
of  q  to  smaller  values,  or  vice  versa)  obtain  the  values  of  F(  — rj) 
and  x(~n)  at  (N  +  1)  points  such  as  those  required  in  Eq.  (8-35) 
and  Program  8-8,  we  can  determine  a  set  of  values  of  ^  for  use 
in  Eq.  (8—1+2)  •  In  this  way  we  will  obtain  a  polynomial  which 
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possesses  many  of  the  features  of  the  asymptotic  series,  hut  which 
will  possess  the  advantage  of  being  able  to  be  used  down  to  very 
small  values  of  the  variable  (-q  in  Eq#  (8-41))  which  were  com¬ 
pletely  inconceiveable  with  the  asymptotic  series#  The  procedures 
suggested  above  depend  upon  the  analytical  study  of  the  asymp¬ 
totic  behavior  to  provide  the  motivation  for  which  portion  of 
the  function  will  be  sufficiently  ’’smooth’1  to  possess  a  rapidly 
decreasing  set  of  coefficients  Ajj  in  the  Chebyshev  series*  Fur¬ 
thermore,  we  have  used  the  asymptotic  theory  to  provide  a  motiva¬ 
tion  for  the  selection  of  a  "argument”  to  employ  in  the  Chebyshev 
polynomial* 

A  similar  set  of  relations  can  be  developed  for  the  computation 
of  the  Airy  functions  for  large,  positive  values  of  the  argument 
by  using  the  relations  in  Eqs#  (6-52a)  and  (6-£2b)#  However, 
this  would  so  closely  parallel  the  result  in  Eq#  (8-41)  that  we 
will  choose  instead  to  consider  the  asymptotic  expansions 

Ai(x)  ~  f  /l  — ^-5-  ±  +  4  . Ii.9.*  H:  13;15*  17 _1_ 

\  11216  4  21(216;  r  3'.(216)3  £3 


Bi(x) 


-1/2 

1  \ 


•1/4  e« 


(+~™  1 

y  1:  216  i 


5»7»  9»  11 
2:  (216)2 


7.9. 11« 13- 15- 17  1 


31  (216)* 


where 


=  4# 


This  field  is  so  new  that  there  has  not  been  accumulated  (in  the 
literature  or  in  the  experience  of  the  present  author)  enough  ex¬ 
perience  to  be  certain  that  the  natural  argument  suggested  by  the 
asymptotic  theory  is  the  "best"  argument  to  employ#  The  reader 
who  undertakes  work  along  the  lines  suggested  above  should  enter 
this  field  with  an  "open  mind"  pnd  be  prepared  to  "experiment#" 
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to  suggest  that  representations  be  sought  for  Ai(x)  and  Bi(x) 
which  are  of  the  form 

Ai(x)  -  exp(-^)f1(7i)  ,  Bi(x)  =  exp(+£)f2(n)  (8-43) 

where  _ 

T)  =  y/ (a/x)  ^  t  A  <  x  <  00 

and  the  functions  f^(rj)  and  f2(n)  are  series  of  the  form  given 
in  Eq.  (8-^2) 


We  can  look  foward  to  finding  many  expansions  similar  to  those 
above  in  the  literature  of  the  next  several  years.  The  reader’s 
attention  is  directed  to  the  papers  of  win?)  (Ref.  67)  and  of 
Luke  and  Wimp  (Ref.  68)  as  being  typical  of  some  of  the  work 
which  has  been  done  to  date. 


The  present  author  has  begun  work  on  the  obtaining  of  Ghebyshev 

polynomial  representations  for  the  roots  t  (q)  of  the  Airy 

s 

function  combination 

Wi'U3)  -  q  VV  =  0 

where  arg  q  is  held  fixed  (for  certain  values  of  arg  q  which  oc¬ 
cur  in  practical  problems )  and  the  Chebyshev  expansions  are  with 
respect  to  the  modulus  of  q. 


Some  more  interesting  applications,  however,  arise  in  the  case 
of  soi.;e  of  the  diffraction  functions.  Consider  the  case  of  the 
asymptotic  expansion  for  the  current  distribution  function  g(£). 


sU)‘ 


1  _L  .  469  1  5005  1 

4£3  |  6  64  |9  64  ^12 


1122121  1 
1024  ^  15 


24  33368  1  .  16102  89919  1 

128  ^18  "  1  4096  ^21  +  •  ■  * 


(8-44) 


We  know  a  ..ide  variety  of  representations  for  g(^).  Tf  we  use 
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one  of  the  following  representations 


g(0 


exD(iit) 
«$>' dt 


-  expqa) 
Bi’(t)  +  i  Ai*(t) 


exp(tft°) 


Y^^pf^T"1  V) 

Z-f  /3_  AH-  fl  ) 
s=l  8  8 


?+i*°  /^3-i 

i  r  exp\T“pv 

2iri  J  Ai'(p) 

C-loo 


dp 


if 

*  J  Bi’(t)-iAi’(t) 


o 


exp(l{t) 
Bi'(t)  + 1  Ai'(t) 


dt  = 


y^  g^(O)  ^7  (8-45) 

n=o 


or  make  use  of  the  fact  that  g(^)  satisfies  the  integral  equation 

exp/  i»\  t 

g(£)  =2exp^-i  3^3)“|~27^r— ~  J"  g(x)  exp[_1 -X)3]VC  *  8*  (8-46) 

-00 

we  can  devise  "brute  force"  means  of  evaluating  g(£)  for  all 
values  of  £•  We  can  then  use  the  interpolation  properties  of  the 
Chebyshev  polynomials  to  find  a  representation  in  terms  of  Cheby- 
shev  polynomials  which  will  be  more  convenient  (as  well  as  more 
economical)  to  employ  when  further  values  of  gl£)  are  required 
for  arbitrary  values  of  £• 

Let  us  start  with  the  case  in  which  g  is  large  and  negative.  Al¬ 
though  it  might  turn  out  to  be  convenient  to  find  Chebyshev  poly¬ 
nomial  representations  for  the  real  and  the  imaginary  parts  of 
the  quantity  in  braces  in  Eq«  (8-44),  the  present  author  suggests 
that  Eq.  (8-44)  be  replaoed  by 

o  P(il) 

gU)  =  2  exp(-i^)M(ri)exp[-i— — *  ]  (8-47) 

4(-S)3 
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where  Min)  6111  amplitude  function  and  P (rj)  is  a  "modified” 
(since  it  has  been  divided  by  phase  function*  Both  M(r)) 

and  p(ti)  tend  to  unity  as  £  -*■  In  order  to  find  a  representa¬ 

tion  for  these  functions  for  5  in  the  range  -«><£<  -  A  <0,  it 
is  proposed  that  one  take  t)  to  be  defined  by 

T)  =  (-A/*)3 


and  seek  representations  for  M(p)  and  P(ri)  in  the  form  of  the 
series  contained  in  Eq*  (8-ij2)* 

We  can  draw  many  parallels  between  methods  to  be  employed  for  the 
functions  of  which  g(£)  is  an  example,  and  the  methods  which  we 
have  suggested  for  the  representation  of  the  Airy  functions*  The 
form  for  g(r)  in  Eq.  ( 8— i+7 )  is  the  analog  of  Eq*  (8-ij.O),  Near 
the  origin,  we  can  use  an  analog  of  Eq,  (8-37)  and  seek  to  repre¬ 
sent  g(£)  In  the  form  of  a  Chebyshev  series 

g(£)  =  \  AQ  +  A^U)  +  A2T2(x)  +*..+  A^U)  ,  x  -  S/A 

where  -A  <  £  <  +A,  and  the  result  in  Eq*  (8-35)  or  the  method  of 
telescoping  a  power  series  can  be  used  to  determine  the  A-.* 


For  large  positive  values  of  £  we  know  that 

exp(-  ^2  ■  1 


g(£)- 


Pl£) 


00 


PlAK-Pj) 


=  0(e) 

00 


(8-48) 


where  is  the  root  of  Ai'(-p^)  =  0  which  l.as  the  value  p^  = 
I*l0l879«*«*  For  smaller  values  of  £,  but  £  »  0,  we  have  to  re¬ 
place  the  approximation  in  Eq*  (8-I4.8)  by  a  sum  over  a  finite  num¬ 
ber  of  the  roots  Pg*  If  g(£)  is  to  be  computed  very  frequently, 
it  might  be  advantageous  to  express  g(£)  in  the  form 


eU>  =  Goole>M(Ti)exp[iP(Ti)l  (8-49) 

where  M(x)  and  P(x)  are  expressed  in  the  form  of  series  of  the 
type  defined  in  Eq*  (8-l|2)  and  the  variable  tj  is  defined  by 
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T)  s  (A/£)  when  the  range  of£isO<A<g<<». 

The  present  author  believes  that  the  development  of  methods  such 
as  those  described  above  can  transform  diffraction  theory  from 
an  interesting  theoretical  exercise  into  a  practical  tool  for 
engineers  and  scientists  who  are  concerned  with  the  problems  that 
arise  in  connection  with  the  diffraction  and  scattering  of  waves 
by  convex  surfaces.  Most  of  the  theory  leads  to  representations 
which  permit  the  evaluation  of  the  functions  that  occur  in  only 
limited  regions.  For  example,  it  is  characteristic  of  most  of 
these  problems  that  there  is  a  "gap"  between  the  largest  values 
of  a  variable  for  which  it  is  practical  to  employ  a  power  series 
representation  and  the  smallest  values  of  the  variable  for  which 
the  asymptotic  series  can  be  employed.  If  this  "gap"  lies  in  the 
region  for  which  engineering  results  are  required  one  is  forced 
to  considering  graphs  of  the  functions  and  the  use  of  "artistic 
license"  in  drawing  the  curves  so  as  to  close  the  "gap."  However, 
the  use  of  such  an  approach  requires  considerable  manual  manipula¬ 
tion  of  graphs  and  "French  curves."  If  a  "brute  force"  method  is 
used  to  close  the  "gap"  5n  order  to  determine  the  coefficients  in 
the  Chebyshev  polynomial  representations,  one  will  then  be  able 

to  handle  the  functions  in  a  manner  which  will  permit  the  use  of 

a 

an  electronic  computer  to  assist  in  the  practical  applications. 


The  author  has  been  seeking  to  determine  "brute  force"  methods 
to  dose  the  "gap"  by  employing  methods  of  numerical  analysis  in 
order  to  obtain  relatively  accurate  representations  for  the  dif¬ 
fraction  functions,  uowever,  in  a  practical  problem  when  one  is 
faced  with  the  need  to  obtain  values  in  the  "gap"  to  employ  in 
either  Eq.  (8-35)  or  Eq.  (8-^2),  it  should  be  borne  in  mind  that 
an  "educated  guess"  can  sometimes  be  made  by  drawing  a  curve  of 
the  function  and  attempting  to  see  if  a  "French  curve"  will  pro¬ 
vide  an  approximate  means  of  bridging  the  "gap." 
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FORTRAN  AND  NUMERICAL  ANALYSIS 

At'  the  present  time,  numerical  methods  ar<3  assuming  a  role  of  in¬ 
creasing  importance  in  applied  science;  the  actual,  rather  than 
the  theoretical,  production  of  a  solution  is  of  paramount  inter¬ 
est.  Diffraction  theory  provides  many  interesting  challenges  to 
the  numerical  analyst.  Although  very  few  of  the  papers  which 
have  come  to  the  attention  of  the  present  author  have  actually 
been  written  by  people  engaged  in  studies  in  diffraction  theory, 
the  author  finds  that  almost  every  new  issue  of  journals  devoted 
to  numerical  analysis  contains  papers  which  are  of  direct  inter¬ 
est  to  those  who  face  problems  in  diffraction  theory. 

We  are  now  at  the  threshold  of  an  era  in  which  the  electronic 
digital  computer  is  becoming  as  common  an  engineering  tool  as  the 
slide  rule.  We  are  reaching  the  point  where  even  relatively  sim¬ 
ple  problems  which  are  traditionally  performed  by  persons  opera¬ 
ting  manual-type  desk  calculators  can  be  more  economically  (as 
well  as  more  accurately- — In  the  sense  of  the  elimination  of  the 
chances  of  human  error  in  transcribing  numbers  from  computation 
sheets  to  the  keyboard  and  from  the  registers  to  the  computation 
sheets)  executed  on  the  electronic  computer.  The  problem  of 
setting  up  a  set  of  computation  sheets  for  the  hand-computer  is 
hardly  more  difficult  than  the  devising  of  the  FORTRAN  program 
for  the  electronic  computer#  Much  of  the  inertia  which  causes 
scientists  and  engineers  to  continue  the  traditional  hand-compu¬ 
tations  is  due  to  the  fact  that  although  the  task  might  require 
only  30  seconds  (perhaps  a  charge  of  three  to  five  dollars  for 
computer  time),  there  is  present  the  delays  in  getting  the  IBM 
cards  punched  by  the  "keypunch  pool"  and  the  "turn  around"  time 
in  getting  the  problem  onto  and  off  the  electronic  computer# 
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We  are  also  at  the  threshold  of  a  new  era  in  which  even  the  use 
of  the  electronic  computer  is  being  revolutionised  through  the 
introduction  of  "time-sharing’1  concepts  and  other  innovations. 

These  new  advances  will  soon  make  the  use  of  the  manually -opera¬ 
ted  desk  machine  less  attractive. 

The  present  author  is  a  strong  advocate  of  the  "open  shop"  opera¬ 
tion  of  computing  facilities;  that  is,  he  advocates  that  the  pro¬ 
gramming  be  done  by  the  scientist  or  engineer  who  devises  the 
theoretical  formulae  (or  by  one  of  their  close  assistants)  instead 
of  being  "farmed  out"  to  a  "closed  shop"  facility  where  special¬ 
ists  in  programming  and  numerical  analysis  translate  the  formulae 
into  output  in  the  form  of  tables  or  graphs.  The  "do-it-yourself" 
programmer  will  build  up  a  background  of  experience  in  the  particu¬ 
lar  types  of  calculations  which  his  field  of  research  is  centered 
around  and  he  will  be  able  to  draw  upon  his  experience  with  pre¬ 
vious  computations  to  devise  methods  for  the  computation  of  new 
problems.  Furthermore,  since  new  problems  are  often  only  rela-  * 

tively  small  perturbations  of  problems  which  have  already  been 
considered,  the  engineer  and  scientist  will  begin  to  develop  a 
nucleus  of  programs  which  often  require  but  minor  changes  in  or¬ 
der  to  undertake  a  new  problem.  Moreover,  since  these  engineers 
and  scientists  have  an  understanding  of  the  importance  of  the  par-* 
ticular  problem  in  their  field,  they  are  in  a  position  to  be  able 
to  recognize  when  a  program  that  has  been  devised  will  be  valua¬ 
ble  to  his  colleagues.  The  reporting  of  these  computing  programs 
can  become  a  vital  part  of  the  task  of  preparing  the  results  of 
the  theory  and  the  calculations  for  inclusion  in  technical  re-  * 

ports* 

We  are  now  able  to  undertake  problems  which  would  have  been  far  1 

too  complex  to  have  attempted  to  do  by  hand  on  manually-operated 
desk  machines.  However,  we  are  also  able,  in  a  matter  of  seconds, 
to  produce  thousands  of  meaningless  results  because  of  the  use  of 
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an  algorithm  which  is  not  appropriate  for  the  problem  under  con¬ 
sideration  for  the  range  of  values  of  the  parameters  which  are  of 
interest*  A  method  of  calculation  (an  algorithm)  which  may  have 
worked  well  for  a  hand  computation  for  a  small  value  of  a  para¬ 
meter  may  lead  to  mere  computer  noise  when  the  electronic  com¬ 
puter  is  used  to  evaluate  the  same  physical  phenomena  for  a  large 
value  of  the  parameter*  While  doing  a  problem  by  hand,  the  human 
operator  would  generally  recognize  when  the  results  were  fading 
away  into  the  roundoff  noise  (such  as  when  finding  the  differ¬ 
ence  between  two  numbers  which  are  identical  to  all  of  the  signi¬ 
ficant  digits)*  However,  when  using  the  electronic  computers 
which  are  available  today,  most  of  the  intermediate  results  are 
"out-of-sight"  and  the  user  must  be  alert  to  the  possibility  that 
the  results  which  he  obtains  may  be  meaningless  in  spite  of  the 
fact  that  a  "correct"  program  has  been  written  and  has  been  used 
for  a  value  of  the  parameter  for  which  results  are  known  from 
hand  computations  or  from  the  results  published  by  a  previous 
author* 

The  experience  of  the  present  author  has  offered  a  good  example 
of  where  "mathematically  correct"  procedures  can  lead  to  erroneous 
results  when  used  with  the  finite  word  size  of  the  modern  elec¬ 
tronic  computer.  In  1955  the  author  supervised  the  preparation 
of  a  set  of  data  for  the  scattering  properties  of  perfectly  con¬ 
ducting  spheres  with  diameters  up  to  about  seven  wavelengths* 
Curves  based  upon  these  data  were  published  in  an  appendix  of 
a  monograph  on  diffraction  theory,  namely 

R*W*P.  King  and  T*T*  Wu,  The  Scattering  and  Diffraction 

of  Waves.  Cambridge,  Mass.,  Harvard  University  Press,  1959 

and  have  been  reproduced  in  the  Encyclopedia  of  Physics  and  in 
J*  van  B.ladel‘s  Electromagnetic  Fields  (New  York,  McGraw-Hill, 
I96I4.)  •  On  three  occasions  the  author  has  received  long  distance 
telephone  calls  from  individuals  who  have  programmed  the  exact 
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solution  for  the  sphere  and  have  had  difficulty  in  obtaining 
results  which  correspond  to  those  presented  in  the  curves  which 
were  based  upon  the  author* s  data.  On  each  occasion,  the  author 
was  able  to  resolve  the  problem  on  the  telephone  by  inquiring 
as  to  how  the  spherical  Bessel  functions  had  been  obtained.  In 
each  case,  the  investigators  had  made  use  of  the  property  that 
the  first  two  jn(x)  functions  are 

sin(x)  sin(x)  cos(x) 

j  (x)  a -  ,  j1(x)  =  — a - - 

X  XX 

and  the  other  values  obtained  from  the  recursion  formula 

2n  +  1 

Vl(x)  =  “  Jn-l(x)  +  -  ■Jnu) 

X 

When  x  is  larger  than  unity,  and  n  is  allowed  to  range  through 
values  that  exceed  the  magnitude  of  x,  the  calculation  (using 
the  finite  word  size  of  the  computer)  deteriorates  rapidly  and 
eventually  one  even  gets  results  which  show  the  calculated  values 
of  jn(x)  increasing  with  increasing  values  of  n  instead  of  pos¬ 
sessing  the  correct  property  of  decreasing  with  increasing  values 
of  n.  The  author  was  able  to  help  his  telephone  callers  by  re¬ 
ferring  them  to  literature  in  which  it  is  shown  that  the  jn(x) 
functions  should  be  calculated  by  ’’backward  recurrence"  by 
means  of 

2n  +  1 

Vi(x)  =  •  W(x)  +  —  Vx) 

X 

There  is,  by  now,  a  rather  extensive  literature  upon  this  subject. 
For  example: 

I.  A.  Stegun  and  M.  Abramowitz,  "Generation  of  Bessel  Func¬ 
tions  on  High  Speed  Computers,’’  Math.  Tables,  Vol.  11,  Oct. 
1957,  PP.  255-257 
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J*  B.  Randels  ar>  t  R,  F.  Reeves,  "Note  on  Empirical  Bounds 
for  Generating  Bessel  Functions,"  Comm*  Assoc*  Coinput* 
Mach, ,  Vol,  1,  May,  1958#  pp*  3-5 

M*  Goldstein  and  R,  M*  Thaler,  "Recurrence  Techniques  for 
the  Calculation  of  Bessel  Functions,"  Math*  Tables*  Vol* 

13,  April,  1959,  PP.  102-108 
# 

F*  J*  Corbato  and  J.  L*  Uretsky,  "Generation  of  Bessel 
Functions  in  Digital  Computers,"  J.  Assoc*  Comput*  Mach*, 
Vol.  6,  July,  1959,  PP*  366-375 

W*  Gautschi,  "Recursive  Computation  of  the  Repeated  Inte¬ 
grals  of  the  Error  Function,"  Math*  Comp* ,  Vol*  15#  July, 
1961,  pp.  227-232 

F*  V/*  J*  Olver,  "Error  Analysis  of  Miller's  Recurrence 
Algorithm,"  Math,  Comp ,  t  Vol*  18,  Jan.,  1961;,  pp*  65-71+ 

The  present  author  considers  this  problem  of  the  computation  of 
the  Bessel  functions  to  be  a  good  example  of  why  the  individual 
research  worker  in  diffraction  theory  cannot  afford  to  "divorce 
himself"  from  the  field  of  numerical  analysis*  The  textbooks 
from  which  we  learn  our  basic  applied  mathematics  present  us  with 
devices  such  as  the  recurrence  formulae  for  the  Bessel  functions, 
but  we  often  fail  to  realize  that  these  exact  mathematical  pro¬ 
perties  may  have  to  be  experimented  with  before  they  can  be  used 
on  a  calculating  device  which  works  with  only  a  finite  number  of 
digits* 

The  author  highly  recommends  that  the  reader  acquaint  himself  with 
the  paper 

I*  A*  Stegun  and  M,  Abramowitz,  "Pitfalls  in  Computation," 
J*  Sot*  Indust.  Appl*  Math*,  Vol*  4,  Dec*,  1956#  pp*  207- 
219 
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Among  the  related  papers  on  this  subject  of  difficulties  associ¬ 
ated  with  translating  exact  mathematical  formulae  into  numerical¬ 
ly  meaningful  results,  the  author  recommends  the  following: 

A*  S,  Householder,  "Generation  of  Errors  in  Digital  Compu¬ 
tation,"  Bull,  Amer,  Math,  Soo, ,  Vol,  60,  June,  1954#  PP« 
234-2^7 

G,  E,  Forsythe,  "Singularity  and  Near  Singularity  in 
Numerical  Analysis,"  Amer,  Math,  Monthly ,Vol,  65#  April, 
1958,  PP.  229-240 

Mathematics  Research  Center,  The  University  of  Wisconsin, 
Some  Considerations  in  Practical  Computation,  by  A,  S, 
Chai,and  H#  J,  Wertz,  MRC  Technical  Summary  Report  No, 

469#  Contract  No,  DA-H-022-0RD-2059#  Madison,  Wise,, 

May,  1964 


I 
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To  date,  the  author  knows  of  no  book  which  has  been  written  ex¬ 
pressly  for  the  engineer  and  scientist  who  is  interested  in  the 
diffraction  and  the  propagation  of  radio  waves.  However,  such 
books  are  beginning  to  appear  in  other  fields.  For  example: 

R,  S,  Ledley,  Use  of  Computers  in  Biology  and  Medicine, 

New  York,  McGraw-Hill,  1965 

L*  Lapidus,  Digital  Computation  for  Chemical  Engineers, 

New  York,  McGraw-Hill,  1962 

An  examination  of  these  books  will  reveal,  however,  that  they  are 
primarily  concerned  with  "classical”  numerical  analysis  and  that 
they  are  primarily  a  collection  of  methods  which  are  not  very 
different  from  those  to  be  found  ii  books  which  are  concerned  with 
numerical  analysis  and  which  refrain  from  the  use  of  "digital" 
or  "computer"  in  their  titles.  However,  the  author  does  recom¬ 
mend  the  book  by  Ledley  for  its  introductory  material  which  will 
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provide  the  reader  with  some  photographs  and  descriptions  of  some 
of  the  digital  equipment  which  is  currently  available* 

A  different  type  of  book  which  is  beginning  to  appear  is  to  be 
found  in  the  efforts  of  certain  authors  to  make  available  to 
other  scientists  the  actual  computer  programs  which  have  been 
developed  in  specific  fields.  Examples  of  books  of  this  type 
ares 


M.  A*  Melkanoff,  D*  S*  Saxon,  J.  S*  Nodvi!:,  and  D*  G*  Cantor, 
A  FORTRAN  Program  for  Elastic  Scattering  Analyses  wi th  the 
Nuclear  Optical  Model.  Berkeley,  University  of  California 
Press,  I96I 

P*  A*  D*  de  Maine  and  R*  D.  Seawright,  Digital  Computer  Pro¬ 
grams  for  Physical  Chemistry,  New  York,  Macmillan,  1963 

F*  Herman  and  S*  Skillman,  Atomic  Structure  Calculations, 
Englewood  Cliffs,  N*J*,  Prentice-Hall,  1963 

The  book  by  de  Maine  and  Seawright  is  unique  in  that  it  presents 
the  programs  in  both  FORTRAN  II  and  ALGOL  60.  The  present  author 
has  had  no  experience  with  the  use  of  ALGOL  60  and,  therefore,  is 
in  no  position  to  pass  judgement  upon  the  relative  merits  of  the 
use  of  those  languages.  However,  since  ALGOL  60  has  been  adopted 
as  a  "publication”  language  by  several  journals,  the  scientist 
who  wishes  to  adapt  for  his  useage  the  published  algorithms  of 
other  scientists  will  often  find  the  need  to  be  able  to  read  an 
ALGOL  60  procedure*  The  reader  who  wishes  to  acquaint  himself  with 
this  programming  language  will  probably  find  that  one  of  the  best 
sources  for  "self-study"  is  the  following  manual: 

D*  D*  McCracken,  A  Guide  to  ALGOL  Programming,  New  York, 
John  Wiley,  1962 

Other  books  which  deal  with  ALGOL  are: 
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£•  W,  Dijkstra,  A  Primer  of  ALGOL  60  Programming,  New  York, 
1962 

R,  Wooldridge  and  J.  F#  Ractliffe,  An  Introduction  to 
ALGOL  Programming,  Princeton,  N.J,,  Van  Nostrand,  1963 

C«  M,  Reeves  and  M.  Wells,  A  Course  on  Programming  in 
ALGOL  60,  Chicago,  Educational  Methods  Ino.,  1961+ 

The  reader  who  is  not  familiar  with  FORTRAN  and  who  wishes  to 
set  out  to  learn  this  programming  language  will  find  himself  con¬ 
fronted  with  the  making  of  a  choice  between  a  number  of  texts  if 
he  wishes  to  begin  a  "self-study"  program  to  acquaint  himself 
with  the  features  of  the  language.  The  suggestion  as  to  what 
text  a  particular  person  would  find  most  helpful  as  a  starting 
point  is  dependent  upon  the  background,  interests,  and  tempera¬ 
ment  of  the  individual.  In  the  opinion  of  the  present  author, 
none  of  the  texts  presently  available  provide  the  mature  scien¬ 
tists  and  engineers  (assumed  to  have  an  education  in  electro¬ 
magnetic  theory  and  advanced  calculus  which  includes  some  gradu¬ 
ate  courses)  with  an  adequate  "marriage"  between  the  teaching  of 
programming  concepts  and  the  use  of  these  in  numerical  methods. 

One  of  the  best  efforts  in  this  direction  Is  the  text 

V,  Prager,  Introduction  to  Basic  FORTRAN  Programming  and 
Numerical  Methods,  New  York,  Blaisdell,  1965 

This  text  was  written  for  a  sophomore  course  for  students  of  ap¬ 
plied  mathematics.  It  provides  a  readable  account  of  the  ele¬ 
ments  of  FORTRAN  (essentially  FORTRAN  II)  and  has  the  advantage 
of  introducing  at  an  early  stage  some  flow  charts  and  programs 

#In  the  San  Francisco  area  one  of  the  local  TV  stations  has  been 
conducting  a  course  in  FORTRAN  during  the  early  morning  hours, 

A  least  one  course  (of  twenty  lessons)  has  been  taped  and  is 
available  for  classroom  use  in  certain  universities, 
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which  will  serve  to  answer  the  demands  of  the  reader  who  starts 
his  study  and  very  soon  becomes  impatient  and  starts  saying  to 
himself:  "Okay,  so  FORTRAN  provides  a  set  of  precise  rules  for 
the  writing  of  mathematical  expressions.  Now  show  me  how  you  em¬ 
ploy  these  rules  in  a  typical  scientific  problem."  However,  after 
giving  a  few  programs,  the  emphasis  of  the  text  shifts  to  the  pre¬ 
sentation  (in  a  rather  lucid  manner)  of  a  "minimum"  knowledge  of 
classical  numerical  methods.  The  present  author  is  of  the  opinion 
that  this  text  will  be  useful  to  many  persons  (engaged  in  electro¬ 
magnetic  studies)  who  work  with  "closed  shop"  programmers  or  with 
younger  assistants  who  have  been  "college  trained"  in  computer 
programming  and  numerical  methods.  The  study  of  this  text  will 
help  to  open  up  the  lines  of  communication  between  the  scientist- 
engineer  and  his  programming  assistant. 

For  the  person  who  wishes  to  persue  his  study  of  FORTRAN  to  the 
point  of  undertaking  to  do  his  own  programming,  the  present 
author  highly  recommends  either  of  the  following  texts: 

J.  T.  Golden,  FORTRAN  IV  Programming  and  Computing,  Engle¬ 
wood  Cliffs,  N.J.,  Prentice-Hall,  1965 

D.  D.  McCracken,  A  Guide  to  FORTRAN  IV  Programming,  New 

York,  John  Wiley,  1965 

Either  of  these  texts  will.  If  diligently  studied  (and  if  help  Is 
sought  from  colleagues  who  have  had  more  experience  with  pro¬ 
gramming  when  obscure  points  arise),  should  provide  the  necessary 
background  to  undertake  to  write  FORTRAN  IV  programs. 

The  reader  who  \d.shes  to  "shop  around"  for  other  texts  will  find 
himself  faced  with  a  "flood"  of  books  (some  of  which  are  rather 
expensive)  from  which  to  choose.  A  partial  list  includes  the 
following: 
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J,  N.  Haag,  Comprehensive  FORTRAN  Programming,  New  York, 
Hayden,  1965 

La  Da  Harris,  Numerical  Methods  Using  FORTRAN,  Columbus, 
Ohio,  Charles  E,  Merrill,  I96I4. 

Ja  M,  McCormick  and  M,  G#  Salvador!,  Numerical  Me thods  in 
FORTRAN,  Englewood  Cliffs,  N.J,,  Prentice -Hall,  I96I4. 

D#  Da  McCracken,  A  Guide  to  FORTRAN  Programming,  Now  York, 
John  Wuley,  1961 

Ds  Da  McCracken  and  W,  S,  Dorn,  Numerical  Methods  and 
FORTRAN  Programming,  New  York,  John  Wiley,  1961]. 

Ea  la  Organick,  A  FORTRAN  Primer,  Reading,  Mass,,  Addison- 
Wesley,  1963 

Ra  Ha  Pennington,  Introductory  Computer  Methods  and  Numeri 
cal  Analysis,  New  York,  Macmillan,  1965 

Sa  Va  Pollack,  A  Guide  to  FORTRAN  IV,  New  York,  Columbia 
University  Press,  1965 

The  present  author  has  also  derived  some  benefits  from  sections 
in  the  book 

Ba  Wa  Arden,  An  Introduction  to  Digital  Computing,  Reading 
Mass,,  Addison-Wesley,  1963, 

However,  this  book  contains  programs  which  are  written  in  the 
MAD  (Michigan  Algorithm  Decoder)  language  which  resembles  FORTRAN 
(FORittula  TRANslation)  in  many  respects,  and  yet  has  some  of  the 
features  of  ALGOL  60,  while  at  the  same  time  having  features  not 
found  in  either  of  the  two  more  common  languages. 

Several  of  the  titles  above  reveal  that  many  writers  are  trying 
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teach  numerical  methods  and  computer  programming  with  tho  came 
text.  Although  this  is  very  desirable  in  that  it  affords  the 
scientist-engineer  the  opportunity  to  see  the  programming  rules 
applied  to  the  type  of  problems  which  he  is  likely  to  encounter 
in  his  work,  the  result  is  generally  that  the  book  is  an  inferior 
text  on  numerical  analysis. 

The  present  author  feels  that  the  two  books  which  he  personally 
feels  to  be  the  most  valuable  books  on  numerical  analysis  are 

C.  Lanczos,  Applied  Analysis.  Englewood  Cliffs,  N.J., 
Prentice-Hall,  1956 

A*  Ralston,  A  First  Course  in  Numerical  Analysis.  New 
York,  McGraw-Hill,  1965 

In  many  respects,  the  book  by  Lanczos  is  "unorthodox"  since  its 
emphasis  is  somewhat  different  from  a  host  of  other  books.  How¬ 
ever,  Lanczoz  has  presented  many  "tricks  of  the  trade"  which  he 
has  found  useful  during  his  long  and  highly  successful  career  as 
a  physicist  and  a  consultant  in  applied  mathematics.  The  book 
by  Ralston,  although  it  is  newly  off  the  press,  promises  to  be¬ 
come  a  classic.  Ralston  acknowledges  his  endebtedness  to  his 
teachers  who  wrote  the  excellent  treatises: 

F.  B.  Hildebrand,  Introduction  to  Numerical  Analysis, 

New  York,  McGraw-Hill,  1956 

Z.  Kopal,  Numerical  Analysis,  2nd  ed.,  London,  Chapman 
and  Hall,  1961 

and  to  his  former  colleague  who  wrote  the  very  useful  book: 

R.  W.  Hamming,  Numerical  Methods  for  Scientists  and  Engi¬ 
neers,  New  York,  McGraw-Hill,  1962 
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Two  other  books  which  the  author  has  found  quite  useful  ares 

Staff  of  National  Physical  Laboratory,  Modem  Computing 
Methods ,  London,  Her  Majesty's  Stationery  Office,  I96I 

G*  N*  Lance,  Numerical  Methods  for  High  Speed  Computers, 
New  York,  Gordon  and  Breach,  i960 

Three  books  have  appeared  which  have  been  the  result  of  the  Joint 
efforts  of  a  number  of  authors  and  which  contain  much  valuable 
reference  material*  These  are: 

L*  Pox,  ed* ,  Numerical  Solution  of  Ordinary  and  Partial 
Differential  Equations,  Reading,  Mass*,  Addis  on-Wesley, 
1962 

A*  Ralston  and  H*  S*  Wilf,  eds*.  Mathematical  Methods  for 
Digital  Computers,  New  York,  John  Wiley,  i960 

J»  Todd,  ed*.  Survey  of  Numerical  Analysis,  New  York, 
McGraw-Hill,  1962 

The  collection  of  papers  edited  by  Ralston  and  Wilf  is  especially 
recommended  to  the  reader  who  wishes  to  study  some  examples  of 
the  preparation  of  flow  charts  which  can  often  be  of  great  help 
in  the  explanation  of  the  methods  which  underlie  a  computer 
program* 

There  are  many  other  textbooks  available  which  provide  the  reader 
with  a  collection  of  techniques  for  use  in  numerical  analysis* 
Much  of  the  material  which  is  included  is  classical  and  can  be 
found  in  some  of  the  older  texts,  such  as 

E,T*  Whittaker  and  G.  Robinson,  The  Calculus  of  Observa¬ 
tions;  a  Treatise  on  Numerical  Mathematics,  London, 

Black!  e,  1921; 
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Among  the  newer  texts,  the  author  has  consulted  the  following: 

P.  J#  Davis,  Interpolation  and  Approximation,  New  York, 
Blaisdell,  1963 

C*  £•  Froberg,  Introduction  to  Numerical  Analysis,  Reading, 
Mass*,  Addison-Wesley,  1965 

D*  R,  Hartree,  Numerical  Analysis,  Oxford,  Oxford  Univer- 
sity  Press,  1958 

P*  Henrici,  Elements  of  Numerical  Analysis,  New  York, 

John  Wiley,  1961; 

J#  G*  Herriot,  Methods  of  Mathematical  Analysis  and  Compu¬ 
tation,  New  York,  John  Wiley,  I963 

A*  S*  Householder,  Principles  of  Numerical  Analysis,  New 
York,  McGraw-Hill,  1953 

C*  Lanczos,  Linear  Differential  Operators,  New  York,  Van 
Nostra  nd,  I96I 

B»  Noble,  Numerical  Methods :  _1  and  2,  New  York,  Inter¬ 
science,  196!; 

R*  G,  Stanton,  Numerical  Methods  for  Science  and  Engineer¬ 
ing,  Englewood  Cliffs,  N.J*,  Prentice -Hall,  1961 

E*  L*  Stiefel,  An  Introduction  to  Numerical  Mathematics, 

New  York,  Academic  Press,  1963 

Since  two  of  the  most  important  problems  which  face  the  numerical 
analyst  are  those  of  evaluating  integrals  and  of  solving  differ¬ 
ential  equations,  the  author  wishes  to  direct  attention  to  the 
two  books: 
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V*  I*  Krylov  (trans,  by  A*  H.  Stroud),  Approximate  Calcu¬ 
lation  of  Integrals,  New  York,  Macmillan,  1962 

P«  Henrici,  Discrete  Variable  Methods  in  Ordinary  Differ¬ 
ential  Equations,  New  York,  John  Wiley,  1962 

This  survey  of  some  of  the  recent  books  which  have  appeared  on 
FORTRAN  programming  and  numerical  methods  serves  to  Indicate  that 
the  scientist-engineer  (whose  formal  education  has  included  no 
courses  in  programming  and  numerical  methods)  who  wishes  to  ac¬ 
quire  skills  which  will  permit  him  to  make  use  of  the  electronic 
digital  computer  will  find  a  wealth  of  source  material  available 
to  him.  The  problem  which  the  individual  will  have  to  resolve 
is  that  of  choosing  where  he  is  going  to  start.  The  author  feels 
that  most  of  the  above  books  are  excellent  and  the  choice  of 
which  books  are  to  be  singled  out  for  use  by  any  given  individual 
will  depend  largely  upon  the  background  of  that  person.  However, 
with  apologies  to  all  the  authors  whose  works  are  slighted,  the 
present  author  recommends  to  most  of  his  colleagues  in  the  field 
of  electromagnetic  theory  that  they  consider  as  a  basic  library 
the  three  books: 

W#  Prager,  Introduction  to  Basic  FORTRAN  Programming  and 
Numerical  Methods,  New  York,  Blaisdell,  1965 

J«  T»  Golden,  FORTRAN  IV  Programming  and  Computing,  Engle¬ 
wood  Cliffs,  N,J,,  Prentice-Hall,  1965 

A*  Ralston,  A  First  Course  in  Numerical  Analysis,  New  York, 
McGraw-Hill,  1965 

For  the  use  of  any  given  computer,  the  potential  user  will  have 
to  consider  the  manuals  on  FORTRAN  which  have  been  prepared  by 
the  manufacturer.  Although  these  manuals  are  generally  written 
in  such  terse  language  that  they  do  not  constitute  a  good  text 
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for  the  learning  of  FORTRAN,  they  constitute  a  vital  reference 
once  one  has  begun  to  acquire  a  familiarity  with  the  language* 

A  great  deal  of  care  has  been  taken  in  the  preparation  of  most 
of  these  manuals. 

The  present  author  feels  that  one  of  the  most  difficult  concepts 
to  master  in  the  FORTRAN  language  is  that  of  the  FORMAT  state¬ 
ments  for  the  input  and  output  of  the  data.  When  one  has  mas¬ 
tered  these  concepts  it  is  possible  to  devise  a  display  of  the 
output  data  which  is  essentially  the  format  which  one  would  like 
to  have  reproduced  as  a  table  in  a  technical  report.  One  of  the 
best  ways  to  master  FORMAT  is  to  actually  write  programs  and 
gradually  attempt  to  be  more  sophisticated  in  the  layout  of  the 
output  data.  In  connection  with  the  INPUT/OUTPUT  statements,  the 
author  would  like  to  direct  attention  to  one  manufacturer's  manu¬ 
al  in  which  he  believes  that  an  exceptionally  good  job  has  been 
done  in  illustrating  the  concepts  associated  with  this  important 
aspect  of  computer  programming.  The  manual  is: 

Honeywell  Electronic  Data  Processing,  AUTOMATH  1800  Lan¬ 
guage  Manual.  Wellesley  Hills,  Mass.,  I96I4- 

The  AUTOMATH  1800  language  is  a  "dialect"  of  FORTRAN  IV.  How¬ 
ever,  most  of  the  features  of  the  FORMAT  specifications  are  iden¬ 
tical  with  those  of  the  features  of  most  of  the  FORTRAN  IV  com¬ 
pilers  for  the  larger  electronic  computers.  Through  the  use  of 
skillfully-executed  drawings  and  Illustrations  this  manual  suc¬ 
ceeds  (in  the  opinion  of  the  present  author)  in  clearing  up  a 
lot  of  points  which  one  might  be  forced  to  learn  to  master  from 
experience  if  one  tries  to  follow  some  of  the  more  terse  descrip¬ 
tions  given  in  some  of  the  other  manuals  and  texts.  It  is  ex¬ 
tremely  Important  to  master  FORMAT  because  in  many  instances  one 
can  have  a  program  which  is  working  "perfectly"  from  a  mathemati¬ 
cal  point  of  view  but  one  will  be  forced  to  re-run  the  job  be¬ 
cause  of  a  mistake  in  format  specification. 
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Appendix  B 


TABLES  OP  THE  AIRY  FUNCTION  ON  THE  REAL  AXIS 


In  this  appendix  we  will  present  some  tables  of  the  Airy  functions 
which  we  have  constructed  for  real  values  of  the  argument.  The 
definitions  which  we  use  in  this  section  are  those  employed  by 
Miller*. 


00  3 

Ai(x)  =  ^  J  cos  +  xt)  dt 


Bi(x)  -  j \  J  £  sin  {^-  +  xt)  +  exp(-  y  +  xt)  J  dt 


(B-l ) 


(B-2) 


We  recall  that  Miller  also  defined  the  Auxiliary  functions  de¬ 
fined  by 


Ai (x)  =  P(x)  sin[x(x)]  ,  Bi (x)  =  F(x)  cos[x(x)]  (B-3) 

Ai' (x)  =  G(x)  sin[\|/(x)]  ,  Bi' (x)  =  G(x)  cos[\i/(x)  ]  (B— ip) 

For  small  values  of  x,  one  can  evaluate  these  functions  by  means 
of  the  Taylor  series 

Ai(x)  =  ay  -fiy 


1  3  .  1*4  6  .  1-4-7  9 


V  =  1  +  -=-  X  +  ~  X  + 
yi  1  3: x  * 


Bi(x)  =  3  r  (ay1  +  py2)  (B-£) 


2  „4  ,  2*  5  _7  ,  2-5-8  _10 


6! 


91 


X  +  V  -  *  4.  —  v  J.  -  w  V-  j.  “  "  w  . 

*  ...  y2  X  4*  X  +  7!  X  +  mi  *  +  •  • 


7! 


10*. 


I 


3 - 

J*C*P«  Miller,  The  Airy  Integral,  British  Association  Mathema¬ 
tical  Tables,  Part-Volume  B,  Cambridge,  Cambridge  University 
Press,  19^6 
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where  a  and  (3  are  the  constants 


a  =  3“^/H)l  =  O.355O28053887817239256... 

P  =  3~V(-i)l  =  O.2588l94O3792806798^05...- 
The  tables  given  by  Miller  include  the  following 

Ai(x)  and  Ai'(x).  x  =  -  20.00(0.01)  +  2.00.  8D 

Logio  Al(x)  and  Al'(x)/Ai(x).  x  =  0. 0(0. 1)25. 0(1)75.  7-8D 

Zeros  and  Turning-Values  of  Ai(x)  and  Ai'(x).  The  first  50  of  each.  8D 

Bi(x)  and  Reduced  Derivatives,  x  =  -  10. 0(0. 1)  +  2. 5.  7-8D 

Zeros  and  Turning-Values  of  Bi(x)  and  Bl'(x).  The  first  20  of  each.  8D 

Logjg  Bi(x)  and  Bi'(x)/Bi(x).  x  =  0. 0(0. 1)10.0.  7-8 D 

Auxiliary  Functions.  F(x),  x(x),  G(x),-^(x).  x  = -80(1) -30. 0(0.1)+  2.5.  8D 

Values  of  Ai(z),  Bi(z),  Ai'(z),  and  Bi' (z)  have  been  given  by 
Woodward  and  Woodward  for  complex  values  of  z  =  x  +iy  for  which 
the  magnitudes  of  x  and  y  are  less  than  2.4.  If  one  makes  use 
of  the  relationships  between  these  Airy  functions  and  the  modi¬ 
fied  Hankel  functions  which  were  computed  by  the  staff  of  the 
Harvard  Computation  Laboratory  ,  one  can  obtain  values  of  these 
functions  for  complex  values  of  z  for  which  the  modulus  of  z  is 
less  than  6. 

We  have  programmed  (using  data  from  the  Harvard  tables  )  Eq.  (B— 3 ) 
and  Eq.  (B-4)  so  as  to  be  able  to  evaluate  the  Airy  functions  in 

P.  M.  Woodward  and  A.  M.  Woodward,  "Four-Figure  Tables  of  the 
Airy  Function  in  the  Complex  Plane,"  Phil.  Mag..  Vol.  37*  pp. 
236-261 

#*Harvard  University  Computation  Laboratory,  Tables  of  the  Modi¬ 
fied  Hankel  Functions  of  Order  One-Third  and  of  Their  Derivatives. 
Annals  of  the  Computation  Laboratory  of  Harvard  University.  Vol. 

II.  Cambridge,  Mass.,  Harvard  University  Press,  1945 
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the  complex  plane  under  the  condition  that  the  modulus  of  z  he 
less  than  6.1*  The  program  is  known  as 

SUBROUTINE  AIBIZ (Z , AI,BI, AIP,BIP) 

and  is  listed  in  Program  B-l.  The  relation  of  the  FORTRAN  vari¬ 
ables  to  the  mathematical  definitions  are  as  follows: 

z  =  Z 

Ai (z)  =  AI 
Bi(z)  =  BI 
Ai'  (z)  =  AIP 
Bi'(z)  =  BIP 

The  presence  of  the  type  declaration 

COMPLEX  Z,AI,BI,AIP,BIP 

reveals  that  the  complex  arithmetic  features  of  FORTRAN  IV  are 
utilized.  However,  the  program  actually  employs  double  precision 
arithmetic.  For  values  of  z  which  are  somewhat  smaller  than  the 
limit  of  6.1  which  has  been  placed  on  the  modulus  of  z,  the  pro- 
gram  can  be  easily  modified  '  so  as  to  obtain  more  than  the  eight 


*For  example,  let  z  =  ZR  +  iZI  and  add  "DOUBLE  PRECISION  ZR,ZI" 
while  retaining  "COMPLEX  Z."  Omit  the  statements  defining  AI,  BI, 
AIP,  and  BIP.  Then  rename  the  subprogram  as  follows:  "SUBROUTINE 
AIBIZ ( ZR, ZI , DAIR, DAII , DAIPR, DAI PI , DBIR, DBII , DBIPR, DBIPI ) . "  Let 
the  first  executable  statement  be  "Z  =  -CMPLX(ZR,ZI). "  Replace 
the  statements  defining  DRZ  and  DIZ  with  "DRZ  =  -ZR"  and  "DIZ  = 
-ZI."  The  "CALL  EXIT"  which  will  occur  when  CABS(Z)  is  greater 
than  6.1  will  have  to  be  modified  according  to  what  accuracy  the 
user  wishes  to  achieve.  Since  the  greatest  loss  of  accuracy  oc¬ 
curs  when  computing  Ai(x)  and  Ai' (x)  for  positive  values  of  x, 
a  comparison  of  the  output  of  these  quantities  with  the  tabula¬ 
ted  values  given  in  Block  B-2  will  provide  the  basis  for  a  cri¬ 
terion  for  the  number  of  significant  figures  available. 
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decimal  digits  which  are  available  when  employing  the  •'COMPLEX'1 
features  of  FORTRAN  IV*  We  have  employed  this  feature  in  the 
argument  list  of  the  subprogram  because  we  had  in  mind  the  needs 
of  a  user  who  is  employing  complex  arithmetic  in  the  calling  pro¬ 
gram. 

If  the  modulus  of  z  exceeds  6*1,  the  program  writes  a  message 

AIBIZ  CANNOT  HANDLE  Z  =  ... 

(where  the  dots  indicate  that  the  value  of  z  is  printed)  and  then 
executes  a  CALL  EXIT. 

The  NPREC  subroutines  (described  in  the  Preface)  have  been  employ¬ 
ed  to  compute  values  of  the  Airy  functions  on  the  real  axis  which 
are  accurate  to  from  15  to  21  significant  figures*  In  Block  B-2 
we  present  the  values  of  the  Airy  functions  and  their  derivatives 
for  the  interval  x  =  0.1  (0*1)10*0*  These  data  have  been  arranged 
in  the  form  of  a  BLOCK  DATA  subprogram  with  the  data  stored  in  a 
labeled  C0MM#N  block  referred  to  by  the  FORTRAN  name  EQUADP  for 
Its  relation  to  the  EQUal-int er val  Airy  function  in  Double  Preci¬ 
sion*  If  we  let  the  mathematical  variable  x  be  related  to  the 
FORTRAN  index  I  by  means  of  the  relationship 

x  =  O.1*FL0AT(I) 

then  the  functions  that  are  tabulated  are 

Ai(x)  =  EAIRYF(I) 

Bi(x)  =  EBIRYF  ( I ) 

Ai' (x)  =  EAIRYD(I) 

Bi' (x)  =  EBIRYD(I) 

The  values  of  Bi(x)  and  Bi' (x)  are  accurate  to  20  figures  through¬ 
out  most  of  the  range,  but  the  values  of  Ai(x)  and  Ai' (x)  deterio¬ 
rate  to  about  15  or  16  figures  in  the  middle  of  the  range.  The 
author  has  been  unable  to  devise  an  algorithm  which  will  achieve 
more  accuracy  for  Ai(x)  and  Ai'(x)  for  x  in  the  vicinity  of  5 
when  doing  the  calculations  with  a  "word  length"  of  21  decimal 
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digits*  Since  the  need  for  higher  accuracy  has  not  arisen^  the  au¬ 
thor  has  not  undertaken  the  computation  of  the  auxiliary  functions 
r(x),  p. (x)  #  p(x),  and  \(x)  in  the  representations 


Ai(x)  =  vHxT  exp[-p(x)]  (B-6a) 

y/%  Bi(x)  =  -\/r(x)  exp[+p(x)]  (B-6b) 

-2\/itAi'  (x)  =  VpU)  exp[-X(x)  ]  (B-7a) 

VrcBi' (x)  =  VpU)  exp[+X(x)]  (B-Tb) 


where  the  differential  equations  for  the  functions  have  been 
given  in  Eqs.  (6-38),  (6-50 ),  (6-53)  and  (6-54)*  Accurate  values 
for  these  auxiliary  functions  can  be  obtained  for  small  values  of 
x  from  the  Taylor  series  in  Eq*  (B-5)  and  for  large  values  of  x 
from  the  asymptotic  expansions  of  Eqs*  (6-52)  and  (6-55)*  If 
step-by-step  integration  is  employed  from  the  small  and  large 
values  of  x,  it  is  quite  possible  that  one  can  close  the  "gap" 
that  occurs  around  x  =  5  with  very  precise  values  (whose  accuracy 
will  be  apparent  from  the  degree  of  overlap  between  the  values 
obtained  by  starting  at  the  two  edges  of  the  "gap"). 

In  Table  B-l  we  give  the  values  of  Ai(x)  and  Bi(x)  for  x  =  10*0 
(0*1)25«0.  In  Table  B-2  we  give  the  values  of  Ai' (x)  and  Bi'  (x) 
over  the  same  range.  The  reader  should  observe  that  for  x  greater 
than  25*0  one  will  soon  reach  the  point  where  the  values  of  the 
Airy  functions  will  lie  outside  the  range  lo”^  to  10+^  which  is 
employed  by  most  FORTRAN  compilers*  The  manner  in  which  the  Airy 
functions  continue  to  grow  with  increasing  x  is  displayed  in 
Tables  B-3  and  B-ij.  where  we  present  the  values  of  these  functions 
for  (l/x)  in  the  range  0*001 (0*001)0*100*  Since  problems  occur 

in  which  we  require  values  (for  large  values  of  x)  for  products 
such  as  Ai(x)Bi'(x)  or  ratios  such  as  Bi'  (x)/[Bi'  (x)  -  qBi  (x)  ] , 
it  is  not  practical  to  use  the  Airy  functions  from  Tables  B-3 
and  B-i;*  These  products  and  ratios  are  well  within  the  range 
of  the  FORTRAN  numbers  and  therefore  it  is  convenient  to  employ 
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tables  of  the  auxiliary  functions  r(x),  ii(x),  p(x)  and  X(x) 
which  are  defined  in  Eq*  (B— 7 )  •  In  order  to  tabulate  a  function 
which  will  permit  accurate  and  easy  interpolation,  it  is  conveni¬ 
ent  to  consider  the  asymptotic  expansions  in  Eqs*  (6-52)  and 
(6-55)  and  define  auxiliary  functions  which  have  the  property  of 

approaching  unity  for  x  tending  to  infinity*  Let  us  first  intro¬ 


duce  the  quantity  £  =  £(x)  which  is  defined  by 

5  =  §<V0)  (B-8) 

We  then  define  the  auxiliary  functions 

Q(x)  =  y/x  r(x)  =  2ih/x  Ai(x)Bi(x)  (B-9a) 

M(x)  =  ^“Vx)  (B-9b) 

P(x)  =  —  p(x)  =*  -  — Ai'  (x)Bi'  (x)  (B-lOa) 

y/x  y/x 

A(x)  =  4-1X(x)  (B-lOb) 


Tables  of  Q(x)  and  M(x)  are  given  in  Table  B-5  for  (l/x)  -  0.001 
(0*001)0*100*  Tables  over  the  same  range  are  given  for  P(x)  and 
A(x)  in  Table  B-6* 

Pox  has  also  considered  the  case  of  Airy  functions  for  large, 
positive  values  of  the  argument#  The  auxiliary  functions  which 
he  employs  are  suggested  by  the  asymptotic  expansions  which  are 
of  the  form  described  by  Eq*  (6— 14.8 ) •  Let  us  supplement  Eq*  (6-^8) 
by  giving  the  explicit  form  for  the  asymptotic  expansions  for 
Ai'  (x)  and  Bi'(x)*  Let  £  be  as  defined  In  Eq*  (B-8)  and  let  us 
express  the  asymptotic  expansions  in  the  form 

L*  Pox,  Tables  of  Weber  Parabolic  Cylinder  Pune  tions  and  Other 
Functions  for  Large  Arguments,  National  Physical  Laboratory  Mathe¬ 
matical  Tables,  Vol*  J±f  London,  Her  Majesty's  Stationery  Office, 
I960 
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2\Zi“  Ai  (x)  =  x“1^exp(-C)L(-|)  ,  Bi(x)  =  x“1^exp(4)L(4)  (B-ll) 
2sJ%  Ai' (x)  =  -x^^expf-^Kf-^)  t  y/n  Bi' (x)  =  x1^  exp(£)K(£)  (B-12) 


where  L(^)  and  K(£)  are  the  asymptotic  series 

T  /  \  ^*  i  1  +  _tl  1  5-7-9-11  1  7-9- 11- 13; 

Lt^)  =  Z  fs  1!216  4  21(2 16)2  I5  31  (216)‘ 


8=0  5 

in  which  uQ  =  1  and 


3*5  1 

5-7-9-11 

1 

11216  4 

21  (2 16) 2 

? 

3*7  1 

5-7-9-13 

1 

11216  4 

2!(216)2 

t'2 

L 

3)  (2s  +  5! 

I...(6s- 

i) 

“7T  + 

I3 


31(216)3 


(B-13) 


(B-llf.) 


si  (216)* 


*  vs  = 


6s  +  1 


(B-15) 


The  functions  tabulated  by  Pox  can  be  defined  as  follows: 


R(z)  =  L(-  i)  (B-16) 

z 

S(z)-L<|)  (B-17) 

WCz)  =  -K(-  i)  (B-im 

z 

X(z)  =  K&  (B-19) 

Pox  showed  that  R(z)  and  S(z)  satisfy  the  differential  equation 


W(z)  =  -K(-  U 


M z)  =  K(i) 


y"(z)  +  2(i  ±  i-)y'(z)  +  y(z)  =  0 

z  z  36z^ 


(B-20) 


where  the  +  sign  is  used  for  R(z)  and  the  -  sign  for  S(z)*  He  al¬ 
so  showed  that  W(z)  and  X(z)  satisfy  the  differential  equation 


y"(z)  +  2(- ±  i^)y'(z)  ■  -U  y(!)  =0  (B-21) 

Z  Z  36  z 

where  the  +  sign  is  used  for  W(z)  and  the  -  sign  is  used  for 
X(z)*  These  differential  equations  are  very  promising  for  the 
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purpose  of  developing  a  method  of  numerical  integration  which  can 
be  used  to  obtain  the  values  of  the  Airy  functions  in  the  "gap" 
between  the  region  where  the  Taylor  series  of  Eq*  (B-5)  become 
impractical  and  the  smallest  values  of  x  for  which  the  asymp¬ 
totic  series  of  Eq*  (B-I3)  can  be  employed  to  compute  the  func¬ 
tions  to  the  desired  accuracy.  A  very  promising  approach  would 
be  that  of  employing  the  asymptotic  series  of  Eqs*  (B-I3)  and 
(B-llj.)  for  large  values  of  £  (i.e.,  for  large  values  of  x  or 
small  values  of  z  =  g"1)  and  developing  a  program  for  the  step- 
by-step  integration  of  Eqs*  (B— 20)  and  (B-21)  which  would  carry 
the  computation  to  smaller  values  of  x  and  £  (or  to  larger  values 
of  z). 

In  Tables  B-7  and  B-8  we  present  our  results  for  the  functions 
R(z),  S(z),  W(z),and  X(z).  The  tables  are  given  as  a  function  of 
(l/x),  where  x  =  (§z)^,  for  (1/x)  =  0*001(0.001)0*100*  The  tables 
are  accurate  to  about  20  decimals* 

-1 

Since  Pox  has  tabulated  the  functions  as  a  function  of  z  =  £  , 

there  is  only  one  point  in  common  in  the  two  sets  of  calculations, 
namely  x  =  25  where  (1/x)  »  0*0ij.  and  z  =»  0*012.  The  values  given 
by  Pox  are 

* 

The  Taylor  series  for  the  Airy  function  Ai(x)  presents  the  same 
numerical  difficulties  for  large  positive  values  of  x  as  does  the 
Taylor  series  for  the  more  familiar  function  exp(-x).  The  terms 
in  the  series  so  completely  cancel  each  other  that  when  one  em¬ 
ploys  a  computer  word  length  of  21  decimal  digits  the  output  has 
become  "computer  noise"  by  the  time  one  reaches  x  «  10*  The  use 
of  step-by-step  integration  starting  from  x  =  0  and  going  towards 
x  =*  10  was  found  to  yield  essentially  the  same  accuracy  as  that 
obtained  with  the  Taylor  series*  However,  step-by-step  integra¬ 
tion  starting  from  large  values  of  x  and  working  towards  smaller 
values  is  a  more  stable  numerical  process  and  one  can  preserve  a 
relatively  high  degree  of  accuracy. 
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R(0.012)  =  0.99917194-94  ,  S(0.0l2)  =  I.OOO8387474 
■W(0.012)  =  1.0011604193  ,  X(0.012)  =  0.9988269392 


The  reader  can  readily  see  for  himself  that  these  agree  with  our 
results  in  Tables  B-7  and  B-8  for  (l/x)  =  O.Ol^O. 

Pox  computed  these  auxiliary  functions  to  10  decimals  over  the 
range  z  =  0.000(0.001)0.050.  In  terms  of  the  argument  x  of  the 
Airy  functions  Ai(x)  and  Bi(x),  this  range  is  xQ  <  x  <  00,  where 
xQ  =  9.65*  This  is  essentially  the  same  range  as  that  of  Tables 
B-7  and  B-8,  namely  10  <  x  <  00, 

The  tables  which  have  been  given  as  Tables  B-5  through  B-8  pro¬ 
vide  excellent  examples  of  slowly  varying  functions  which  can  be 
represented  very  efficiently  by  Chebyshev  polynomial  series  of 
the  form  given  in  Eq.  (8-42).  A  representation  in  terms  of  a 
series  of  the  form  2anT^(r))  would  require  only  a  small  number  of 
coefficients  an  in  order  to  compute  these  functions  to  high  ac¬ 
curacy  over  the  range  employed  in  Tables  B-5  through  B-8,  If  x 
lies  in  the  range  A  <  x  <  «,  then  we  would  take  r\  to  be  in  the 
form  r]  =  (A/x)v,  where  appropriate  choices  of  v  might  be  v  =  3 
for  Tables  B-5  and  B-6  and  v  -1,5  for  Tables  B-7  and  B-8, 

Let  us  now  direct  our  attention  to  negative  values  of  x.  In 
Tables  B-9  and  B-lO  we  present  values  for  the  Airy  functions  and 
their  derivatives  for  the  range  -10  <  x  <  0  at  increments  of  0,1, 
However,  we  have  followed  the  convention  employed  by  Miller  In 
The  Airy  Integral  (see  footnote  on  p,  B-l)  and  we  give  tables  of 
Ai(-x),  Bi(-x),  Ai'(-x)  and  Bi'(-x),  Therefore,  the  arguments 
in  the  tables  are  positive  and  x  =  0(0,1)10,0.  When  these  calcu¬ 
lations  were  compared  with  the  results  obtained  from  the  asymp¬ 
totic  series  the  agreement  was  found  to  exist  to  19  decimals. 
Therefore,  we  assume  that  throughout  most  of  these  tables  the 
results  are  good  to  approximately  20  decimals. 
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Since  the  facilities  to  work  with  21  decimal  digits  are  not  gener¬ 
ally  available  (and  since  the  NFREC  subroutines  are  not  especial¬ 
ly  suited  for  writing  output  on  magnetic  tape  to  be  later  reread 
into  the  computer),  we  formed  the  auxiliary  functions  F(-x),x (-x) , 
G(-x),  and  ^(-x)  at  the  time  of  computing  the  Airy  functions  in 
the  range  0  <  x  <  10*  0*  The  auxiliary  functions  are  defined  by 
means  of  the  relations 

Ai(-x)  =  F(-x)sin[x(-x)]  ,  Ai' (-x)  =  G(-x)sin[\j/  (-x)  ]  (B-22) 

Bi(-x)  =  F(-x)cos[x(-x)  ]  ,  Bi'(-x)  =  G(-x)cos[\jr  (-x)  J  (B— 23) 

or 

F2(-x)  bA12(-x)  +  Bi2(-x)  ,,  X^“x)  “tan"1!  Ai (-x)/Bi (-x)  )  (B-2ij.) 

G2(-x)»Ai‘2(-x)  +  Bi'2(-x)  ,  i(r  ( — x)  ■  tan-1  [Ai'  (-x)/Bi*  (-x)  ]  (B-25) 

In  Tables  B-ll  and  B-12  we  present  our  output  for  these  auxiliary 
functions  for  x  =  0.0(0,1)10.0.  Unfortunately,  the  computer  pro¬ 
gram  was  written  without  adequate  forethought  and  the  angles  de¬ 
fined  as  x(”x)  0X1(1  \|r(-x)  which  appear  in  these  tables  require  a 
correction  for  those  cases  in  which  the  angle  lies  in  either  the 

second  or  the  third  quadrants  since  the  tabular  values  are  in  the 
range  from  -n/2  to  +rc/2*  The  reader  who  wishes  to  use  these  values 
can  readily  determine  If  a  quadrant  correction  is  required  by  con¬ 
sulting  the  corresponding  values  of  Ai(-x),  Bi(-x),  Ai'  (-x)  and 
Bi'  (-x)  which  are  given  in  Tables  B-9  and  B-lO* 

For  x  between  10  and  25#  we  computed  the  auxiliary  functions  by 
means  of  the  asymptotic  series  given  in  1^*  (6-9)*  We  then  used 
Eqs.  (B-22)  and  (B— 23)  to  compute  the  Airy  functions.  The  Airy 
functions  are  given  In  Tables  B-13  and  B-14  and  the  auxiliary 
functions  are  given  in  Tables  B-15  and  B-16#  In  Tables  B-15  and 
B-16  the  angles  x(“x)  0X1(1  y(*"x)  are  given  in  radians,  but  the 
reader  will  observe  that  they  are  not  confined  to  the  range  from 
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0  to  2x  radians*  The  functions  which  we  have  tabulated  (in  radi¬ 
ans)  will  have  the  behavior  depicted  in  Pig*  B-l  if  we  extend  the 
tables  back  towards  the  origin*  Since  the  quantities  tabulated 
in  the  tables  are  x(~x)  and  (|/(-x),  where  10  <  x  <  25#  the  reader 
will  observe  that  the  tables  represent  the  behavior  of  the  func¬ 
tions  plotted  in  Pig*  B-l  in  the  region  far  to  the  left  of  the 
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portions  of  the  curves  which  are  depicted  in  the  figure* 


For  large  values  of  x,  the  auxiliary  functions  possess  the  asymp¬ 
totic  expansions 


1  L  1-3-5  _1  ,  l-3.5-7-9-.U-L 
jtx1/2  \  II  96  x3  21  962  x6 


1»  3»5»  7«  9« 11» 13«  15» 17  1  \ 

3!  963  x3  / 

/n  «/'» 


(B-26 j 


x(-x) 


5  1  |  1105  X  82825  1  +  1282031525  1 

32  x3  6144  x6  65536  x9  58720256  x12 


■Vb-27) 


/ 


1»  3«5«7‘9  13  +  1»3‘5«7«9» 11»13« 15  19 
2!  962  x6  31  963  x9 


(B-20) 


0(-x)  +|ir~|x3/2/l  +  —  4 
43  \  32  x3 


1463  1  [  4  95271  1  206530429  1 
6144  x6  3  27680  x9  8388608  x12 


(B-29) 


It  would  be  easier  to  Interpolate  In  the  tables  If  the  quantities 

which  were  tabulated  were  the  slowly  varying  functions  f(x),  0(x), 
g(x)  and  <p(x)  which  are  defined  as  follows: 


f2(x)  =  it \f%  F2(-x) 

9(x)  =  \  7?  Cx(-x)  “  wA] 

g2(x)  =  i  G2(-x) 

V* 

<p(x)  «  rtf  U(-x)  +  *A] 


(B-30) 
(B-31) 
(B-32) 
(B— 33) 


There  was  not  adequate  time  under  the  present  contract  period  to 
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prepare  tables  of  these  function*  The  author  plans  to  return  to 
this  problem  and  to  compute  the  functions  for  (l/x)  =  0.000(0*001) 
(0*100).  The  functions  f(x),  e(x),  g(x)  and  <p(x)  should  also  be 
developed  into  series  of  the  Chenbyshev  polynomials  Tn(r))  where 
t}  =  (A/x)3  and  A  <  x  <  «  * 


( 


The  asymptotic  expansions  for  f(x)  and  g(x),  namely 


f^(x)  =  1  - 


1x3x5  1x3x5x7x9x11  ..  1x3x5x7x9x11x13x15x17 


96  x3  2 ! (96) ^x^ 


31  (96) 3  x9 


IM 


<B-*) 


2 /  .  1x3x7  1x3x5x7x9x13  1x3x5x7x9x11x13x15x19 

g  (x)  =  1  +  —  ■  n  -  - - —  +  — . -  —  -a-  — - - +  *., 


96?  ~  2 !  (96)2x6 


3! (96) 3  x9 


(s-35) 

can  be  readily  extended  to  higher  order  terms*  However,  it  is 
not  so  obvious  as  to  how  to  develop  the  further  terms  in  the  ex¬ 
pansions  for  e(x)  and  cp(x),  namely 


82825  1282031525 

+  —  'Yg  +  •••  (B— 37) 


5  H05 

9  (x)  =  1  -  — ■ ■-*"■¥  +  — -  1  1  V1  “  — - -  w  +  .  -  ■  ■; 

32  x^  6144  xb  65536  x9  58720256  x 

,  ,  7  114.63  495271  206530^29 

<p(x)  =  1  +  - - - -  +  - * - -  +...  (B-38) 

32  xJ  6144  xb  327680X9  8388608  x12 


c 


P  <ty(-x) 

,  riG^  (-x)  —  —  =  x 


(B-39) 


OO 


However,  the  properties 

2  dx(-x) 

*F2(-x)  ~ -  =  1 

dx  dx 

permit  us  to  assume  a  series  representation  for  0(x)  and  cp(x) 

OP 

e(x)  =  1  +  yi 

n=l  n=l 

and  to  determine  the  relationship  between  the  known  coefficients 

2  2 

in  the  expansions  of  f  (x)  and  g  (x)  and  the  unknown  coefficients 
in  the  expansions  of  e(x)  and  (p(x)* 
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Block  B-l 

THE  COEFFICIENTS  FOR  ASYMPTOTIC  EXPANSION  OF  e(x)  AND  (p(x) 

DOUBLE  PRECISION  CHI (18) *  PSI (18) 

DATA  (CHI (I)* PS 1(1) *1=1*18)/ 

A  -0.1562500000000000000000+00 _ *  +  0 *2187500000000000000000+00  * 

B  +0  •  1798502604166666666670+00  *-0.2381184895833333333330+00  » 
C  -U. 1263809204101562500000+01  »+0.151144714355468750000D+01  » 
D  +0. 2183286675385066441 13D+02  *-0.2462034571170806884770+  2  * 

E  -0 .6968282253688408268820+03  *+0.7608629420403805043960+  3  * 

F  +0. 3555398158139128513130+05  *-0.3809212886818864022970+  5  * 

G  -0. 2653258417117625465560+07  _*+0.280825622440801952759D+  7  » 

H  +0.2725832130241559934230+09  »-0.286079464532623856366D+  9  » 

I  -0.3689402701109800190160+11  *+0.384807909057471793858D+ll  » 
J  +0. 6363020476613375034790+13  »-0.660506l9870B753740851D+13  » 
K  -0.136224391805007603521D+16  *+0.1408710720378626689550+16  * 
L  +0.354468285810780747936D+18  *-0.3654298473725017326380+18  » 
M  -0.1101799028791106007000+21  *+0.1132963945001199420070+21  * 
N  +0.4032082357774733553380+23  »-0.4137l7444048758830l65D+23  » 
0  -0.171596466927167933860D+26  » +0. 175743496427376630590D+26  » 
P  +0.8403103511019300552750+28  *-0.859241605069965145574D+28  * 
U  -0.4691665261659304360890+31  *+0.4790655102546575151570+31  » 
R  +0.2962548908311494713150+34  »-0.3021326942151140l4997D+34  / 


In  Block  B-l  we  present  numerical  values  for  the  coefficients. 
The  relationship  between  An  and  Bn  and  the  CHI (I)  and  PSI (I)  is 

Aj  =  CHI  (I)  ,  Bj  =  PSI  (I) 


B-lii 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


fi 


j- ,  .  ,3V*  -t 


€ 


* 


( 


i 


The  behavior  of  the  derivatives  of  ^(tj  and  y  (t)  is  depicted  in 

Pig#  B  -2# 


In  Program  B-2  we  present  a  FORTRAN  subroutine  which  evaluates 
the  Airy  functions  and  their  derivatives  by  using  the  classical 
expansions 


VrcAi  lx)  =  x  x‘ 


1!  216  t 


21  (216) 2  i 2 


VrcBi(x)  = 


7«  9*  11*  13*  15*  17  1  . 

- - 3 - 3  +  *  *  *  ) 

3!  (216)  T 

X-V4e{  H  1 


U  216  £  2,  j216)2  ^2 

X 

.3 


7-  9- 11. 13- 15*  17  1 

- ?  +  •••) 


where 


3!  (216) 


i 


^fx3/2 


(B-4JL) 


(B-42) 


The  reader  will  note  that  Program  B-2  will  set  the  Airy  functions 
equal  to  the  following 


Ai(x) 


Ai'(x)  *  0 


Bi(x)  *  10 


+38 


Bi'(x)  «  10 


+38 


when  g  becomes  large  enough  that  the  FORTRAN  subroutine  cannot 
compute  exp(±£).  In  Table  B-17  we  present  a  table  of  values  of 
exp(±£)#  The  reader  will  observe  that  the  overflow  and  underflow 
occur  for  x  between  25*5  and  26#0. 

In  Table  B-18  we  give  tables  of  values  of  the  sine  and  cosine  of 
+  n/k)  which  will  be  helpful  in  considerations  associated  with 
the  employment  of  the  asymptotic  expansions 

Vft  Ai(-x)  =  x~1/^'[P(x)sin(£  +  xA)  -  Q(x)  cos  +  xA)]  (B-43) 
y/%  Bi(-x)  =  x”1/^[P(x)cos(^  +  xA)  +  Q(x)sin(£  +  xA)]  (B-lj4) 
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where.  If  we  let 


r  _  2 
*  “  1 


,3/2 


the  functions  P(£)  and  Q(£)  are  the  asymptotic  expansions 

5x7x9x11  9x11x13x15x17x19x21x23 

P(x)  1  *•  “•  ■  1  '2  2  ^  “,-ir  t- . +*( 


Q(x)  = 


2i(2l6)^c  l|.l  (216)^^ 

3x5  7x9x11x13x15x17 


1|(216)V 


31 (216) 3$3 


•  •  • 


(B-tor 


The  reader  will  observe  that  Eqa*  (B-l|l)  and  ( B— ij.2 )  and  Eqs* 
(B-4.3)  and  (B— I4J4.)  involve  the  expressions 


^  (x) 
A2(x) 
A^(x) 


3x5 

lY(2l6)V 

5x7x9x11 

2j (216)2£^ 
7x9x11 xl 3x1 5x1 7 

3J(216)V 


In  Table  B-19  we  present  the  values  of  A^Cx)  for  n  =  1(1)30  for 
x  -  0(1. 0)8,0.  These  tables  have  been  retyped  from  computer 

output  ao'&s  to  present  the  numbers  in  "fixed  point"  format,  i.e., 
as  decimal  digits  which  are  not  multiplied  at  powers  of  10.  This 
display  of  the  behavior  of  the  A^(x)  provides  a  graphic  picture 
of  the  asymptotic  nature  of  series  in  the  classical  asymptotic 
expansions  for  the  Airy  functions.  In  Table  B-20  we  present  the 
values  of  An(x)  for  n  =  1(1)11^  for  x  =  1*0(1.0)20*0#  These  re¬ 
sults  have  been  reproduced  from  computer  output  and  appear  as 
"floating  point"  numbers.  It  is  hoj:ed  that  the  availability  of 
these  tables  which  present  the  value  j  of  the  successive  terms  In 
the  series  will  attract  the  interest  of  people  who  have  been 
Interested  in  summation  techniques  for  asymptotic  series* 
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Block  B-2 

AIRY  FUNCTIONS  ON  POSITIVE  AXIS 
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Table  B-l 


THE  AIRY  FUNCTIONS  (10  <  x  <  2$) 


*  Ai(x) 

10.0  .  H0475325528986859354E  -9 

10.1  .8026504702909595  10384E- 1C 
1(J*2  .582256739314597  136640E- 1C 
iOO  .421728192262601761EdCE-lC 
iO* k  .30 49 6881 86 59400130198 E- 1C 
10*5  .22022  74  519283401 64  378  E- 1C 

10.6  .  15878090784676 1020495E-1C 
10*7  .  1143C55704006619CC 122E-1C 
10.0  .821640341 53 5 96 78/9103 E~ 11 
10.9  .5897 178542 35 583209735 E- 11 
H.O  .42262 75864960 3 59 5 92 7 8 E-  1 1 
H.l  .30243029433902584 77 1 C£- 1  1 

11.2  .21609734 64 20 640172470 t-1 1 

11.3  •  154 1 8 17736556407 I83C0E- 1 1 

11.4  .109844631776013069817E-11 

11.5  .7814290-839628543476  1E-12 

11.6  .5550956 150241 36498269 E- 12 

11.7  .393746092799132774  14  IE-12 

11.8  w2788929386938675794  16E-12 

11.9  .197257784302520279984E-12 

12.0  • 13931846E887536083916E-12 

12.1  . 982570348972 166959969 E- 13 

12.2  .69199270136656906396  IE-13 

12.3  .486658957563709191 193 E- 13 

12.1*.  .  3417713851204C4C93962E-13 

12.5  *2396 6278260 7804993681 6- 13 

12.6  • 16 78 5 354 0284 9C6 3286 5 0E- 13 

12.7  . 1 1738673 94 77356 56 2230E- 13 

12.8  .8197940328 16253390974 E- 14 

12.9  .5717286 1665207871C946E-14 

13.0  .398 1 7 760788333 3 536 368E- 14 

13.1  .27692852745430394 1924E- 14 

13.2  1  1923378383265  192 3242 8E- 14 

13.3  *  13 3404 39044 3 6 13224813 E- 14 
lfrk  .92402992 3 1256377 3 7 76 3E-  15 

13.5  .6 39 16738767418 66 65182 E- 15 

13.6  .44152770 17994 101 15984E-15 

13.7  . 30459 1 7781 195 52643572 E- 15 

13.0  • 2098443 7 78378903 7286 0E- 15 

13.9  . 1443768268407858795478-15 
llL.0  .992020549 1 19237726828E-  16 


Bi(x) 

.455641 15354822514L835E  9 
•624C206C7875100558670E  9 
.85599 1952 14293972434  IE  9 
. 11760646278  120185721 5E  10 
. 16 1637835592598853 249E  10 
•223C55444 1 13669522682E  10 
.30791 16C9741I63370741E  10 
.4257 124 99 25355756081 3E  10 
.58949553524 143654645  IE  10 
.6 1755 15560 12362078094E  10 
.1135578253043047628106  11 
. 157973C840830296I4418E  11 
.220C94965796322737891E  11 
.30711 0749536208389 145E  11 
.429175361 1 13039160819E  11 
•6CC6566C1 586960 365 482E  11 
•84191241462714749C078E  11 
•11618256362C7C1733575E  12 
•166143364C26631481787E  12 
.233912  ie924  1969675323E  12 
•329E07225829C74176155E  12 
.46569564 157993572 10 54E  12 
.658530881386804951 696E  12 
.932565597282615388988E  12 
.1322541314728766546846  13 
. 187829 193562205186697E  13 
•26713964013C579937797E  13 

•  38C48C51 1 32C 195C02  716E  1? 
.5426787378459237553196  13 
.7751165486331977631856  13 
. I10667C67 1 9C 59 4 04 74526  14 

•  15879872826C683566 178E  14 
•22777C767368572048498E  14 
.  3271546334C3950921 574E  14 
.47055451 122625IC63246E  14 

•  677  74 ‘'9C2657079C  720766  14 
•977506683278796963400E  14 
.14117834890440 1 66 5 964 E  15 

•  204 178C 754 3 34 5 9608 55  IE  15 
•295692656996284C9 1 I24E  15 
.428805361 786534  149450E  15 
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Table  B-l  (Gont'd) 


THE  AIRY  FUNCTIONS  (10  <  X  <  25) 


x  Ai(x> 


Bi(x) 


11^0  •9920205U-9U9237726828B-16 
11^1  .680720568784934  1421466- 16 

liu2  *46649  1886992 1745 149  146-  16 
llu3  .3192627866595625152676-16 
lk.k  .2182144145304546435476-16 
1  lu5  .1489537454965927195846-16 
lk*6  *10  154 398 124274 34 52799 6- 16 
lk*7  .6913430483931700947896-17 
H|.#8  .4700797454945289694806-17 

lk«9  .3192198248746920689926-17 
ICO  .2164962520737992299476-17 
15*1  .1466408391804858967656-17 

15*2  .9919854874426999921116-18 

15*3  *6701982780894072 132936-18 

15«t  *4522209409365553027536-18 

1 5.5  .3047538152456012684266-18 

15.6  *205 1 16447056730 1669456-18 

15.7  .1378816228734705248356-18 

15.8  .9256963564546363576906-19 

15.9  .6207099007635326345866-19 

16.0  .4156888828917024394596-19 

16.1  .2780413696180730236286-19 

16.2  .1857433775509541683206-19 

16.3  .12393  152430345889 1 909 E-  19 

16. k  .8258789304858416992756-20 

16.5  .549691 1 172967060764276-20 

16.6  *3654 18364C230 17335734b— 20 

t6.7  .24262352206306747 1752E- 20 

16.8  *  16089697306 1483304990E-20 

16.9  .1065704552753245682096-20 

17.0  *7050 197298388614543166-21 

17.1  *46584639 1642382958885E-2 1 

17.2  *3074416599652194659206-21 

17.3  * 2026 57508692 9258 866 50 E- 2 1 

17. k  • 1334271347613304927366-21 

17.5  .8774220823294709737126-22 
17#*  *5763115854826131186036-22 

17  •  *37808719414485980  I 725E-22 

17.8  *24775010074757542 1298 E- 22 

17.9  *1621 527729533390286916-22 
10.0  * 106004668252479556569E-22 


•62268l46675227721i.l653E  15 
•62268146675227724 1653E  15 
.9054314867754664954336  15 
.  13183388389 18478707236  16 
.192-  '09844 1 9442C95902E  16 
•2806 124 8320 C504 044 1726  16 
•410214e 199 9 4264 8 738 70E  16 
.6004671459575673172806  16 
•8801 1 35 154 0339 °6 120386  16 
.  12916661563852^7532936  17 
.1898209956749358968036  17 
. 279316*1092836728510396  1  7 
.41  154029216 84 21  176798E  17 
•607 14 1 7 I6C93586C20845E  17 
• 8 9686 6 2880 5 320 9 48 18806  17 

•  13265 492278 CC92827686E  18 
.1964604969518255824936  18 
.2913274919751699110576  18 
•4325539212594780857766  18 
.643057478378961 1089506  18 
.9572123906049186526156  18 
. 14266366566 18374484 17E  19 
.212894901 1 4 C2 16270 1926  19 
•318C97473629014706628E  19 
.475879741929971462631E  19 
.7128112715195081312686  19 

•  1069031654 14C92440485E  20 
.  160525330994108986364E  20 
.241341461 757200674956E  20 
.3632904882346292749566  20 
.547530381 I33058698181E  20 
.8262147069178404931196  20 
.  1 248264262423 1 3245922E  21 
.1888)97835392386640596  21 
•28596589248C 1236 123976  21 
.4336159183543006998556  21 
.6582924931758761992846  21 
•10005645105 134786)2966  22 
.1522678902673337313236  22 
•23199630888 176 5045897E  22 
•35369 162S035656866979E  22 
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Table  B-l  (Cont'd) 


THE  AIRY  FUNCTIONS  (10  <  x  <  2$) 


X  Ai(x) 


Bi(x) 


18.0  .106004668252479556569B-22 

18.1  46921768421612651 1 62 30 E- 23 

18.2  .45144202  1548  10205E— 23 

18.3  *29409057788 1 3 880 59 609 E- 2 3 
18. k  .  191362047645285272726E-23 

18.5  •  124373376697 194045779E-23 

18.6  .8074158960273683706476-24 

18.7  • 52  35  6  0  34  5022  75  7  9  82  34  5  E- 24 

18.8  . 339 JC72623653 155 12574 E- 24 

18.9  .2 1938636753654 39C0949E- 24 

19.0  .  141770437779335271884E-24 

19.1  .9 150 9 56 7 99708 753 936 6 5 E- 2 5 

19.2  .5900C I8682842C9467362E-25 

19.3  .37996 84 97 34 5214649698 E- 25 

19.5  .2444276737984227454 I3E-25 

19.5  .  157059O561517ei837797E-25 

19.6  .  1008C60631530  14384290E-25 

19.7  .6462828264852432009 13E— 26 

19.8  .4 13877756396473509 94 9 E- 26 

19.9  .264750  1 8 6892 3 70 28 30 4 0E- 2 6 

20.0  .1691672868670540313296-26 

20.1  .  10797261 11485  15300070 E- 26 

20.2  .6883813870286025958426-27 

20.3  .4383934967624027928806-27 

20.k  .27888  15  1060 198876 1086 E- 27 

20.5  .  177213635431494210350E-27 

20.6  •  1  124657452148  10135618 E- 27 

20.  7  .71321739749533431491  IE-28 

20.8  .4517223549582265356006-26 

20.9  .28579036331 1651692469E-28 

21.0  .1606138442470383378936-26 

21.1  .  1  140205313286957264376-26 

21.2  .7190262641279324006246-29 

21.3  .4529363873921529285706-29 

21.  k  .2850 10932756958239 155 E- 29 

21.5  .  179150801726944136460E-29 

21.6  •  1 1 248898 3696 CO  125 5802 E— 29 

21#7  .7055638068170010602426-30 

21.8  .4420778  1 1985405880216E-3C 

21.9  .2766930896472709992066-30 

22.0  •  172996024035369828514E-30 


.353891825035656866979E  22 

.5404745 26 324 04 069  1 26 7E  22 
.8264064  6852484667  I C57E  22 
.12650991241 60525 74242E  23 
.  193894866042865782519E  23 
.2975209591 l 1072231734E  23 
•457C63894 124626 186543E  23 
•702979994427667652976E  23 
.  10e2466  17442C08372776£  24 
. 166e74373649704369106E  24 
.25 75535 55223445854 590E  24 
•  3979666567 148C2 327 4  15E  24 
•61563843090C9886689R1E  24 
.9534618694466318733506  24 
. 14783531481432418424IE  25 
•229482 196854 86486663 7E  25 
.356627 19 54 27772272298E  25 
•55484705182 04 14897 862E  25 
•8642197685C5250258610E  25 
. 134761529914774766915E  26 
•21C3765C49651 10381481E  26 
•328 78868 155 752904 686 9E  26 
.5144267744141722937746  26 
•805779334 1CC29 1031 133E  26 
. 1263552588655C5297776E  27 
. 19e359929862883354653E  27 
.31174306232186621 1659E  27 
•49C4793C09619C5262920E  27 
.772546 135309276695631E  27 
.1218167038176342090326  28 
. 192294462486380e35187E  28 
• 30368C666246597862256E  28 
•48C744773505085303756E  28 
.761377682662431374  I38E  28 
. 1207142810335821445106  29 
. 191597119702290587854E  29 
.3044? 17 683404862 76995E  29 
•48423994672C569689753E  29 
. 77 1C804974836821 32 865E  29 
.1229153788638188669156  30 
. I96145ei40918622b6920fc  30 
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Table  B-l  (Cont'd) 

THE  AIRY  FUNCTIONS  (10  <  X  <  25) 


* 


X 


Ai(x) 


Bl(x) 


.  172996O24O3536982851i*l-30 

•  1000471  16424744690369E-30 

•  674  1096 1 052849 720394 6E- 3 1 
* 420 1 3528 53364246 25698E- 31 
•26 15713131 28 137732769 E- 31 

•  162660085685162  1560  32  £**3 1 
•10 10701 70695543960 172E-31 
• 6272 73482057724 9 34 70 0E- 32 
.3888 9930625606 73 56 72 3E- 32 
•24086001  140253398630  IE-32 

•  1490 18609576720609 125E-32 
.92 10 1255694955599597  IE-33 
•56864444347 1 534 8 5 3285 E— 33 
.3507253924613759909 15E-33 
•2 1609 550 50044 7974 5698E-33 
• 1 3300 786289394 32 7 6068E- 33 

•  8 17829734  1  136 17523939E-34 

•  502346533234 15700611  IE- 34 

•  308247656 155050 173329E-34 
1  188952629  1026466 20004 F-34 
. 1 157C8108539854246546E-34 
•7078369986989312214 13E-35 
.4325758202856573 10276E-35 
• 26408 980480389982 798 CE- 35 

•  16 106543  1 548029 54 60 0 6 E- 3 5 
•98 1 3 3037 97462994 7 7985 E- 36 

•  59729823 1555962029287E-36 
•363187735241054462 147E-36 
.2206 154646723 14862753E-36 
.133877 14  163375527874  2E-36 
•811602682469 1 3866848 7 E- 37 


•  196ll4.58l409l6622d692OB  30 
•3 1 334C9 1 17293869 14638E  30 

•  50 1094 1468 1  19295771 8 3E  30 
■8022037C53 18530443379E  30 
•128561631061 I75369958E  31 
•20625307844 1225230845E  31 

•  33 1244589548 1C9735947E  31 

•  5325447 1 3624646993627E  31 
•8570798 14 1C5482206269E  31 
. 138083993977994646 176E  32 
•22270054796228608941 9E  32 
• 3S954569827C528538825E  32 
•58 1 0864857 3 2C68488485E  32 
•9401 135826 1 754 828 752 7E  32 

•  152255071396365 1 33662E  33 

•  246839  191489190 15e363E  33 
•40C5958C5695 179662 706E  33 
•6506 CO 155505538849720E  33 
.1058368498568147753856  34 
.  17229521405783458231  IE  34 

•  28C773  16368 1073145 34 3E  34 

•  4580 1868968272610901 0E  34 
.7479 l 974360481 371 8455E  34 
.1222559738954350779046  35 
•2 0004 49 3062 89 186964 1 5E  35 
•3276622891 56333824 00 IE  35 

•  53723699 162eC94207048E  35 
.881 74901889 1367C53629E  35 
. 14486477253904681 ie83E  36 
•23824205322378942031 9E  36 
•392203C77804138177325E  36 
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1 


Table  B-2 


0 

DERIVATIVE  OP  THE  AIRY  FUNCTION  (10  <  x  <  25) 


« 


* 


x  Ai'(x)  Bi  (x) 


10.0  -• 3520633676738923635 33E 

10.1  -.2 5 7036 072 748 8463875 39 E 

10.2  187358789021275579840E 

10.3  -• 1 36352894995670240492E 

10.4  -.99075995195010803676  IE- 

10.5  -.7187 696781451 56 70 89 44E- 

10.6  52063? 96282 14 164 85765 E- 

10.7  -•  376528 208686 5285 3 4456E- 

10. •  -.2 718883534939 16459796E- 

10.9  -.  196026217007170914481E- 

11.0  -.  141  1  14412466285I73343E- 

11.1  -.  1014297581559838I6715E- 

11.2  -.727946252450 1905 30 376 E- 

11*3  -.521646 3871796 24 041028E- 

11.4  -.373? 49 361707886810024 E- 

11.5  -.26b 667996 7504 53140542E- 

11.6  -. 190236835053486654447E- 

11.7  -. 135510550276357766030E- 

11.8  -.963849540422801 5 1 2 1 53 E- 

11.9  -.684551 04 41 888 68002757E- 

12.0  -. 4854 736554 98 5 3084 61 05E- 

12.1  -.3437886072250138041  I »E- 

12.2  -.24310057456061 1553690E- 

12.3  -.171653 181219 169350850E- 

12.4  -. 121029638216071935143E- 

12.5  -.8521 34 656467 385644 268 E- 

12.6  -.599 106 334933 1 586604 24 E- 

12.7  -.42061 1679840498836960E- 

12.8  -.2948784 1939274785788  IE- 

12.9  -.2064388249068 1 672 8690 E- 

13.0  -. 144320805739726260420E- 

13*1  -. 10075302908577197242 1E- 

13.2  -• 7C2394  775707  I  730 7676 8E- 

13.3  -.4889909  1759095196266 1E- 

13.4  -.339953 1028707628 17933E- 

13.5  -.236014254392431 128473E- 

13.6  -. 1636291 78056036442168E- 

13.7  -.1  13289279093531600068E- 

13.8  - .783293 745803420 104969E- 

13.9  -.540842 103467590409731E- 

14.0  -.37293101 1001790067898E- 


-9  .  142923613448286577692E  10 
-9  .  196740716238251062303E  10 
-9  .271241636128 147866228E  10 
-9  . 374530497077283683286E  10 
10  .51794 50 2 06 1654251 68 15E  10 
10  .71736922452832991B220E  10 
10  .99508785193257181 I777E  10 
10  . 138240963122361 104302E  11 
10  . 19233831 1212363513003E  11 
10  .2680067  1 934077690764 5E  II 
10  .3740016819692697701 88E  11 

10  .522692904797488 189087E  11 

11  . 73I580388504505598723E  11 
11  . 10254563 I351554279899E  12 
11  . 143949188987245501545E  12 
11  .202 3650 7 2 766 38385 74 88E  12 

11  .284900 70674 7623729896E  12 
1  1  .40 1680287838070  1 82 32 3E  12 

12  . 56 7 1448042506558987 10E  12 
12  .80 1920458292784 187969E  12 
12  . 1 13550750244337074287E  13 
12  .  1610  154736907768 14 904E  13 
12  .228644970 156900 94 46 78E  13 
12  .32513946831 8448890  1 23E  13 

12  .463008889057847 137266E  13 

13  .6602648681 3642 9 539 26 7E  13 
13  • 9428 74 575068032 7 7C823E  13 
13  .  134832383858282565653E  14 
13  .  193079763200973492481E  14 
13  .276872 1 5946 10255 158 57E  14 
13  • 397575449699083454 1 08E  14 

13  .57168309370941 1447142E  14 

14  .823  16038540744 184664 8E  14 
14  .  118687429457867220864E  15 
14  .  171361788249212270537E  15 
14  .2477479786494 1 9038682E  15 
14  • 35866667 121725 39 71620E  15 

14  .5 19941652567 138096400E  15 

15  .75474253014743001 1883E  15 
15  .  109703787692095207595E  16 
15  •  159669 14  1 1 58800278892E  16 
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LOCKHEED  MISSILES  &  SPACE  COMPANY 


,  JCW** 


Table  B-2  (Cont‘d) 

DERIVATIVE  OP  THE  AIRY  FUNCTION  (10  <  x  <  2$) 


x 


Ai' (x) 


Bi'U) 


14.0  37293101. 1001 790067898E-1 5 

ll+fl  -#25680343700402770  1846E- 15 
ll|i2  -. 1765995660702060 146 15E- 15 
lll.«3  121282  I83267192788724E-15 
lli..^  -#831811  737648 1 6682 7696 E- 16 

14.5  -•  5697388206 185 78060986 E- 16 
l4*6  -.3897 187974829506994 16 E- 16 
lli-.7  -.2662279765639685328  IOE- 16 
lll.«8  -.  181628846924093636467E-16 
14.9  -.  12375043585074923  1677E-16 
15»0  -#642056795401 77727648VE- 1 7 
15«1  -.5722301 13023400326210E-17 
15«2  -#380361 9086570387 19602E- 1 7 
150  -. 2632334284252072037 17E-17 
1 S»k  -. 178191026281872938783E-17 
1 5*5  -.1204683204453443741766-17 
15«6  -.81339961504917980691  IE-18 
15*7  -.5485054055077 1709320 5E- 18 
15.0  -• 369407 49326960 1 59550 5E- 1 8 
15«9  -.2484734 14594476579026E-18 
16.0  -• 1669 108676838 180955  I 7E- 1 8 

16.1  -. 1 1199I216141294907995E-18 

16.2  -.7504422 I8812812018426E-19 

16.3  -.502235082061 330036532E- 19 
I6*k  -• 335702 8487768594 70705E- 1 9 

16.5  -.2241 10854252529725688E-19 

16.6  -. 14942H  1  1301  1277509772E-19 

16.7  -.99509S925827409089460E-20 

16.8  -.661854371221 130383194E-20 

16.9  -.43966958 13524207981 02 E-20 
17.0  -. 2917 1482 1929331379220E-20 

17.1  -• 193312647218 12734 1685E-20 

17.2  -• 12794 7 9464 19 387368802 E-20 

17.3  -.8458224746398 19997197E-2 1 
17.^  -• 558469585938 764676797E-2 1 

17.5  -. 368294 962879009668983E-21 

17.6  -.242588 1076298338480 14E-21 

17.7  -. 159596081558  193 16 1737E-2 1 
17.0  -.  10487 1 005874897652 19 IE-2 1 

17.9  -.688288674550328064T74E-22 
18.0  -.451200 186068 1 94 1886 78E-2 2 


. 159699141 158800278892E  16 
. 2326992  1922250 1 791059E  16 
• 339579493084730082477E  16 
•49620212606471 8553459E  16 
.7260  1314436393 1 786 1 51E  16 
. 106364603606365231391E  17 
. 156032349615269043694E  17 

•  229  189739 14 7063522656E  17 
.3370829837649426396416  17 
.4964068684097890100276  17 
. 73 197492034070 10497 32E  17 
. 1080712757890390961 17E  10 
.1597637413391511163396  18 
.2364820917898106241876  18 
. 35048434853487 1 95862  IE  18 
.520 10088403587950 1899E  18 

•  77277563971 7304038684E  18 
. 114964674372645543364E  19 
. 171245382270399544710E  19 
•2553966008202 10487493E  19 

•  38 1 374350712 186265760E  19 
.5701988371530710589126  19 
•85356778954 1781 5022 97E  19 
.1279336926607910808636  20 
.1919841944017492046896  20 

•  20845498537888041 7268E  20 
.4339314029280688858096  20 
.6535713519080701889816  20 
.9855809077420826470836  20 
.1488049468332082164596  21 
.2249400291065726928056  21 
.3404386872243938568796  21 
.5158605936358186878876  21 
.7826103786265134807626  21 
.1188713471974920221276  22 
.1807697011780784409586  22 
•275226040900256653687E  22 
.4195342278036613709436  22 

•  640262 1 7368755  1 04264  IE  22 
.9782716098764417006706  22 
• 149647965032878506923E  23 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


Table  B-2  ( Cont ‘ d ) 

DERIVATIVE  OP  THE  AIRY  FUNCTION  (10  <  x  <  25) 


x 


Ai'  (x) 


Bi#  (x) 


lfl.O  -.1j.51200186068191i.i88678e-22 
18*1  -.295428804264887 1 890 14 E-22 
18*2  193206963192365262157E-22 

18.3  -. 126206 150973546449297E-22 
18«4  -.823431 555209787357858E-23 
l8.£  -.5366 1 788234 14 72 7707 78E-2 3 

18.6  -.34929697986106265 1655E-23 

18.7  -.2271 004348697 18 1 53847E-2 3 

18.8  -. 147480950125854257976E-23 

18.9  -• 9566434059463576 7 62 76E-2 4 
19.0  -.6 1 98 l 4 582 7 1300 150 5565 E-24 
19*1  -.401 1 18226383766064 1 36E-24 
19*2  -. 2 592 884892877574 65750E-24 

19.3  -. 167415489980768475800E-24 
19.il.  -.  10797I942225061616387E-24 

19.5  -• 695553223646 3624 2 54 75E-25 

19.6  -.447564 152553792789525E-25 

19.7  -.287664 969090279585933E-25 

19.8  -. 184682902838145125674E-25 

19.9  -.1 18433810008075039405E-25 
20.0  -. 758639  162574835495532E-26 

20.1  -.4854076417380019 15529E-26 

20.2  -.3102351 403473289807 16E-26 

20.3  -. 1 98056738529886949 184 E-26 
20»k  -.  126300  109920378222084E-26 

20.5  -.8045 1 5679 375 54895820 3E-2 7 

20.6  -.51 18976946219168 19229E-27 

20.7  -.3253500676268998707 19 E-2 7 

20.8  -.2065565048739237 17234E-27 

20.9  -. 1 30993054953951 399461 E-2 7 
21.0  -.8298 I3025830044574252E-28 

21.1  -.525092 6 78 36882000 7868 E-2 8 

21.2  -.3319071 14796451232764E-28 

21.3  -.209567 138861677843860E-28 

21.4  -. 132177325238434689872E-28 

21.5  -.83275837516556894649 IE-29 

21.6  -.52409552 103970 105 7495E-2 9 

21.7  -. 329482522733 l 6654 480 8E-2 9 

21.8  -.2069121 10558766860222E-29 

21.9  -. I29799232105214802276E-29 
22.0  -.8 1337740384475402 7080 E-30 


•  14.964.7965032878506923E  23 
•229 18730225 1998860769E  23 

•  3514  125637427405 1 78 (8E  23 

•  53944807 1 632784 3654 75E  23 
.82906060550209 1608608E  23 
. 1275633285567799094 13E  24 
. 196502012337324119170E  24 
. 30304591486*5 18825 144 IE  24 
.46789545347539204 1 898E  24 
.72324738675452 1 4781 53E  24 
.11 1923500633958878160E  25 
. 173400672908348013245E  25 
•268951567813594 1 47069E  25 
.41 762830666520 1 99 1 83 IE  25 
. 6492277 3685233428 7326E  25 
. 101040212694630985947E  26 

•  15742737363291075 1 995E  26 
.2455578574400845730 18E  26 
•38345445773 1479848594E  26 

•  5994582052 74 35 7 8703 53E  26 
•93818393361 33964 35559E  26 
. 146994081138312857531E  27 

•  2 30564 955 1 48026 7268 72E  27 
.362048845316527828 166E  27 
•569141 550079938628266E  27 
•8956771981049 16 149584E  27 

•  1411  106189177401  15788E  28 
.2225582452 19023286826E  28 
.35 1400489433666270624E  28 
. 555436728409775256354E  28 
.8788996052843163920406  28 
. 139224375987128229705E  29 
.2207809135439304957856  29 

•  35049 10 3594 6830083655E  29 
.55700662 7069 181 907760E  29 
.8861 5724051 337808 1889E  29 
. 141 132530703163474088E  30 
.2250 13365759 704 30928 IE  30 
. 35913133 I033594800644E  30 
.573800626830740 172540E  30 
.9 1 7762786908 1825974 79E  30 
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LOCKHEED  MISSILES  &  SPACE  COMPANY 


Table  B-2  (Cont'd) 

DERIVATIVE  OP  THE  AIRY  FUNCTION  (10  <  X  <  25) 


x 


Ai'  U) 


Bl'  (x) 


22.0  8i 337740381^.754027o8oe- 30 

22.1  -#509151 38 1457080439650E-30 

22.2  -.3 18374049 162866549573E-30 

22.3  1988682 1 1274338516367E-30 

22.4  12408837566405896 1103E-30 

22.5  7734565 I8055552540449E-3 1 

22.6  - #481 593 7242698697765 36E- 3 1 

22.7  -#299548312633 107599 125E- 3 1 

22.8  -# 1 86 1208832320 10396308E- 3 1 

22.9  -. 1 15522484 120786590826E-3 1 
23.0  -.7 1 62 788572866303807 74 E-32 
23# 1  -.4436525 1 5828674492955E-32 

23.2  -.274504815  190346398542E-32 

23.3  -. 16966965580505277 1703E-32 
23P'k  -.  104762672646452756687E-32 

23.5  -.646186852331631329218E-33 

23.6  -.398161987187901 188789E-33 

23.7  “.245082650887335 12 7394E-33 

23.8  -. 150701438880702904404E-33 

23.9  “• 92571 0603529363355 180E-34 
2ij..O  -.56805061601226782918  IE-34 

24.1  -.3482200 1 5788500586208E-34 

24.2  -.2132437254729  1 1048247E-34 
24*3  -. 130453446109963475861E-34 

24.4  -. 797246349442357737978E-35 

24.5  -• 4867300 1 56 1 9838 165884E-35 

24.6  -•  29685**  22  739596608095  7E-35 

24.7  -. 180866765756120044706E-35 

24.8  -.11008689798799259541  IE-35 

24.9  -.669383062  186468254957E-36 
2^.0  - .406608 933 724328 1003 32 E- 36 


•  91  7762786908182597479B  $ 0 
• 146946937006262074943E  31 
.235532191 162482658238E  31 
.3779189127 19522546737E  31 
.6070222  I6607614340186E  31 
•97603893940464 13871 62E  31 

•  157  1 0329 72 10591 046 103E  32 
.2531 384162693390558 19E  32 
•408 304 75042 70874 70643E  32 
.659270 192850050294597E  32 
. 1065599743705 19480668E  33 
• 172415165670092483886E  33 
.2792585940677542004 15E  33 
.452779 130387328190077E  33 

•  7348760  17637694 1726 1 7E  33 
. 1193956B27424054I0672E  34 
• 194182061992621446461E  34 

•  3 1 6 1 3646829046 1 383036E  34 
•51520985614 1362226506E  34 
.840498384951 3808698 74E  34 

•  1372561596919796144 15E  35 
•224371 728410589565028E  35 
.367151 112602355714287E  35 
•601 3 9676834 4890356898E  35 
•986088659676636779442E  35 
. 161848464434329873300E  36 
•2659 12078278692804920E  36 
.4373242197258069961 13E  36 

•  7199529373614427891 72E  36 
• 11864212B982540942490E  37 
. 195707350832333089799E  37 
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(. 


Table  B-3 


THE  AIRY  FUNCTIONS 


(0*001 


<  0*100) 


( 


* 


(l/x)  Ai (x) 


Bi  (x) 


0*001 

0*002 

0.003 

o.ooij. 

o.#o5 

0.006 

0*007 

o#oo8 

0.009 

o.oio 

o.oii 

0.012 

0.013 

0.014 

0.015 

0.016 

0.017 

0.018 

0.019 

0.020 

0.021 

0.022 

0.023 

0.024 

0.025 

0.026 

0.027 

0.028 

0.029 

0.030 

0.031 

0.032 

0.033 

0.034 

0.035 

0.036 

0.037 

0.036 

0.039 

o.o4o 


.  93069  3306 3 L79554 85086E-9 15 7 
.544129859120752869406E-3238 
•6284959438456742745046-1763 
.242354028 1 2255838564 5E-1 145 
•915362430845266422205E-820 
•843886040856128434502E-624 
. 3536757930056226 12602E-A95 
. 19776 1599674 37730 5 7 72E-4C 5 
.688251 3587854900686 74E- 340 
. 2634482 1 52088 18446 772E-290 
•  lU0223403470256ti5980CE-25i 
•52 1747391010095 64 7771E-221 
.44 129890 72529058Z4563E- 196 
.159633504  358041  180 102E- 175 
. 24 79435686287269 1 l 84CE- 158 
.87705655 19900959950 18E-1AA 
.242606426528231114448E-131 
•1329645206807488123086-120 
;29AA2282A659537l06CA9E-lll 
.*458494 172407482J46S6  7E-1C  3 
•  7 77 3230 70927649 15 32 5  IE-96 
•2C 3325 78306380 90952C9E-89 
.10870 125 18 1456119 1839E-83 
.149348 76504900 J460452E- 78 
. 6365 742656552914899 75£- 74 
•983835924349333975296 E- 70 
. 62803 72368090 1U073494E-66 
. 18475 3909602422 154057 E- 62 
. 274783 1 7447 10070 1626CE-59 
. 223580 135030987306677E- 56 
*106475496052052563 1 39E-53 
.314539 756224823825 237E-5 l 
.60608363504C168C55854E-49 
.795749241 54677 14C8435E-4 7 
.739508 17474 5689560 384E-45 
•502940972912168266167E-43 
♦2577705578359 161779558-41 
.102171324895982292746E-39 
— *-320444-8922427 185330678-38 
•81 l 60 26 8 24 69 13866 84 8 78- 3 7 


•540771183919494721773E  9155 
. 130807477732797324889E  3237 
. 138730581429762156905E  1762 
•415336299525649304717E  1144 
. 122945336104471014137E  819 
. 146037133812480004021E  623 
.376499C1C33700078802CE  494 
.7198188136930865714326  404 
•219378585612474715465E  339 
.6041223996670201449046  289 
. 166551066397672661217E  251 
.334 1570173945931C638CE  220 
•4112056798869610349696  195 
. 117966932906271127016E  175 
.736  163981 505C47776209E  157 
.2295370541452945730656  143 
. 855347567794C50344634E  130 
•16C590927951 3916260296  120 
•745 1194887644830998 84 C  110 
.490909969944421933808E  102 
.2967077223268002783566  95 

•  1 161018964941738873936  89 
.22204977 110467 155047 IE  83 
. 165091629745794345171E  78 

_ .-39L511393Q243859353963E  73 

. 260846684987749558534E  69 
.41 64 0693 64 5 2 96 7 7 9626 2E  65 
. 144 14746 1850 1625 5684 9E  62 
. 98u349092330160281365E  58 
. 123296110696707439005E  56 

-  .2631 £027 00913084 97214E  53 

•  90 5  1525907 1 266280858 9E  50 
•477031417498577739606E  48 
•368795849088851132785E  46 

•  402637373610 17 1C  1476 4E  44 
. 6C0423291522738395540E  42 

-  *  11 £7657238831 848 10 174E  41 
•303659329763126651487E  39 

•392203077804138177325E  36 
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(l/l) 


Table  B-3  (Cont'd) 

THE  AIRY  FUNCTIONS  (0.001  <  i  <  O.lOO) 


Ai  (x) 


Bi(x) 


O.Ol+O 

0,041 

0.042 

0.043 

o.c 

0.045 

o.o46 

0,047 

0.046 

0.049 

0.050 

0.051 

0.052 

0.053 

0.054 

0.055 

0.056 

0.057 

0.056 

0.059 

0.060 

0.061 

0.062 

O.O63 

0.064 

0.065 

0.066 

0.067 

0,068 

0.069 

0.070 

0.071 

0.072 

0*073 

0.074 

0.075 

0.076 

0.077 

0.076 

0.079 

0.060 


.811602682469138668487E-37 

.  1690334977303 13117322E-35 
.  294222788  7 1824 5  7395 19E- 34 

•  434267j084882C675o539.E-.33 
.55065 338056 794C534247E- 32 
•60693C 1469 70480 5 53907E-31 
.58768 1466299607 758940E- 30 
. 5G4 72325974961 1857292E-29 
.387837223664883 1 161 57E- 28 

•  268758568323820 1 56  7838-27 
.169 1672868670540 3  1329E-26 
.97355835 15 12335486084E-26 
.5 15 35206386756 7 102862E- 25 
.252 30584347 7 1842 30 322£-24 
. 1 14820364 188 1526  18548E- 23 
•487964C63862984578483E-23 
.  194483331 1061 11C69868E-22 
.72980298291 l 30 34H6560E-22 
. 25877906568 393746 1 4 18E-21 
.86997 17 19908677752125E-21 
•278148 9 46542974 734405 E- 20 
•8481859966143854U1642E-20 
.24  734  39  5364  384  I  145 15  IE- 19 
.69 140218005379 1.226938E-19 
.1  85  74966030 1352992256E- 18 
. 4804757 35262335 1383 7 1£- 18 
. 1 199 160 34  75696082  1130E- 17 

•  289  jC  3-3562  85  70  772  4085£^-LZ _ 

•675857l08l748739C5539t-17 

•  1-5  313951191623  5 17Q473E- 16 
.337063058274944 8001 5 7E- 16 
•7216812851356792/2488E-16 
.15051176531 1079 3611 52E- 15 

•  JC6 14760-786  123.30 '/  14  12E---15 _ 

.608C48752257338506856E-15 
.I18C522 18205220256 179E- 14 
•22428Q155334573760389E-14 
.4.1 73638  75295434  7 12244£- 14 
.76 146 1644902 346229964E- 14 
-.436323091 30186  781 1296E-13 - 

•  2396 82 782 60 7804 99 368  IE- 1 3 


.39220 30778041 381 Y7325E  36 

. 15365313887560 78 0408 6E  35 
•110859648726721681373E  34 
. 7599804476267661355Q1E  32 
. 60628097 77 106264 40 167E  31 
. 556280535636208725464E  30 
. 58084 9 5540197588 34664E  29 
. 683632638849 32 644 7096E  28 
.8990808937145372025456  27 
. 13 1088272264 116393 01 8E  27 
.2103765049651103814816  26 

•  369 19 196345 1837934260E  25 
. 70425076922 14754 3 9925£  24 
. 145224826170895419895E  24 
. 422113393168156120520E  23 

•  764935705773 4C3810749E  22 
•J93661675586C31172714E  22 
.520672332238 329842 059E  21 
. 14812154625 90 55823 34 7E  21 
•444380454 72 9U49109594E  20 
. 140162877885654483746E  20 
.4634569 14602543 3 4 0970F  19 
. 160225215428276470237E  19 
•57773196451 80041 08 917E  18 
•2 16 7703504009 11382 94 3E  18 
•84 4 5473502966 30 152 66 7E  17 
. 340984280885812278 960E  17 
-.-1-4  Z4  Q 4.7553  5  22  0  28  7703  6 E  17 

•  6 141 02779 30  1 4694 85 85 3E  16 
•273010742754822367001E  16 
. 124934187995900039288E  16 
•58 7662774 161686865432E  15 
.  28 37 5354 2 36 3377502 893E  15 
.  L4H46791J.690914787537JE.  15 
. 712073997036399275432E  14 
•369237058 1375923 50 778E  14 
. 195643721022054371310E  14 
• 1058233b9519819948278E  14 
•58378328 6 300 7298 38475E  13 

328169 1612366551 14695E  13 
•187829193562205186 69 7E  13 


1 


) 


S' 
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Table  B-3  (Cont‘d) 

THE  AIRY  FUNCTIONS  (O.OOl  <  7  <  O.lOO) 
(1/x)  Ai  (x)  Bi  (x) 


0.080  .239682782607804993681E- 
0.081  .4.1 4179180248762  7410C8.E- 
0.082  • 7C395 22 72592320827752 E- 
0.083  .J  l 77616655548 7U568585E- 
O.O84  .  194C24489084984085448E- 
O.O85  .34  5  0  4  4  6 1 367  8  94  2  8  6457  4£- 
0.086  .50443/4 874539834 06 6S9E- 
0.087  .796904 12384C93 1864 865£- 
0.088  • 1242 794 84 5693 02524896E- 
0.089  . 194428692225 79 94C934Q£- 
0.090  • 29 l 36505932 3629 3663CCE- 
0.091  .4  384  187  3C97949159C4  76E** 
0.092  .652455055 188680 163687 E— 
0.093  •96073042387386831 147QE- 
0.094  .140C27371677518759019E- 
0.095  *20209 134 3658 702 13 122 LE^ 
0.096  .2889090756674 l 2502784E- 
0.097  .409262066 194 4995 796S6E- 
0.098  • 574658 703684 5802 4 1021 E- 
0.099  .8C0C5827769078545C579E- 
0.100  •  1104 7532552898 6 859354E 


13  .187829193562205186697E  13 
13  . 1093730965042 18355772E  13 
13  .647472505108678947 116E  12 
12  .38 93 983597843793 39 714E  12 
12  . 237762594367360676 178F  12 
12  .  14  729883 102  4  328-82  239  OE  12 
12  .925 34 8367031405238 54 8E  11 
12  .589139949888266753300E  11 
11  .  379934 192624903466277E  11 
11  .248059612412914477204E  11 
11  . 163890399534411438215E  11 
11  .  iC95224i2252059l875i7E  11 
11  . 73997395 182226368551 9E  10 
11  .505259864170708644 19  IE  10 
10  .  348519955909064472880E  10 
10  .242  76  363  7538500222  579E  10 
10  .170708359875517152212E  10 
10  .12 1134  16240466  7-382 622£  10 
10  . 86 7 l 360926908950 1292 7E  9 
10  .62601 1306649738338512E  9 
-9  .455641 153548225140835E  9 
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U/x) 

0*001 

0*002 

0*003 

0.004 

o#oo3 

0*006 

0,007 

o.oofl 
0*009 
0*010 
0*011 
0*012 
0*013 
0*014 
0*013 
0*016 
0.017 
0.018 
0*019 
0*020 
0*021 
0*022 
0.023 
0.024 
o#  025 
0*026 
0.027 
0*028 
0.029 
0*030 
0.031 
0.032 
0.033 
0.034 
0.033 
0.036 
0.O3Y 
0.038 
0.039 
0*040 


Table  B-4 

DERIVATIVE  OP  THE  AIRY  FUNCTIONS  ( 0*001  <  |  <  0.1 00) 


Ai'<x) 

294313391 791033556947E-9 155 
-.12 1673855855 3658 17945E-3236 
1 14751 848483867295165E- 1761 
3832 19596064204652518E-1 144 
-.1 29463235922 188230280E-8 18 
10895787402 7362 158564E-622 
-.42278529685 7667304437E-494 
-.221 143724756057205 190E-404 
-.  7256356 1 7044024895672E-339 
-.2635 14036 160440990479E-289 
-.  955868073726  70387432  IE-251 
-.47644442 1498503581 523E-220 
-.  38718803509 1644490679E-195 
-.134970749430353308475E-174 
-.20253794842 14 18344109E-1 57 
-  .69372446 54 6794 9295872E- 143 
-.  186173600582C144  30403E-130 
-.99 1656 46 3286670803678 E- 120 
-.2 13736 38 96 007577192 56 E-l 10 
-.  32443318 1982879928376E-102 
-.53681 120 1667025962536E-95 
-.1371939521447820775316-88 
-.717 3 7850 54 54 632665636 E- 83 
-.9649361 547934204 11866E-78 
-.403001 797760067803252E-73 
-.6107869669455878120186-69 
-.382634048014761 128079E-65 
-.  110540530879865367826E-61 
-•161556843436399897723E-58 
-.  12925 1 195868075 73348  IE-55 
-•  60556  25  7  32  8  606  7  74  9  90  3  E- 5  3 

—  •  1760 838083059086 1 8789E-50 
-. 33413622259452125015  IE-48 
-. 4322293793285685 11469E-46 
-.395928193559257603049E-44 
-.265523901 1566244037 ilE-42 
-.1342459201 7799798 1804E-40 
-.  525094020680003857 333E-39 

-  •  16257452556622606732  IE- 3 7 
-. 406608933724328 100332E-36 


Bi'(x) 

♦  17 1005 5 1 146246 1529 197E  9157 

•  292487871436271 18 1403E  3238 
•25322 105368 1685407282E  1763 
•656662810523992184636E  1145 

•  17 38 5 5 590 184 728 749 853E  820 

•  188575759343950813137E  624 
.449 9 364 7 70 755289 54 27 IE  495 
•804637871235991751959E  405 
.23119594691 1369024353E  340 
.60397 12 745 3 106029754 IE  290 
. 158754376383094731660E  252 
• 304941897329927950690E  221 
. 360 5 1747 3202482920 175E  196 

•  9965892398 3 3852660034E  175 
. 6416050520 15505629262E  158 
.  181373043312667457539E  144 

•  65565760979540 12 2697 7E  131 
•l 19625035 100523868843E  121 
•54021 19792 1061 2 599290E  ill 
. 346 87987 7 9 5459767376 IE  103 

•20459171 1175979 14 3285E  96 
•78211895731 24 2093 5700E  89 
•146287324752663923608E  84 

•  10646690231 1600864725E  79 

•  249770  796 8 1706968 81 03E  74 
. 16 16002 49 27678842 0967E  70 

•  25 3 1353320308 17950335E  66 
. 8604 3 384384 5897 57 3295E  62 

•  57 848680 366469 773 88 97E  59 

•  7 1092267936702 1066501E  56 
*149271682670983592763E  54 

•  505268945 396998064963E  51 

•  2622021 1385 7 394864991E  49 
•19969291447 1756014262E  47 
•214864965 144589 735634E  45 

•  315908148332784099759E  43 
•6 163 3 00 7 5 22 09206941 93E  41 
• 155464122343726435955E  40 
•4957 l 2 30 14403 51 9248 33E  38 
• 195707350832333089799E  37 
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Table  B-4j.  (Cont»d) 


DERIVATIVE  OP  THE  AIRY  FUNCTIONS  (0,001  <  ±  <  0,100) 


♦ 


* 


* 


(l/x)  Ai'(x) 

O.Oij.0  -,40660893372i|.328l00332E-36 
O.Oijl  -.836520656030999501490E-35 
0,0^2  -.1438733 13502 102 127459E-33 

0«0i|.3  -.  209  8  8  665  8  8  95  7  7  3666  5  LLE- 32. 

0,0i|4  -.263115971 04  0898316521E-31 

O.Olj.5  -.286788394877879066203E-30 
0,04.6  -.27467 9623199388457299E-29 

0,047  - -233400808761588565766E-28 

0.048  -. 1 77485056205858865  30  IE-27 

0.049  -.121739778019382776126E-26 

0,050  -.758639 1 625748354955 32E-26 

0,051  -. 43233 1386065965277338E-25 

0,052  -. 2266619087 10396795843E-24 

0,053  -. 109926456337716099708E-23 

0,054  -.4956463 16356907151 508E-23 

0,055  -.20873 42 19222657938 34 7E-22 

0,056  -.824542724209578535902E-22 

0,057  -. 3067121 30747167603616E-21 

0.058  -.1078241 78779839298745E-20 

0,059  -.35943364 30 1507466242 IE- 20 

0.060  -. 1 13967 3046498057 506 79E- 19 

0,061  -.344702 04 191C845990034E-19 

0,062  -.9971 5488969 1565566807E- 19 

0.063  -.27657 16622 l C435567480E- 18 

0,064  -.737182625985756728025E-18 

0,065  -.18923096 84 7513474 00 29E-17 

0.066  -.468730692292082990727E-17 

0.067  -.  112247Q99541537374JQ5£rli1_ 

0.068  -.2 60 315918887213916595 E- 16 

0,069  -.58560467 15798151 36725E-16 

0.070  -. 12798 10758341 796 18974E-1 5 

0,071  -.2721084100 14686783922E-15 

0,072  -.56360 1637930054 770 183E- 15 

0.073  -.  11386234Q2575360Q8467E-14._ 

0,074  -.2246343 1302 1885829049E-14 
0.075  -. 4332516530842 19100980E-14 
0.076  -.81775682607 17941 158 13E-14 

0.077  -. 15 1200 52470 9278 80005 2 E- 13 
0.078  -.27411 2268252 120952532E- 13 

0,079  -• 48767 199439 55 52Q91856E- 13  . 

0,080  -.8521 34656467 385644268E- 13 


Bi'  (X) 

.195707350832333089799E  37 
.93 96042 76 72 50602864 15 E  35 
•539769325536328610677E  34 
■3656733 21 7 380 5 72252 31E  33 
. 28836 23 0487 87 26660861 E  32 

•  26160355530 10649 14460E  31 

•  2701 50 342 75 24654061 74E  30 
•314527758160566859537E  29 
.409286302457679941042E  28 

..59Q57955Q672295932092E  27 
. 938183933613396435559E  26 

•  16 3006 78090 19 5 767 1120E  26 
.30791 1957178197226310E  25 
.6288 7 7 1-5 506226684 1845E  24 

•  1381 7720448 15899728 39E  24 

•  325 1092460124 10064063E  23 
.81 5635765383640605797E  22 
•217337239578195 05 7447E  22 
•612874325497683676482E  21 
• 1 822870753459433742 14E  21 
. 5 70090 3 5665 42 3 3 0819 80E  20 

•  1 869 346 3699646 30892 85 E  20 
•64097 192 121 335678 1391E  19 
•2 292 54 78 199943 3071 5 39E  19 
. 85335 57686445932783 77E  18 

•  329871 7532062540533 15E  18 

•  1321 592 10163026922405E  18 
-*5AU45732L13.890684967E  17 

. 23444 1 79987486 1 94 847 5E  17 
•103456983669735143542E  17 
.46 99944547845370242 08E  16 

•  219490 1 078 1408006 3522E  16 
. 105231590774304032721E  16 
•5  L7298945198389594740E  15 
•2604291 7 1626737963428E  15 
. 134124815 92 7197217245E  15 
•70590684942 1 17 164042 IE  14 
•379295802380124172224E  14 
.207873 53699019 1964063E  14 
-•  11609990  304 13 17726 155E  14 
.660264868 13 6429539267E  13 
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Table  B-lj.  (Oont*d) 


DERIVATIVE  OP  THE  AIRY 


FUNCTIONS  (O.OOl  <  7  <  O.lOO) 

•A. 


(!/*)  Ai;  (x) 


Bi'  (x) 


0,080  -.8521 3^65646 738561|4268e-1  3 

0.081  14  6  354  75558  366  7  72  7203  E- 12 
0»082  -. 24725342 880217 3484712E-12 
0«083  -.41 116498656935 1596034E- 12 
0.084  -.673462750454590197180E-12 
0.085  ICC7 1 887673 1495257 755E-11 
0.086  -. 1730798 12775502557 116E- 11 
0.087  -.27188228 02 70428414382E-11 
0.088  -.421637245777368617479E-U 
O.O89  -. 64586 169740292 8647589E-11 
0.090  —  .9776661 73457 18 10 14304E-1 1 
0.091  — • 146 31 534 7787940 39 598 5E- 10 
0.092  -.2165835665906 34 897483E-10 
0.093  “"•  31 72  3 1 603  94  8  524  590943  £-10 
0.094  ”• 459952704428099 14 7495 E- 10 
0.095  *“.6603863508 14962365078 E- 10 
0.096  -. 9392603378255920 19538E- 10 
0.097  — • 132380646401629340827E  -9 
0,098  — , 18495006938 18 56421 7 38E  -9 
0.099  -.25621 84 39240527352727E  -9 
0.100  -.352 06 336767 38 92 3635 3 3E  -9 


.660264868i36ii29539267E 

. 382 05 000 5 569 3602444 12E 
•2 24 759682 43967422 33 76E 
.  1343416C7744334080985E 
•815286957702759259337E 
.  50205032807418 1791250E 
.3135 1905439086762701 IE 

•  198434376832673 2428 52E 

•  127225728  50  75  94 10  36  72E 
.82588290 1959071 354759E 
•542548879304808233160E 
.360526995364261 165995E 
.  242229234423285 103867E 

•  164484734880062291083E 
.  1128402 168971243171 57E 
.  7817692 17261657434957E 
.  546782042248 172793551E 
•38 594 2680 80 59626 74046E 
.  274829224 136809255301E 
•1 97378 39023714031221 3E 

•  1 4  292  36 13  448  2  8  65  7  76  92E 


13 

13 

13 

13 

12 

12 

12 

12 

12 

11 

11 

11 

11 

11 

11 

10 

10 

10 

10 

10 

10 
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Table  B-5 

THE  AUXILIARY  FUNCTIONS  Q(x)  AND  M(x) 


1/x  Q(x) 

O.OOl  UOOCOOOC00156250QOQ18E 
0.002  .ICOOOOOOU12500;)001151E 
0.003  .1C0C0G900421875013111E 
O.OOU  .1COC00001000003073666E 
0.005  •1CQG00001953125281016E 
0.006  . 100000003373000839 110F 
0.007  .1CQG0G0G53593771L5925E 
0.008  .lCOC03008CC00047l46fl3E 
0.009  .1COCCOO 11 390634 5 5802 9E 
0.010  .1C0000015625017985152E 
0.011  .1000000207 9 6 90b861868E 
0.012  .  1C000002700C053703652C 
0.013  .1COCOG034328211811625E 
0.01U  .1C0009042875H5421512E 
0.015  .1C000C052734579865645E 
0.016  .1COC00064000301747351E 
0.017  .1C00CC076766C59129795E 
0.018  .100000091 12561 l 7358C5E 
0.019  .100000107172721 1621E IE 
0.020  .1C000C1250011511Q6382E 
0.021  . 10000014470466 7 606317E 
0.022  .  100000 1663  770 3929 3  1 29F. 
0.023  .  1C0C00 190 1120376 5699 7E 
0.02k  .IC0CCG216003447325953E 
0.025  .1C0C602441 4 501635773 3£ 
0.026  .  ICOCC02746  3C556544669E 
0.027  .1COGOC30'553843731641E 
0.028  .1000003^  3008668 14 708 8E 
0.029  .lCOCC03810d8824747ii7£ 
0.030  .  IC00004218881135727CCE 
0.031  .1C000046550C340119999L 
0.032  .100000512019315723819E 
0.033  •  1000005615 18857954225E 
0.03k  .10000 06141527 9 1026337E 
0.035  •  ICOO 0066995494622 3 3  17E 
0.036  .1C0C007290391623326C1E 
0.037  .1 GOO 00 791499 285093361E 
0.038  .1C00Q08574291 ,26b9266E 
0.039  .100C0C926922686104541E 
O.OiiO  .1COOOIOOOC7369983337CE 


M(x) 

1  . 100000000015625000056E  l 
l  .  100000000125000003609E  l 
1  .100  00  00004  2187504H13E  l 
1  . 100000001C00000231000E  1 
l  .  1 0000 0001953125881 196 E  l 
l  .  100000003375002631240E  1 
L  .  10000000535938 16350 15E  1 
1  .  100000008000014784087E  l 
1  . 10000001139C654971655E  l 
1  . 100000015625056397133E  1 
1  .  10000002079697491134,  c  1 
1  . 100000027000168402346E  1 
1  . 100 OG 00 3432839722 194 2E  1 
1  .  100000042875424652772E  1 
1  . 1000C 005273 50 17416161E  1 
l  •  100000064000946220613E  1 
1  .  100000076766986351022E  1 
1  .  10000C091126918298641E  1 
1  .  100000107174528431798E  1 
1  .  100000125003609707426E  1 
l  .  100000144707962423421E  1 
1  .  100000166381395011878E  1 
1  . 1000001901 17724873253E  1 
1  t  1000C0216C10779251488E  1 
1  .100000244154396150167E  1 
1  .100000274642425289761E  1 
1  .  100000307568729106018E  1 
1  „  100000343027183789578E  l 
1  . 100000381111680366893E  1 
1  .  100000421916125822523E  1 
1  .  1C0000465534444262914E  1 
i  .  100000512060578121740E  1 
1  .  100000561588489406924E  1 
1  .  1000006142121609894466  1 
1  . 100000670025597934050E  1 
1  . 100000729122828871994E  1 
1  .  100000791597907415950E  1 
1  .  100000857544913617234E  1 
1  . 100000927057955465431E  1 
i  .  100001000231170430956E  1 
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Table  B-5  {Cont'd) 

THE  AUXILIARY  FUNCTIONS  Q(x)  AND  M(x) 


!/x  Q(x) 

O.OUl  * 1C0001076976C97172676E 
0.01*2  .  IC000115772377184C30CE 
0.01*3  .1CGC01242410628A84.637E 
0.01*1*  .IC0C01331130583227746E 
0.01*5  .1C0CC1423977564221988E 
0.01*6  .1000C152104551222C230E 
0.01*7  .1C0001622428381159664E 
0.01*8  .1000C1728220138759274E 
0.01*9  .1C0C01338514767131C25E 
0.050  .  1000019534062634048C5E 
0.051  . 1C0002072988640367171E 
0.052  .1C 0002197 3 5592711 3 984E 
0.053  .1C0CC2326602169716955E 
0.051*  .1C0C02460821431904  192E 
0.055  .1C0002600 107795754 7 9 0£ 
0.056  .  IC00C7744555362407559E 
0.057  .100002894258252783924E 
0.058  . 100C03049310t083251CCE 
0.059  .1CCC032C98065917436C1C 
0.060  .  10000317584C387739166E 
0.061  .  ICOC03547506204029187E 
0.062  .  100003724898271643716E 
0.063  *100003908 110846235 14 5E 
0.061*  .1C0004097238208652650E 
0.065  • IC0004292374665831492E 
0.066  .IC0C04493614551647276E 
0.067  . ICGC04  7C 1 05222  778526  IE 
0.068  .1C00049147820C4624848E 
0.069  *10000513489854213933  IE 
0.070  .  lG00053fcl4960508U034E 
0.071  . 1C0005594669C92561968E 
0.072  .IC00058345121817GQG96E 
0.073  *1000060811198658B1372£ 
0.071*  .ICC006334586727087645E 
0.075  *100006595 00 738262C598E 
6. 076  .1C00068624764861H837E 
0.077  . 100007 13708872U549292E 
0.078  *1COC07418938839320064E 
0.079  •100C07708121587269889E 
0.080  . 1000C8004731781779364E 


M(x) 


1  • 100001077158727049547E  1 
1  . 100001157934826551341E  1 
1  • 100G01242653704530862E  1 
1  . 100001331409632662665E  l 
1  •  10000 142 42969204590 17E  1 
1  . 100001521409917071965E  1 
1  . 100001622843013139332E  1 
1  . 100001728690642674998E  1 
1  . 100001839047285003697E  1 
1  . 100001954007466740617E  1 
1  . 100002073665763816092E  1 
1  . 100002198116803545646E  1 
1  . 100002327455266745739E  1 
1  • 100002461775889895509E  1 
1  . 10000260 11 7346734485 OE  1 
l  . 100002745742853569192L  l 
1  • 100002895578965471325E  l 
1  .  1C0003050776784730674E  1 
1  .  100003211431360200396E  1 
1  .  !00003377637ttl0352735E  1 
1  . 100003549491 325773059E  1 
1  . 1G0003727087171703020E  1 
1  . 100003910520690633315E  1 
1  . 100004099887304946525E  1 
1  . 1000042952825 196 10 546E  1 
1  .  100004496801924923122E  1 
1  . 100004704541199308041E  1 
1  • 1000049185961 12163 54 8E  1 
1  .  100005139062526763575E  1 
1  . 100005366036403212376E  1 
1  . 100005599613801453231E  1 
1  • 1000058 398908 84331 85 3E  1 
1  . 10000608696392 07 151 8 3E  1 
1  . 100006340929288666294E  1 
1  • 100006601 883478676 125E  1 
1  . 100006869923096952806E  1 
1  . 100007145144868769375E  l 
1  . 100007427645641870690E  1 
1  • 100D07717522389940402E  1 
1  . 100008014872216128844E  1 
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Table  B-5  (Cont'd) 

THE  AUXILIARY  FUNCTIONS  Q(x)  AND  M(x) 


1/x  Q(x) 

0.081  .10000830886427 3857112E 
0.082  .IC000862061395725C052E 
0.083  .10000394007576 9 5 7G951E 
0.081;  . iC0009?67344693443436E 
0.085  •1C0CC9602515757664670E 
0.086  .1CQCC9945684039385371E 
0.087  .10001C29694466031C877E 
0.088  . 100C1C656392797912979E 
0.089  .1COC1102412367667C224E 
0*090  .1COC1  14C023257431941  IE 
0.091  .1C0011784814822129021E 
0.092  .1C0012177965806191299E 
0.093  .1C0012579780968733760E 
0.09U  . 1C001299035580945C339E 
0.095  •1C0C13409785886852483E 
0.096  .1C001383816681964C421E 
0.097  . 1000  1427559428809492  IE 
0.098  . 100014722164035489803E 
0.099  .1C0C15177971869525513E 
0.100  . 1C00 156431 1366378407  IE 


M(x) 

1  •  1000083 1979235664278  IE  1 
1  . 100008632380184397938E  1 
1  . 100008952733212735298E  1 
i  .  100009280949099202189E  l 
1  . 10000 96 17 12 5649 39 920 6 t  1 
l  .  100009961360820894065E  1 
1  .  100010313752727203523E  1 
1  . 100010674399641844529E  1 
1  . 10001 104 340C002455837E  1 
1  . 10C011420852414991324E  1 
1  . 10001180685565798635CE  1 
1  . 100012201508686898484E  1 
1  . 1000126 04 910638524034E  1 
l  . 100013017160835491826E  1 
1.  . 10001 34 38358790835738E  1 
1  . 100013868604212647687E  1 
1-  •  1000 1430  799  7008  8 12  31 OE  L 
1  . 100014756637291825713E  1 
i  •  1000 152 146 253 8 3699355 E_  1 
1  . 100015682061820951333E  1 
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Table  B*»6 

THE  AUXILIARY  FUNCTIONS  P(x)  AND  A(x) 


1/x 


P(x) 


A  (x) 


0.001 

0.002 

0,003 

o.ooL 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 

0.011 

0.012 

0.013 

o.oil* 

0.015 

0.016 

0.017 

0.018 

0.019 

0.020 

0.021 

0.022 

0.023 

0.02U 

0.025 

0.026 

0.027 

0.028 

0.029 

0.030 

0.031 

0.032 

0.033 

0.03U 

0.035 

0.036 

0.037 

0.038 

0.039 

O.OliO 


.9999999997812499997636  +0 
.9999999982499999847626  +0 
. 99999999409 37498264 12E  +0 
.999999984999999024668E  +0 
.99 9 99 9 97265624627 9 398E  *0 
.9999999527499388903306  +0 
.9999999249687219855356  +0 
.  9 99999 8 8 7 99993  7 5  7 4  {>  -  +0 

•  9  9  9999840531123  4  5. >  438  E  «-0 

•  99999978 1 249761 1  j,016  +0 
.9999997088433231  55009E  +0 
. 99999962 1999? 08974 20 3£  +0 
•9 999995 19405 1C06315C4E  +0 
.9999993997482070470326  +0 
.9999992617160376234736  +G 
•99 9 9 9910 3 9 960049 3 07 9 5E  +0 
. 9999989252755022 19 275E  +0 
.9999987242419007607586  +0 
.999998499582547018097E  +0 
.9999982499847590427076  +0 
.9999979741358263001186  +0 
.9999976707230003234726  *0 
.  9999y73384334971948236  +0 
.9999969759544908541516  +0 

•  99.999658 197  3 10983594  9E  +0 
.9999961551764332332546  +0 
. 9999956 9 42514864889436  +0 
.9999951978852370141716  +0 
•9999 3 46647645896337 3 5E  +0 
.9999940935763818581866  +0 
.9999934830073789824816  +0 
.9999928317442690109356  +0 
.9993921384736574082646  +0 
.9999914018820614764116  +0 
.9999906206559057569436  +0 
.9999897934815142586686  *0 
. 9999889 19045 1065 1017 9E  fO 
.  99 998 79960327904 37029E  +0 

•  999987023130556263 119E  fO 

•  9999859990242 70035987E  ♦ 0 


•  99999999978 1249999335E  40 
.9999999982499999573456  +0 
•9999999940937495141 19E  +0 
. 9 9 99999 85 99 999 7 2699 99E  +0 
.9999999726562395858656  +0 
•99999995274 9968903522E  +0 
•999999924968671586191E  *0 
•99999 98 879998252790 2 7E  +0 
•99999 984053089578 96 8 8E  +0 
•99999978124933 3488841E  ♦O 
•999999708842569230569E  *0 

•  9 9999 962 1 99 8009 79 2 5 66E  +0 

•  9999995 1940 3032 8 36006E  +0 
.9999993997449813849356  +0 
.9999992617111578250096  +0 
•999999103988817421381E  +0 
.9999989252651613555026  +0 
.9999987242273292805206  +0 

•  999998499562391 3950 15E  ♦O 
.99999824995  7340 034663E  +0 
•99999797409°080781451E  *0 
.9999976706744230899796  <-0 
.9999973383700704303476  ♦ 0 
. 999996975872609947070E  *0 
•99999658 186850 16334 19E  +0 
•999996155044067020506E  +0 
.9999956940854773803666  ♦ 0 
.9999951976787414422856  +0 
.9999946645096926214576  +  0 
.9999940932639757590696  ♦O 

•  999993482627Q33372800E  * 0 
•999992831284091416637E  *0 
•999992 1379201 44 54 8874E  +0 
. 9 999 9 l 40 12 l 994090 7028 E  +0 
.9999906198679663883346  +0 

•  9 9998 97 9 2 54 8 42 84344 60E  ♦O 

•  9 999889 17 94 52 39 3 1 8845 E  +0  . 
•99998 7994 74 1998 93 5 149E  +0 
.9999870216219770850506  +0 
.9999859972680952636356  +0 
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Table  B-6  (Cont'd) 

THE  AUXILIARY  FUNCTIONS  P(x)  AND  A(x) 

*/x  P(x)  A(x) 

O.OUl  .99 9984922 399666975574E  +0  . 999984920362907940443E  >0 


0.0l*2  .999983791942344646042E 

0.0U3  .9999826063377559502538 

O.OUi  ,99990 l 364271201 94639CE 
0.0l*5  .99998Q064427824486290E 

0.0U6  . 999978 7054925986749 16E 

0.0U7  .9999772861503251 50509E 

0.0U8  . 999975805085622 184 793E 

0.0l*9  . 99997426098291 760268  IE 

0.0^0  .999972652526440520869E 

0.051  . 9999 709784002 12904628E 

0.052  . 99996923728804094222  IE 

0.053  . 99996 7427873506236 100E 

0.05U  . 99996554 88399566 103C2E 

0.055  .9999C3598870497933150L 

0.056  .99996  157  6  64  79827  5456  5E 

0.057  . 999959480855002757079E 

0.058  .99995731 0173878019724E 

0.059  . 999955C63286647293918C 

0.060  .9999527308750578903585 

0.061  . 999950 3 35620555375988E 

0.062  . 999947852204273080026E 

0.063  . 99994 52 8 730702 140800 3E 
0.061*  .9999426396092769626946 

0.065  .999939907791171470880E 

0.066  . 9999 3 7090532480 5 1468 3E 

0.067  . 999934 186512612066333E 

0.068  .999931 194410594825075E 

0.069  • 999928 L12905066354908E 

0.070  .99992494C6742610218C8E 

0.071  .9 9992 16 7639599 772 905 BE 

0.072  .999918318747667449212E 

0.073  •  999914866406220551 184E 

0.07U  .999911318048153920 960E 

0.075  .9999076/2349^978742598 

0.076  .9999039279858028595566 

0.077  . 999900083632 125949694E 

0.078  . 999896137963017120339E 

0.079  . 9998920896525053 1342 8£ 

0.080  .9998879373740842837528 


+0  • 9999837895885833341 84E  40 
40.  .999982603626883678980E  *0 
♦0  .999981361 159 144 9799 42E  +0 
+0  • 99 9980060 8662 562 5 56 65E  *0 
+0  .99997870 14286382652 16E  4 0 
+  0  .99997728 152622171 7001E  4-0 
+0  .999975799838424956775E  *0 
♦0  .999974255044131 131941E  ♦O 
+  0  •  99997264582 1664 8291 40E  4-0 
+  0  .9999709708487681 8 1979E  4-0 
40  •  999969 22 8 802 5 7644 56 38E  4-0 
40  •  9999674 18 359593 03488 7E  4-0 
40  • 999965538 19566402 19 59E  40 
40  •  999 96 3 5 869 8 59 5 2 09048 3E  4-0 
40  • 99996 156340490994 16 52E  40 
40  • 999 9 594 66 12625 31 484 28E  40 
40  .99 99 5729 382 29 3245362 8E  40 
40  .999955045 167105 50 742 7E  40 
+  C  . 9999527 18830 108039642E  40 
40  .99995031 348 24? 446 20 24E  40 
40  .999 94 78277936578955 42E  40 
40  • 9999452604324996 1745 7E  40 
40  . 9999426 1006 669792 2 7 84E  40 
40  • 9999398 7 5 36 30 2 6 394 5 20E  40 
40  .99993705498725 15767 97E  40 
40  -  .999934147604100044881E  40 
40  .9999311 5 187 72 2486 57 35E  40 
40  ■ 9999280664691 7 1442600E  40 
40  • 99992489004 1342 7 36763E  40 
40  . 99992 162 125396385953 8E  40 
40  • 9999 182 58 766046 02 7092E  40 
40  • 9999 1480 123 53498 705 29E  40 
40  .99991 1247318348093406E  40 
40  .99990 75956 70 18 746848 IE  40 
40  • 999903844944650 1652 58E  40 
40  .9998999937941 14399 54 3E  40 
40  • 9998960408695 l 4 39 5929E  40 
40  .999891984820299653770E  40 
40  • 999887824294393506908E  40 
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Table  B-6  (Cont^d) 

THE  AUXILIARY  FUNCTIONS  P(x)  AND  A(x) 


1/x  P(x) 

0.081  . 999883679800698226639E 
0.082  .999879315 60 4727184817E 
0.083  .9998748434579722322686 
0.08L  .9998702620316404329616 
0.085  . 9998655699 96 329572263E 
0.086  .999860766022012658626E 
0.087  .99985 '848778022193292E 
0.088  .999850316 >^30342054606 
0i089  .99984566 9 1550 52050419E 
0.090  .9998404041113899680456 
0.091  . 99983502C468656398894E 
0.092  .9998295168927370551746 
0.093  .9998238920487777436406 
0.09U  .9998181446011669374646 
0.095  .9998 122732 135 18C 94 02 8E 
0.096  .999806276548651715396E 
0.097  .9998001532685771482426 
0.098  .9997939020344741198156 
0.099  .99978 752 1506674006439E 
0.100  .9997810103446408309536 


A(x) 


+0  . 999883557938150966977E  +0 
♦0  .9998791 8439 6315 83 98 38 E  ♦O 
+0  .999874702311977 104244E  *0 
+0  .9998701 1032652454 14 76E  ♦O 
+0  . 99986 540 7079603604250E  *0 
♦0  .99986059 1209069 51 28 10E  *0 
♦0  .999 8 5 566 13509 40 5656 72E  +  d 
♦0  .9998 506 16 13935065 1963E  *0 
+0  .999845454206500951917E  *Q 
♦0  .9998401741826 1081 1572E  tO 
♦0  .9998 3477469 58677771 08E  *0 
♦0  • 99 9 8 292 54372 3 76 7 7 38 79E  *0 
♦0  .99982361183610841 45 28E  «• 0 
+0  .9998 1 7845708846420022E  *0 
+0  .99981 19546101 34136862E  +Q 
♦0  .999805937157220 133072E  +0 
♦  0-  .99979979 196 500 2 8549 35E  *0 
♦0  .9997935 1764 59 74 32 571 4E  +0 
♦0  .9997871 128 10 162866937E  *0 
+0  . 999 7 80 5 7606 50 7482 2044E  *0 
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Table  B-7 


THE  AUXILIARY  FUNCTIONS 


R(z)  AND  S(z)  FOR  O.OOl  <  |  < 
z  =  \  x-3/2 


0,100 


1/x 


R(z) 


S(z) 


0.001  .9999967060443169741546 

0.002  .9999906837184048070466 

0.003  .999982885925363675993E 

O.OOl*  .99997365303  1312582 062E 
0.005  .9999631819599442053C0E 

0.006  .999951605742188634 138E 

0.007  .999939C22171776845389E 

0.008  .999925507131627377127E 

0.009  . 9 999 11 12 17693533 3255 8E 
0.010  .9998959 16755744953029E 

0.011  • 999879 934995274825762E 

0.012  .9998632134452231  3  6  2  6  8  £ 
0.013  .999845784388469026646E 

O.OlU  .9998276763544857548456 
0.015  .9998089 14 8045 33461 256 E 
0.016  .9997895226534484894706 

0.017  .9997695206 7497 J5254C4E 
0.018  . 9997489278 22066 802836E 
0.019  .99972 776 14 83836496226E 

0.020  . 9997060 37694367636820E 

0.021  .9996837713044 3^ 716 9 76E 

0.022  .9996609761242072621336 

0.023  .999637665042867553095E 

0.02U  .999613850129878920813E 

0.02$  .9935895427212332992191: 

0.026  .  9  9  9  5  6  4  7  5  3  4  9  3  506 IS 80  34E 
0.027  . J99539492527824228122E 

0.028  .9995 1376936544 9 37PH83E 

0.029  • 99 9 4875930 56341 7 7 13 14E 

0.030  .999460972201801646059E 

0.031  .9994339 1499208749975 3E 

0.032  .99940642923974658 1074E 

0.033  .999378522409 26 6259964E 

0.03U  .999350201 64 3552427022E 

0.035  .99932147378765350033  6£ 

0.036  .  9  9  9  2  9  2  3  4  5  4  1  0  1  2  1  4  7  8  8  8  7E 
0.037  »999262822fi2220659175CE 

0.038  .9992329 12 09 5316909374E 
0.039  .99 92026 190 7 6 786 8802 4 9£ 

O.OUO  .999171949A04247669120E 


+0  • 100000329412278372087E  1 
♦0  . 10U000931761840078586E  1 
+0  . 100001711858635049952F  1 
+0  . 1C00026357663I3425321E  1 
+0  . 1C J0036838927651o3G54E  1 
+0  . 1C0004343035158859894E  l 
+0  . 1000061035143830020806  1 
+0  . 1000074578424081 19226E  1 
+0  . 1C00099000047363071C9E  1 
+0  . IC0010425034553319610C  1 

♦  C  • 1000120287416783552 16E  1 
♦0  . 1000137C7530651981104E  1 
♦0  . 100015458273457413725E  1 
♦0  . 100017278217421491346F  1 
*0  .1000191649166959229766  1 

♦  0  .1000211161800789239816  l 
♦C  .1C002313C030482812003E  1 
♦0  . 10C025204672903738393E  1 
♦0  . 10C027338468728943126E  1 

♦  0  • 10C0295299 14854 799589E  1 
♦0  . 10C031777626515832827E  1 
♦0  . 100034080323017483321E  1 
♦0  . 10C036436815770198081E  1 
♦0  . 10C038845998168506899E  1 
♦0  • 1C 004 13068 36964 71 524 2E  1 
♦0  .1000438183648648976756  1 
♦0  .100046379674 1331 7 8612E  1 
♦0  . 100048989911034380515E  l 
♦0  .1C0051648270978867275E  l 
+0  . 100054353994259506906E  1 

♦  0  ..  1CC057 106362291062J29E  1 
♦0  . 100059904694278389205F  1 
♦Q  . 100062748344252589558E  1 
♦0  . 100065636698424505633E  1 
90  . 1000685691728131963456  .1 
♦0  . 1000 7154 5211113752580E  1 

♦  0  •  10CQ.74564282774296520E  1 
♦0  . 100077625881256578545E  l 
90  • 1C0080729522457925512E  1 
90  • l 000 8 38 74 74 3 2 76 802 9 7 5E  l 
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Table  B-7  (Cont*d) 


THE  AUXILIARY  FUNCTIONS  R(z) 

z  = 

l/x  R(b) 

O.Ola  *999140908518726127682£ 
0.01*2  .999 IC950 167661 7  B85035E 

0.01*3  #9990  777339606  52577013E 

0.01*1*  .9990456 1028996758733  IE 

0.01*5  *999C  13 13542936536260  IE 

0.01*6  *998980  3 1399785295  7987E 

0.01*7  *998947 15047652473C2C0E 

0.01*8  •998913649215854  668101E 

0.01*9  *9990798  14442453594  9 16E 

0.050  *9938456502653406  947  7  IE 

0.051  *9988111 60 68177 3 32 504 3£ 

0.052  , 998776349 5826 74 3291 20E 

0.053  .998741220757691878780E 

0.051*  ,  9987057778999232277C7E 

0.055  *  9  9  8  6  7  0  0  2  4  6  1  0  3  3  0  5  4  5  8  9  C£ 
0.056  *99663396440 18741644 96E 

0.057  *  9  9  8  5  9  7  6  C070338u072953E 
0.058  *998560936863204  280 17HE 

0.059  *998523976  15258670  3  788E 

0.060  .99  84  86  721768921488180  If 

0.061  .998449 17683874910253CE 

0.062  *9984 113444206 101 84  098E 

0.063  . 9983732275077318 3348 8E 

0.061*  *9983  34  8290  3  056  3  96  90C5E 

0.065  •9582961518691763362C2E 

0.066  *99825719880552587097  IE 

0.067  •  9  982-1 7  9  72  62  5  60  3  30 123  7£ 

0.068  .998178476021467143016E 

0.069  *998138711643172  58  0217E 

0.070  *  9  9  8  0  9  8  6  8  2  0  9  0  6  0  2  1  2  0  0  2  8E 

0.071  *998058  3899 15204  372 18  3£ 

0.072  .938017837621646803113E 

0.073  •  9979770276693878748 10£ 

0.071*  *997935 162474173559859E 

0.075  • 99789464440946285585 8£ 

0.076  . 99 785307580 7786585474E 

0.077  .  9  9  7  8112  5  8  9  6  2  0  4  3  4  4  8  1  25E 

0.078  *99  7769 196  12673  70 14 349E 

0.079  *997^268895 1915708 5846E 

0.080  *997684  341 320508607669E 


AND  S(z)  FOR  0*001  <  4  <  0.100 

\  x-3/2 

S(z) 

♦0  . 100087C61100304058426E  1 

♦0  . 100090288168627597000E  1 

♦0  .10009355554C737287946E  1 

♦0  . 100006862825519864757E  1 

O  . 1C0100209647334512980E  1 

♦0  *100 10359564516 10 30261E  1 

♦0  . 1C01C7020471813417167E  1 

♦0  . IC011C483793212600048E  l 

+0  .100113985287712712758E  1 

♦0  . 100117524645475992281E  1 

♦0  *100121101 567891892 367E  1 

♦0  .1001247157670364 14 032C  1 

+  0  .  100128366965168710324E  1 

♦0  . 100132054894260147523E  1 

+0  . 10U1357792955558C6138E  1 

♦0  . 100139539919163039123E  i 

♦0  .1CU143336523666633483E  1 

♦0  • 1C0147168975768304493E  1 

♦  0  .100151036749946286535E  1 

+0  *100154939 9 2813858090 IE  1 

♦  0  . ICO  158878 199442375B82E  1 

♦0  . 100162851359832093084E  l 

♦0  . 100166859211893439759E  .  1 

♦0  . 100170901564572506961E  1 

♦0  *100 1749782329388 54 403E  1 

♦0  . 100179089037961612746E  1 

♦  0-  •  100-183233806297715348E  1 

♦0  . 100187412370091444487E  1 

♦0  .1C0191624566784543723E  1 

♦  0  •  1C  3 1 95 8702 38936207 828E  1 

♦0  *1002001492 340 52 316110E  l 

♦  0  .  100204461404423324714E  l 

♦0  . 1G0203306606970277574E  1 

♦0  .IC0213184703098437651E  1 

♦0  *100217 59 55585580768 3 8E  1 

♦  0  .  10022203904331 1996 706E  l 

♦0  .1C0226515031409384299E  1 

♦0  .1002310234008656347016  1 

♦  0  •  IC0235564033547798950E  1 

♦0  *100240 l 368 15065339 54 9E  1 
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Table  B-7  (Cont*d) 


THE  AUXILIARY  FUNCTIONS  R(z)  AND  S(z)  FOR  O.OOl  <  ^  <  O.lOO 


=  i 


r-3/2 


1/x 


R(z) 


S(z) 


0.081  .997641553676991C98Q51E 

0.082  .99759852870083 1362 186E 
0.083  .9 97 55 526847127206433 4£ 
0.08U  .997511775035518566080E 

0.085  *99  7468050409646279  75  4£ 

0.086  .99742409657947063595  9  E 

0.087  . 997379915501381635946, E 
0.088  .  9  9  7  3  3  5  5  0  9  1  03  1  4  482796  IE 
0.089  .99  72908  792846  704352  9 1£ 

0.090  .9972460279 18752255024E 

0.091  .9972009  5685  177784824  9E 
0.092  .997155667 90 4411448657E 
0.093  .  997  1 10  1628 7225093 1308E 
0.09U  .997C6444352 64 60105  J90E 

0.095  .997C 185  1161437751658  3E 

0.096  .9969723688601028321656 

0.097  .  9  9  6  9  2  6  0  1  6  9  6  5  0  6  2  2  0  764  3E 
0.098  .99687945760855258597  IE 
0.099  .99683269244826/61321  IE 
0.100  .996785723 120804309165E 


♦0  .1C0244741634665897950E  1 
♦0  . 100249378385135798362E  L 
♦0  • 100254046962705031 426E  1 
♦0  . 100258747266956478032E  1 
+0  .100263479200 739 14944 6E  1 
♦0  . 100268242670085234 )55E  l 
♦0  . 100273037584130761143E  1 
+0  .100277863855039680045E  l 
♦0  .100282721 39 79312146 9 5£  1 
♦0  . 100287610130810301404E  1 
♦0  . 100292529974500978088E  1 
+0  .1002974808525825/72896  1 
+0  .1003024626913285J1L72C  1 
♦0  . 1CJ307475419648033615E  l 
+  0  .1003  12518 96902 95 32 363E  1 
+  0  .1003175932734869905456  l 
*0  • 1GU322698269508464349E  1 
+0  .1003278338 96006408477E  1 
♦0  • 100333000094270247786E  1 
+  0  .  100338 196807920838 15 3E  1 
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Table  B-8 


THE 


1/x 

0.001 

0.002 

0.003 

o.ool* 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 

0.011 

0.012 

0.013 

o.oil* 

0.015 

0.016 

0.017 

0.018 

0.019 

0.020 

0.021 

0.022 

0.023 

0.021* 

0.025 

0.026 

0.027 

0.028 

0.029 

0.030 

0.031 

0.032 

0.033 

0.031* 

0.035 

0.036 

0.037 

0.038 

0.039 

0.0U0 


AUXILIARY  FUNCTIONS  W(z)  AND  X(z)  FOR  O.OOl  <  4  <  O.lOO 


-W(z) 

• 1000Q0461 155618426153E  1 

.10000130429400406991 IE  1 
. 100002396019651080134E  1 

. 100003688692224322523E  1 

•1 0000 5154753312518936 E  l 
. 100006775589480561676E  1 

. 100008537520485434655fc  1 

. 100010429933581487882E  1 

. 100012444278948097354E  1 

•  1 000 1457347350096532  IE  1 
•1 00016811521420 211 57 5E  1 

•  1000 19153259471 873 185 E  l 

. 10002 1594 17881 609941 8E  1 
•1000241 302960669 14323E  1 

. 10002675B057364351516E  1 

•100029474265323113972E  1 

• 100032276022285559193E  l 
• 100035160685477649346E  1 

.  100038125831037406666E  1 

.  100041169224778448295E  l 
.  100044288798148850243E  l 
.  100047482628255224192E  1 

.  10005074B921108616210E  1 

.  1000540R5997453350402E  l 

•  100057492280688296645E  1 

.  100060966286499322053E  1 

.  100064506613903303750E  1 

.  1000681U937465816540E  1 

•  1000 7 178 1000501 85 1382E  1 

•  100075512609105458103E  1 

• 10Q 079305626882 745 151E  1 

•l 0008315 89 70285163933E  1 

•  100087071604457886893E  1 

•  1000910425  39532416238E  1 

•  10009507082 7304 12 1897E  1 

•  1000991 55558244806806E  1 

•  100 1 03295858 808 08 2171E  1 

.  100107490808991661411E  1 

•1001 1173 9 840125 9 16437E  1 

.  100116041932862394704E  1 
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3/2 


X(z) 

.999995 388246333098952E  *0 
•999986955480098 14917 IE  ♦O 

•  99997603447 145 74861 43E  *0 
■99996 3 100436865287 156E  40 

•  9 999484 2 7 78 15350361 63E  40 

•  99993220 1 4489 1 4 782072 E  ♦O 
•9999 14 55705852 587 1345E  40 

•  999 89 5 5 99 5 5 290 76907 10E  +0 

•  9998754 1 3 24 5 3 380986 56E  4-0 

•  9998 5406778 17 1699647 IE  4-0 
.9998 3 162 193 528 153 1894E  40 
•999808 12615338676121 5E  *0 

•  9997836243394189022 19E  40 
•999758 155 142192453271E  40 
•99973 17529 1522 3 l 326 39E  40 

•  99970444844 72351 101 71E  40 
•9996 762 69 5 296 24 52 7 106E  40 
•99964 724 140489290802 IE  40 

•  99961 7387 1 2635506 1586E  +0 
•999 586 72 7 850495 72 7849E  40 

•  999 5 5 52 8 30 7 73 7 24 7 5300E  40 

•  99952 3070850366009566E  40 
•99949010792371 18028 27E  40 
•9994 5640990420 181 3 127E  40 
•999421991371961501435E  40 

•  999  3868659841 14549495E  40 
•99935 1046564331 501 767E  40 

•  999314545 18064 11 94974E  40 

•  9992 7 73 73 2 134 114 1 5300E  40 
•99923954 14150 39 84 78 96E  40 
•99920 10 599626 l 0989880E  40 
•999 16 1938504 549750 181E  40 
•999122186202123643599E  40 
.99908181 1 766502208867E  40 
•99904082349 1966663440E  40 

•  99899922928 5768812875E  40 
•9989570 36695061 386631E  4 0 
•9989 1425293125871 1 955E  40 
.998870884892 l 34287400E  40 

•  998826939 18 191 8270059E  40 


LOCKHEED  MISSILES  ft  SPACE  COMPANY 


Table  B-8  (Cont'd) 


THE  AUXILIARY  FUNCTIONS  W{z)  AND  X(z)  FOR  O.OOl  < 

z  =  \  *-3/2 


o.ioo 


1/x  -W(z) 

O.OUl  *1001203964133396389086 
0.0l*2  .1001248025615067119296 

0.01*3  *1001292596695874132826 

0.0l*l*  .1001337670606703645486 

0.0L5  .1001383240774120057826 

0.0l*6  .1001429300828411389706 

0.01*7  .  1001475844592550216986 

0.0l*8  .1001522866071981910746 

0.01*9  .1001570359445162146886 

0.050  .1001618319054774464046 

0.051  . 1001666739399566302786 

0.052  .1001715615126748638146 

0.053  .1001764941024910156426 

0.051*  .1001814712017402037036 

0.055  .1001864923156153909776 

0.056  • 100 19155696 1588551099E 

0.057  .1001966646688682071736 

0.058  .1002018149778904566786 

0.059  .1002070074398408704826 

0.060  . 1 00  2  1  2  2  4  1  6  1  6  2  0  4  8  9  8  918E 
0.061  .1002175170783446356356 

0.062  .1002228334070999847516 

0.063  .1002281901924124508866 

0.061*  .1002335870329699281136 

0.065  .1002390235358710035376 

0.066  .1002444993163074180086 

0.067  •  1002500139972634394276. 
0.068  .  1002555672092310072406 
0.069  .1002611585899395991516 

0.070  .1002667877840998552076 

0.071  .1002724544431600702856 

0.072  .1002781582250747355376 

0.073  •  10028 3 898 79408 43 71 92 8E 

0.07U  • 100 28 96 7582050 59 56235E 

0.075  . I 002 954 889805 3 3 2924 12E 
0.076  • 10030 1 337956046728406E 

0.077  .1003072224344316624926 

0.078  .1003131421084053228926 

0.079  .-100  3  1  90  9  6  6  7  5  8  5  1  34  098  8  6 

0.080  .1003250858396616718986 


X(z) 

1  .9987824221296214558396  +0 
1  . 998737339805781724922E  +0 
1  .9986916980378030875326  +0 
1  .9986455024240355534346  +0 
l  .998 598758 34672 5402663E  +0 
1  .9985514709839494944406  »0 
1  .99 8 50 364 5 3206 33 580 165E  >0 
l  .99 84552 86 l 587428 17448E  *0 
1  .9984063981267225144426  +0 
1  .99835698568825832 38 03E  +0 
1  .998 30 70 53 1504 174500 84E  +0 
1  • 9982566046712257555 1 IE  +0 
1  .9982056442667298097686  *0 
1  .99815417581758781 9602E  *0 
1  .9981022030752288640816  *0 
1  .9980497 2966 76 l 59085 5 7E  *0 
1  .9979967591046445599856  *0 
1  .9979432947832064306546  *0 
1  *99788933999 194 32 26043E  *0 
1  .9978348979157152224246  *0 
1  . 99777997 163 980562 2805E  ♦O 
l  .9977245641538803308596  ♦O 
1  .99 766 86 78355720 942091E  +0 
1  .9976123 1705474 7 18669 IE  *0 
1  .9975554829753436613806  +0 
l  ■ 997498 1 787600044 196 78E  *0 

L . .9974404069723078600166-  *0 

l  .997382 1 700997 3331 9749E  *0 
1  .9973234705563298582306  +0 
l  .9972643106852468710756  +0 
1  .99 7204692 76 11354183 l 3E  *0 
l  • 997 1446 18 99242 845 38 33E  *0 
1  .99 708409 152350751 7385E  *0 
1  .9970231124367628779556  *0 
1  .9969616837545535913596  *0 
1  .9968996074410734631866  *0 
1  .9968374854041284677946  +0 
1  .9967747 19 4968 30 77692 8E  *0 
1  • 99671151151 92 1418 56 85E  *0 
1  .9966478632197753888406  *0 
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1/x 

0.081 

0.082 

0.083 

0.081* 

0.085 

0.086 

0.087 

0.088 

0.089 

0.090 

0.091 

0.092 

0.093 

O.O9I1 

0.095 

0.096 

0.097 

0.098 

0.099 

0.100 


Table  B-8  (Contld) 


AUXILIARY  FUNCTIONS 


W(z)  AND  X(z)  FOR  O.OOl  <  |  < 
z  =  \  x-3/2 


0.100 


-W(z) 


X(z) 


•100 33110930758 5447332E  1 
•1003371 66 792084373326E  1 
.  100343258010 194312 199E  1 
•100349382683392711 62 OE  1 
.  100355540537471565970E  1 
•100361 7313 02 415615695E  1 
•100367954712285509126E  l 
.  1003 742 10505 105 66 8855E  1 
.  100380498422756620825E  1 
.  100 3868 182 1087 1559 30 IE  1 
.  1G0393169618736934968E  1 
.  1003995523991 96 866033E  1 
.  1004059663085611 84473E  1 
•100412411106516940665E  1 
.  1004 188865560431 99 767E  1 
.  100425392423328973409E  1 

•  10043 1928477694 138680E  1 
.1 004384 94491513 20 5318E  l 
.  100445090240141799453E  1 

•  l  00451715501 84 57 39878E  1 


. 99658 3776296 94 5248171E  *0 
.9965 192 5240049391507 IE  *0 
•99645429 3 132873404094E  *0 
. 9 96 38 89000 50 50097 781 4E  +0 

•  996323074664986479796E  >0 
•9962568 18444 306 5468 85E  *0 
•99619013281 3928444026E  *0 
•996123019 157886087895E  *0 
• 996055478819810664929E  *0 
•9959875 13 103918098331E  +0 

•  99 59 1912327 59 5 54 7 7593E  tO 

•  9958503 105641084371 77E  +0 
. 995781076 159871 347852E  +0 
•99571 1421218882072535E  *0 
•99564 134686 172293682 IE  *0 
.995570854 17468946 1546E  *0 
.9954999442 105283201 16E  40 

•  9954286 17989145 893381E  +0 
•99 53568 76498288 719470E  *0 
•995284720694197059336E  ♦O 


) 
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Table  B-9 

THE  AIRY  FUNCTIONS  Ai(-x)  AND  Bi(-x)  FOR  0  <  x  <  10 


x  Ai  ( -x) 


Bi(-x) 


0*0  •  3550 2 805 300 78 172 392 56E  +C  .6U926627446000735U7C  *0 

0.1  .380848668120121511779E  +0  . 569999043002954860436E  +G 

0«£  .4C6284187444801410362E  +0  . 524509032818485512824E  *0 

0.3  .430903095V85580858271E  *0  .47.7977840 109892946757E  *0 

0.4  .4542256 1388 866739 8390E  +0  . 430 J20939948503375 1 9  IE  +0 
0.5  .47572809 16 1053958879 8E  *0  .38C352659751053850170E  +0 

0.6  .4948495254  31 149688296E  +0  . 32 J791840760869438206E  +0 

0.7  . 511 C003975 7 501014939 2£  +0  . 27  526801 1987879698653E  ♦€ 
0.8  . 523573949706774008352E  +0  .2 19B27510897581810416E  +0 

0.9  .531959945610973913548E  40  . L62638948925966249326E  *0 

1.0  .535560883292352U8801E  +0  .  10399738949694461 1  887E  +0 

1.1  •5338105104305021598C9E  *0  . 443265867400266C30104E  -1 

1.2  .526 194 374802 l 20C73867E  +0  -. 158213701846320836897E  -1 

1.3  .5122720C604103093C879E  +0  -. 75769644 1S03407C35344E  -1 

1.4  .49170C1810612907286C3E  +0  - . 1 34 724060952794752050E  *0 

1.5  .46425657774H869406479E  +0  19178486U57041220C17E  +0 

1.6  .4 29 8629767691 3 5179190E  *0  24  596 32002 1 1  373485937E  +0 

1.7  . 3886070373963287 373C7E  +0  -.29620265761049573531 9E  +0 

1.8  .3407615 59 124213953313E  *0  -. 34 14058 3 1 830 1 3496392 7E  +0 

1.9  .286800056279490844067E  *0  -. 3804658 77453648821 742E  ♦ 0 

2.0  .22740742820168557 59 9 4E  +0  -. 4 1 2  30258  7956398489088E  ♦(.' 

2.1  . 163484512999292737342E  +0  -.43590234823C726745418E  +0 

2.2  .9614537800766 90C1804 IE  -l  -. 4 5C 360934 1682073 124 1 2E  *0 

2.3  .26 7C6333C57 35634 566C4E  -1  -.4549282 34394364981659E  +C 

2.4  -.43334 140440309514204 9 E  -1  -.449052276282  107513898E  +0 

2.5  -.1 12325067692966089190E  +0  -.4324224 71840705293030E  +0 

2.6  -• 178502428936403 34 38C  IE  +0  -. 405008278 1 300335580321  *0 

2.7  -.240033109742457254467E  *0  -.  367092 1  U82100781b944E  +0 

2.8  -.29509759299920866541 36  *0  - . 31 9293888938312C99924E  40 

2.9  -.34 190509567 2933C40965E  40  -.262584998164697014933E  40 

3#0  -.378P14293677650C74350E  40  -.1982896263749265432111  4C 

3.1  -.404382222 3909 73324208E  40  -. 12807 165 1289754540310E  40 

3.2  -.417443420564151365179E  40  -. 539057556305392836512E  -1 

33  -.4171fa0437374550L2S771E  4C  . 2 1 9679999897774543773E  -1 

3.k  “.4C31 90 4842458 99 7274C2E  40  . 97 106 1905486607192532E  -1 

3  5  -• 3 7553332 3 14C4 3 19 1  1932E  40  .1689398374810586118516  +C 

3*6  -.3347774774748218997866  40  .234866306247767C34975E  4-C 

3.7  -.2820130618419315017386  40  .2923526100714519947216  4C 

3.8  -.2 18855  9756 18855  78  3816E  40  .3390464707566640829916  4-0 

3  9  -.147419  J0564C744K5021F.  40  .3728905783193956193186  40 

j^0  -.7026553294928951509576  -1  . 3922 34705 706999289558E  4C 
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Table  B-9  (Cont'd) 

THE  AIRY  FUNCTIONS  Ai(-x)  AND  Bi(-x)  FOR  0  <  x  <  10 


AL(-x) 


Bi  ( -x) 


t 


i 


4*1  '  .967697951*714312831386 

4«2  .892107632394505790145E 

4.3  .1649973C92727723C4379E 

4«4  .2J3703258073163129975E 

4.5  *292182  78 10-5595946688  7E 

4*6  •  33749597548946 2H6 3 187E 

4.7  . 367367482877331 330869E 

4*8  .  330036676642792 9  384 16E 

4*9  #374536 3547058 3879945  IE 

5.0  .3507610C9024114319779E 

5.1  #309525 9 96287317515927E 

5.2  .25258C338104744734695E 

5«3  .182567931C6833J499387E 

5.4  .1C293459611C134652261E 

5.5  . 1776 154 1276574 9 755965E 

5.6  -.68330699686 1678639290E 

5.7  ”#1506201579785352937456 

5.8  -.224351 J16334958875935E 

5.9  -.2851227795551799C3034E 

6.0  -.32914517362S8231C5240E 

6.1  -.35351167612C964974673E 

6.2  — #356421 3 73668 961431057E 

6.3  -#3373476492 16135062331E 

6.4  -.297137 6 221366277 9 6395E 

6.5  -.2330203019971 15803376E 

6.6  -.16352646272772 J552083E 

6.7  -#7831247180125591918196 

6.8  . 12 10452427 73650 33  1496E 

6.9  #10168799773 3 7 64 515792E 

7.0  .184289835250505637301E 

7.1  .254C36328561973364411E 

7.2  #3C5851523368626371561E 

7.3  .33577O3705151473O8967E 

7.4  .341323752232333641094E 

7.5  .321775716380647875261E 

7.6  .278250234689197 13CQ50E 

7.7  #2137203 73789 19 29804 39C 

7.8  • 1328515446260673269  12E 

7.9  #4170188 36 173870 4 33440E 

8.0  —.52705050 3563 862026505E 


-2  #395939740740  138921462E  *0 
-1  . 38346736 127C944661SQ5E  *0 

♦  0  • 354  9490626 109 30446 168E  +C 

♦  0  .  31  1223599006395781 24 9E  +0 

♦  C  .2  538 7 2-6576969326 36 79CF  *0 

♦C  . 1R5145757947212677030E  *0 

♦0  . 1C7946945548553655293E  +0 

40  . 257C77933650826925314E  -1 

♦0  -.57746553140435312G349E  -1 

♦0  1383691 3490160057637 5E  *0 

+0  -.212089131 569036475936C  +0 

♦  0  -#27  502 7044 18964077402  IE  +0 

40  -.32371607674879P403992E  +0 

♦0  -.355317090G8C467545504F  40 

-1  -.367813453915711991 096E  40 

-1  -.360172225437713344244E  40 

40  332453253167901684319C  40 

40  -.2R5890211049324246850E  4C 

40  -.2228296929478136333666  40 

40  14669837667C557037848E  40 

40  — .618225481 9 628C89021C4E  -1 

40  .26790808965 3 358262769E  -l 

40  .1137370090081979760968  40 

40  .  193541360615780175119E  40 

40  .261012657636483951  842E  tO 

40  .31159994581 1209548296E  40 

-1  .3417277386067502601270  40 

-1  .  34908417904C394786340E  40 

40  #3328378429834287330876  40 

40  .29376207185441402011 OE  40 

40  .234250878329856827500E  tO 

40  . 158217390090497692915E  40 

40  .708741137698963122107E  ”1 

40  -#2159651857188359989816  -1 

40  -.1124634950764908064086  40 

40  194933756473876470951E  40 

40  -.2626700688053946763Q86  tO 

40  -. 31U300566147412082315E  40 

-1  -.3338785630030469105496  40 

-  1  -.  331251590751  137859963E  40 
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Table  B-9  (Cont‘d) 


THE  AIRY  FUNCTIONS  Ai(-x) 


x  Ai(-x) 

8.1  -.14290B147Q93581424377E 

8.2  -.22159945480 36044 15 167E 

8.3  -.282231 759958830619293E 

8.4  -.3195921897261 J7978383E 

8.5  -.33029C23763C203379022E 

8.6  -.31311245261 /2A2463685E 

8.7  -.269204540700509324562E 

8.8  -.202054447 3 7674 6 762278E 

8.9  — .4.-1 7266  3  06  37  1752 1329  40E 

9.0  -.221337215473414C36634E 

9.1  .7495986727355480 19466E 

9.2  .16526800465 147 96 3 1477E 

9.3  .240473 /96853185974428E 

9.6  .2934775561 12067757598E 

9.5  .31910324771  U232L)1379£ 

9.6  .314651583311693258 6 32E 

9.7  .28023750191fc29743fi275E 

9.8  .2  188674 3266323642 1209E 

9.9  . 13623502644 7979751373E 

10.0  .4C2412384864431906390E 


AND  Bi(-x)  FOR  0  <  x  <  *0 


Bi(-x) 

+0  - . 3023Q3309Q607C2C33165E . +0 

+0  -.2490401 9 1297 943596885E  +0 

+0  -.175505563096446039117E  +0 

+  0  -. 07 ‘j  1798200041 100  71821E  -l 

+0  . 775443644765840446080E  -2 

+0  . 102356470012673830991E  +  0 

+0  . 188203626247 79Q888932E+C 

+0  .2577824017032636 94214 r  +0 

+0  • 304 8324 13 364 962 9 59 38 IE . +0 

-1  .324947323455244917 9 22E  +0 

-1  • 3 160347 123932989 144 17E.+0 

+  0  .2785042543571  15239686E 

+0  .2157C8345763098821874F 

+0  . 1329387611404272142B7E 

+  0  *3773ia4324894665022643E_  -  i 

+0  -.609129273601140532029E  -i 

40  -.153794208777252970928E  +0 

+0  -.231863 30 8817480920680E  +0 

+  0  -. 28 7383557  7243551 70 1 19E.  *0 

-1  -.314679829643838633171E  '0 
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Table  B-lO 

AIRY  FUNCTION  DjSRIVATIVES  Ai' (-x)  AND  Bi'  (-x)  FOR  0  <  X  <  10 


x  Ai'(-x) 

0#J  -.258819403792806798405E 

0*1  -.25 69 5811232364 6174612E 

°*2  -.251032674005547812657E 

0«3  -.240545127256154608736E 

0»4  -.22503 14093 024 l 503 15 74 E 

0*5  - ■ 2040816703  3954  7  386146E 
0*6  1773625986965O6032997E 

0.7  144641285643321027402E 

0#8  105809991137968C67629E 

0*9  -• 609 10998002 1988 362438E 

1.0  -. 101605671166452093936E 

1.1  .4602915471060786561590 

1.2  . 107031569272280793684E 

1.3  .171 99 180675377403307  IE 

1*4  .2 398191 199362 96 59397 3E 

1.5  • 309 1869672024 1042042  IE 

1.6  . 378542191951880827041E 

1.7  • 446 1245 546360 75052690 E 

1.0  .5099976277197066483946 

1.9  .5680917168122992158076 

2.0  .6  1325902074 16910414 14E 

2.1  . 6583406928 1434 34 2064 5E 

2.2  .686244824909001709826E 

2.3  . 700033662876576002359E- 

2.4.  .6  9801760 1544441867077E 

2.5  .67835273 42 647 94 363371E 

2.6  .6416379871 11061794889E 

2.7  . 586007200144331 444102E 

2*8  .51221 098154347935 00 35E 

2*9  .421 18 28 11603648366855 E 

3.0  •3i4583769216598813646E 

3*1  . 194820446003978903684E 

3*2  .6503114699526315136696 

3*3  -.70963617177b361286629E 

3*5.  -  •  2087490497527332432  1 2E 

3*5  J434434334540481.46305E 

3i’6  -.469863966303251 126647E 

3*7  -.582727803652957978040E 

3.8  -• 676 882 57 1 408 8 7 36 3406 8E 

3.9  -•747558085535477471988E 

5*0  -.7 906285753 68 581380 30  IE 


Bi'(-x) 

♦  0  .44828835735  38263579 14E  ♦ 0 
♦0  .45 12 1336229 346 1242095E  *0 
♦0  .45938 5294 58 68 340965 88E  *0 

♦  0  .47188021630064  79 199 95E  ♦O 
+0  .48 7734864049 14 7533881E  +0 
tQ  .50593371 362 3847 1665 71E  +0 
♦0  .525401 152299153 56 5907E  ♦O 
♦0  .54499912006918 19066 5 7E  +0 

♦  0  .563530594596331 15436 IE  *C 
-1  .57974926 126528 1 444695E  ♦(> 
-1  .59237 562642279235081 8E  40 
-1  . 60Q1 196964899 108 731 56E  40 
*0  .601 7 10 15743 74644088 77E  *0 
♦0  • 59592974940901 122 71 63E  *0 
♦0  . 58 165624392 193851 7930E  ♦O 
♦0  .55790810302 1897354135E  *0 
♦0  • 52389354 144 64 09 84 792 7E  *0 
♦0  • 47906 133 847 344 781 7394E  +0 
♦0  .42315 13 7373868928 94 82E  +0 
+0  .356242512634247698662E  *0 
40  .278795 16692 11 6952 26 88 E  *0 
♦0  .191685632328429868240E  ♦O 
♦0  • 96 2 29 18 59 38 564 5 30 77 OOE  -1 
*0  -*583.1059 30 705 154 3598 86E  -2 
♦0  -• 1 122 323709635 16 1794 58E  *0 
♦0  -.220420154874629587690E  +0 
♦0  -.327 39 71687071 00 5290 84E  +0 
♦0  - .42989534308201 5062996E  +0 
♦0  -.52445039743 2683 101777E  +0 

♦  0  -*6QZ51B28797i096867234E  40 
♦0  -.67561 122268525853 76 78E  40 
♦0  -. 725449571 50 81 64 802997E  ♦ 0 
-1  -.754124553- 10841 36 1057E  40 
-1  -. 75926511504 7944549768E  ♦© 
♦0  -• 73920 1625 1055 18 170704E  ♦O 
♦0  r* 61311628490 72 8 8801 749E  *0 
♦0  -.621 1728266423202066 78E  +0 
40  -  .5246 136 1490968 3491062E  *0 
♦0  - .4058 l 592062896559895 IE  40 
40  -.268298362892145678982E  40 
40  -•  116670567438340893664E  40 


« 
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Table  B-lO  (Cont‘d) 

AIRY  FUNCTION  DERIVATIVES  Ai'(-x)  AND  Bi' (-x)  FOR  0  <  x  <  10 


X  Ai'(-x)  Bi  (-x) 


4.1  -.8023  7.2  5354 1 82 14990189E 

4.2  -.782215607862451963998E 

4.3  -.727 94 08138388183 46 570E 

4.4  -.6408501 83287563651869E 

4.5  --.  52  3 3625323 15 747 700 69 7 E 

4.6  -.3795339 14335845 3357 15E 

4.7  -.2 14 99 01 80089572431 34 IE 

4.8  -.36765 10431 23460  77472 5 E 

4.9  . 1469574273109560749 9 OE 

5.0  . 327 1928 18554443 136 844E 

5.1  . 494585998384937055 100E 

5.2  . 639905 16690 1283843356E 

5.3  . 754575419947011041036E 

5.4  .  831 223072003 34 625868 OE 

5.5  . 864 1972 1777 1398390779E 

5.6  .  85003256004893 15626 16E 

5.7  . 7 8781722 46 35199713781E 

5.8  .6 794315199665027640 72E 

5.9  . 52962 85 7256 3002 3783 14E 
6.0  . 34593548728  1342 89487 5E 

6.1  . 138363937252716848472E 

6.2  -.810685561963041580327E 

6.3  29899 16089 84 739564208 E 

6.4  501479850254968656418E 

6.5  -.67495249251 3202 173046E 

6.6  -.807 11 92494 77391 8471 79 E 

6.7  -.087907965255553544593E 

6.8  -.9103040051 58804405935E 

6.9  -.871031058686387657904E 

7.0  771008168410126547702E 

7.1  -.615528787540228172130E 

7.2  -.414124231157035159105E 

7.3  190095804483293224337E 

7.4  . 702763236432659523542E 

7.5  .  U8809506698554596262E 

7.6  . 5467 188 1905734806952CE 

7.7  . 736052417604642067316E 

7.8  . 871 155404246539 358353E 

7.9  . 94004 29 9 8026280 12 6454E 

8.0  .935560938198306551014E 


♦0  *434 7 87 179 31 659297 7431E  -1 
+0  .20575691122 1 122623900E  *0 
♦0  . 36320 46 8095665562 9068 E  tO 

♦  0  .  50858932 154 46 7567 508 3E  «-0 
+0  .63474476777 36637097 54E  *0 
+0  • 73494444367 1306266448E  ♦ 0 
+0  .803289258507199659660E  *0 
-1  .8350897583955 64 348953E  *0 
+0  . 8 272 190 33 36 06803827 64E  +0 
♦0  .7784 1177 300 1899246074E  +0 
♦0  .689485 128422051 310032E  ♦O 
4-0  .  56  34  5897957517  36772  94E  +0 
♦0  .405556940883315528182E  +0 

♦  0  •  2230 74964 2 178 3 3 6687 80E  4-0 

♦  0  .25  11 158 30 7363092596 16E  -1 

♦  0  -.  177837595579460472097E  +0 

♦  0  -.374409034003722  19 02 26E  40 
+0  -.55 3002031 69 1011261313E  +0 
+0  -. 702479522315491599946E  4-0 

♦  0  -.8  1289878510 50 6700 04 52E  4-0 
40  -•  87622530 153251 54790 16E  4-0 
-1  -.886978962066828 127950E  4-0 
♦0  -.842 76 10968089702571 89E  +0 
40  - • 7446 13866305732867758E  +0 
40  -.597 1 70666 29162201 69 20E  tO 
40  -.408 5673393 10042 2 156 57E  40 
40  -. 190098777163749659905E  40 
4C  . 4437678453424244891 57E  -1 
40  . 279263905969664738395E  40 
40  .498244590058 11 3488805E  40 
40  .6854205776426938971 l IE  40 
40  . 826 50 634027 20047855 30 E  40 
40  . 90998427043632467365 IE  40 
-1  .928  12809007 04 06693120E  40 
40  . 8 7780228 15457609223 52 E  40 
40  . 7609550918839105386 36E  40 
40  , 5847 4044 748990395 68 20E  40 
40  .36122930432440057 26 87E  40 
40  .  106702154812138144534E  40 
40  -. 159450497812981389451E  40 
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Table  B-10  (Cont'd) 


AIRY  FUNCTION  DERIVATIVES  Ai'(-x)  and  Bi'  (-x)  FOR  0  <  x  <  10 


X 

8.1 

8.2 

8.3 

8.1*. 

8.5 

■“  • 

8.6 

*“  • 

8.7 

—  * 

8.8 

—  « 

8.9 

• 

9.0 

*  . 

9.1 

“  . 

9.2 

• 

9.3 

*  • 

9.1*- 

9.5 

9.6 

9.7 

9.8 

9.9 

10.0 

Ai' ( -x) 

85621858632B624562390E 
7065986978628053033 77E 
497276 790253209576B25E 
2 44220894 145284 124 52 9E 
323133482846391 35941 3E 
309  3  302 724 156  3230748  IE 
56297684950 1854659673E 
770613009748042222000E 
912892757425249831881E 
J 75663980926 331 594 730 E 
95 14968 1545 19 176974 99E 
8406 7 107 38038008 181 8 7E 
65 14924078956003783 17E 
399862 366389844822776E 
10809531881 187123901 IE 
19695044232 12591 14068E 
486286291239268209056E 
731544863628 3? 3622557E 
9078133315371 50 439126E 
996265044 132 790055937E 


Bi* (-x) 

♦0  -• 416 1566 3954012758 1404E  ♦O 
♦0  -.642322930908422933926E  +0 
♦Q_  -• 818600440748798464895E  +0 
♦0  -.929 10958374875022 90 15E  +0 
-1  -.962969165 12Q174798144E  40 
♦0  -.91 5479 180 196 1834 52 706E  +0 
♦0  -.78882622 50 755677 l 05 48E  +0 
40  -.5922 1370922880893 16 14E  4-0 
40  -* 341 3647537217807479 04 E  40 
40  -.5740051 38 4 3669 2 54 34 30E  -1 
40  .2 34 34 3 786 5849691 322 57E  40 
40  , 50894401 55457 844492 08E  40 
40  .73928028 30 2 98 72 9498 61E  40 
40  .903485370676841 537059E  40 
40  *98471 40 7000211970 3933E  40 
40  . 97 349 9 1795471 13 0713 10E  40 
40  . 8689838765982105807 17E  40 
40  .67 9 36 7742131133 09 11 87E  40 
40  .42 1472089 1838333761 24E  40 
40  .119414113 399909238093E  40 
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Table  B-ll 

THE  AUXILIARY  FUNCTIONS  F(-x)  AND  x(-x)  FOR  0  <  x  <  10 


0,0 

0.1 

0.2 

0.3 

O.ij. 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 
2.0 
2.1 
2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 
3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

ll 

3.9 
4.0 


F(-x) 

.  7100561077756 344^512E  +o 
•68D525C6667C180C8C129E  +0 
•663458 U36710586271510F  +0 

•  043537  32d4  9?14'>b2368fcE  +0 
.625490408670369410951;  +0 

.  .609C85677821361C  J5074E  +  0 
.594  121  3069486  3569070  l C:  +0 
.5804256C65557221C8479E  -*0 
.5 6 7 8501698141251 9 466 9 E  +0 
.55t)2668527264iOC5Q947L  +0 
.545564 7 68597701525 3 18E  +0 
.53564774557367 5494003E  +0 
.5264321  75904848336978E  +0 
.  .517845196L23292515510E  +0 
.509823  1. 4 6 44 9 1563582 9 8E  +0 
.  .50231C265624860191382E  +0 
.49525 7 58414691  8 691863E  +0 
.  .48S621984656310986247E  +  Q_ 
.4823654031793652154166  +0 
.47645414 9 G93587CCB89 7 E  +0 
.470858325228351935482E  +0 
.465551 332490497421645E  +0 
.460509445910932254409E  +0 

•  4 5 5711451111 9 34 158422 E  +0 
.451138331957995658548E  +0 
•4467730C1629524359927E  +0 
•442600070594267240281E  +0 
. 43860564 598 502292966 7E  +C 
. 4 34777  1 57757025902 7 29E  +0 
.4-31 103207  7  221249594436  +0 
.4275734381628621 96 197E  +0 
•424178417237311989360E  +0 
.42090953881 L367838258E  +0 
•4 177589347 12663 181 74CE  +0 
.414719  157700801934256E  +0 

•  4-1 178431370147611 62 41E  *0 
.408947602065 1970 726 7 8E  +0 
•4C62Q36627912795J7130E  +0 
•40 3547 32980 98 13845690E  +0 
•4U0973d29543150160472£  +0 
.39847B744077653446360E  +0 


X(-x) 

. 523598775598298873077E  +0 

.589033441900681614322E  60 
.  6 590595 10 5807022801 88E  +0 
.  73365022 1730043295678E  +0 
.  8 127645479049 18292785E  +0 
.  89635001344287528048  IE  +0 
,9843452268488487819096  +  C 
.  1C 7668209984391649L32E  1 

.  1  17328775043571503178E  1 

.  1274036103801C5735195E  1 

.1378999215067697813266  1 

.  148794834359307037018E  1 

.  154073784323803616388E  l 
.  142395198393784815224E  1 

.  130336342908260226106E  1 

.117J04724135731159251E  1 

.10510765 6 988233757919E  1 

. 93.95224-520281572448736  A 0 
.  784453714098194577901E  +0 
.  64593685 1458430438 16  IE  +0 
.  50403605  11 70643780 64 OE  +0 
.3588131723391825371586  +0 
.210327781219446132354E  <9 
, 586371996839580786613E  -1 
.  962034330697882460879E  -1 
.2541410896233404234066  +0 
,4151247774381300594096  +0 
,  579105458432873516396E  +0 
>7460 359669480052 35782E  +0 
.9 1-58  7092755 17 1830974  7E  +0 
,  1C3856667377772722900E  1 

.1264081168596777272896  l 
,  1442373927196252345226  1 

,  151818671112566769918E  1 

,  133445304015490477230E  l 
,  114805397674165331223E  l 
,9590245117010296685196  +0 
,7673984254739253779306  tO 
,5732083470480919109506  +0 
,3764858098015735744566  +0 
1772613043646245208496  <-0 
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Table  B-ll  (Cont'd) 

THE  AUXILIARY  FUNCTIONS  F(-x)  AND  x(-x)  FOR  0  <  x  <  10 


5:I 


5 
5.9 
6.0 
6.1 
6.2 

6.3 

6.4 

6.5 

6.6 


6:l 


6 
6.9 
7.0 

7.1 

7.2 

8 

7.5 

7.6 


$ 


7.9 

8.0 


F(-x) 


4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 
4.6 
4.9 
5.0 

5.1 

5.2 

5.3 

5.4 

5.5 

5.6 


•396057  )78 36 92 963820 4 86 
.3937077309856468855836 
•  39l424'.fc79:>4l5  3  7912C4E 
.3892048993441570087276 


•  3870459  582  5 9268  3 76954E 


•  384944  7 8  1 9 5  896 H 945037E 
.3a?fl')H69486443635093H£ 
.3809081932350103171386 
.3789619313281203669316 
.377066 7088792540 780 16E 
.3752 l 74 59 780 l 5 7524 567C 
.3734 1224167506 >B 4844 2E 
.371649227,82  578  5  3070566 
•36992669 3377574 38249 36 
.36824  3017  709 1  97207595.6 
.3665966673264909506816 
•364 9 86194 399500 36218 3 6 
.3634102298188584935476 
.3618674777877788813526 
.3603567108318944449936 
.3588767652263593404836 
.3574265367381242670506 
.3560049770014225785366 
.3546110894459123743686 
.353243926500171 5406196 
.35190258629596948  352CE 
•3505U62C99U12252C18C96 
.349293978711/546666456 
.3480251120338644655066 
.3467 7886484 15902 3 3409E 
.345354  5256939 32 7.24B21  6 
.3443514147988334 36 34 86 
. 34 3 168d 822 118 746 70 l 306 
.3420063061588025904706 
.34086309 147197091 582 2 E 
.3397386681317002511656 
.3386324899043550714626 
.3 375440 3 3069666 95604 5E 
.3364727952304376298456 
.3554 18294 198 7464281446 


♦  0 
+  9 
+  0 
+  0 
♦  0 
♦  0 
*0 
+  0 
+  0 
+  0 
♦  0 
♦  0 
+c 
♦  0 
♦  0 
♦  0 
♦  0 
+  0 
*0 
♦  0 
+  0 
+  0 
*0 
+  0 

+  0 
♦  0 
♦  0 
+  0 
+  0 
>0 
+  0 
♦  0 
♦  0 
+0 
♦  0 
♦  0 
♦  0 
+  0 
♦  0 


x(-x) 


-1 
♦  0 
♦  0 
♦  0 
♦  0 
1 


.2443567138  75  10 1403574E 
.2285765650881776211986 
.435 13 372525059252162 9E 
.644080 359  1 25642339235E 
.8553904929151351551376 
.  10690389  34211367457076 
.  128500 1236537225836736 
.  150 325 3665865 3335 1868E 
.1417819484590098255376 
.1195055309881157508066 
.9700682430863998164266 
.  74  28  7946  76274426583446 
.5135095960832905582366 
.28 19786940 5254 120662  IE 
.  48306302 73684 1235081 8E 
.1874  885  396 7596673761 4E 
.425387277755472592994E 
,66537181 9630237683763E 
.9074245 18782799862 7A4E 
.1151528156777871772366 
.  1397665926867385Q220QE 
,  1495771235  17007524297E 
,  124561405146589531702E 
,  993470837666995155459E 
.  73935690.195  74240-14A6 96 
,4832872113830326571706 
,2252764039779778637856 
,  34  66119968207642099146 
,2965115854672767820886 
,560261035190751971535E 
.  82389*11658695338^7686 
,  109  3403673  744319437776 
,  1 36277C8 1 796  71 3253701E 
,1507607734546761142256 
,  1234559056695661270766- -1 
,  9596879399987204681336  +0 
,6830062878791664025956 
,4045257765711209305676 
1 24257862 1 2832_3433879E 
1577862 128594226300646 


1 

1 

1 

1 

♦  0 
+  0 
+  0 
+  0 
-1 
+  0 
+  0 
♦  0 
+  0 
1 
1 
1 
1 

+  0 
+  Q 
♦  0 
+u 
-1 
♦  0 
♦  0 
*0. 
1 
1 
l 


♦  0 
♦  0 
♦  0 
♦  0 
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Table  B-ll  (Cont'd) 


THE  AUXILIARY  FUNCTIONS  F(-x)  AND  x(-x) 


FOR  0  <  x  <  10 


x 


F(-x) 


X^-x) 


8.1 

8.2 


8.3 

8.J+ 

8.5 

8.6 

8.7 

8.8 
8.9 
9.0 

9.1 

9.2 

& 


9.5 

9.6 

9.7 

9.8 

9.9 
10.0 


.334380066951 9 208Q0187E  +0 
•333357663654311445829E  >0 
•3323506717418 5Q987115E  +0 
•331358665055571453111E  +0 

•  33038 125303 72 15 609 79 5E  +0 
•32941805496580 1033545E  +0 
•323468 704 24 226 l 6 3268 8E  +0 

•  3275328477 155C0026932E  *0 
•326610145047549439190E  +0 
.3257002681 15122694818E  *0 
•3248C2 9 0044514 4664357E  +0 
.323917/3663200 >91 1457E  +0 
•3230444820844 1360 3647E  +0 
•3 22 l 328 52049 9364 2 1994E  +0 
•32133257 166572 9 722 9 40E  *0 
.3204931752327507803 76c  +0 
•31 9 66500611375 6 6 6 3655E  +0 
.318847215851  74  ♦  1  7  4  3  3 1 E  +0 
•318C39 764308703 15899C6  *0 
•317242419073487239172c  +0 


•44 15954 1282702442498 OE  +0 
.727158903057944906311c  +0 
•1C1446604375781170029E  1 

. 1303506 384365270554398  1 

-•1547  32299550 149366 85 5E  1 
125484687693490608596E  1 

-• 9606b 7828 322 1749102 3 5E  +0 
-.664795595837479370929E  +0 
-.367239761698365639565E  +0 
-.6300974865636116055108  -1 
•23238517568C120763276E  +C 
.5354 35894682 76749144 3E  +0 
.8396334 3869285693949 3E  +0 
.1145468981  1 5626742  348F!  1 

. 14529338348974013991 IE  1 
-. 1 379573205064C1805321E  1 

-.  1C6887525062043646225E  1 

-. 756573245460743396231E  +0 
-.4426  7535394077840448 BE  *C 
-.  127189617791998181797E  *C 
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Table  B-12 

THE  AUXILIARY  FUNCTIONS  G(-x)  AND  41  (-x)  FOR  0  <  X  <  10 


X  G(-x) 

0,0  •517638807585613596810E  +0 
0*1  .519250392201201784980E  +0 

0»2  .523500002197715358154E  ♦ 0 

0-3  .529653562985833280705E  +0 

0»k  «537144703763959186183E  ♦  (; 

. 54554399524675981 11 10E  +0 
Oj'6  .5545303077863 J8170518E  +0 
0*7  .563866245122666783363E  +0 

0.8  .  5  73378 1346 3829660 150 7E  ♦O 

0*9  .582940267622046705637E  +0 

1«0  . 592462758242 l 76 345 39GE  +0 

!•!  . 601882325042458626803E  +0 

1*2  . 611155356995506706059E  +0 

1*3  . 620252 72899 126 729 126  IE  +0 

Ull-  .62915593963690547800 1C  +0 
1«5  • 637854240485486 1891 14E  +0 

U6  .646342  50  5067549880  31 7E  +0 
1*7  .654619648551132055584E  til . 

1.8  . 662687456782357092 190E  +0 

U9  . 67054971964 7027888228E  +0 
2.0  .678211590749581284533E  *0 

2.1  .685679115517178111 34 7E  +0 

2.2  .69295888474C491107291E  +0 

2.3  . 7QQ057781694252213366E  +0 

2.i(.  .  706982798346570468249E  +0 

2.5  . 7 1374090501647 94 95246E  +0 

2.6  , 720338956728956002358E  <-0 

2f7  . 726783629854581938742E  *0 

2.8  . 73308 137950 7782 752 109 E  *0 

2.9  . 73923841283424046234CE  +0 

3.0  . 745260673907319695682E  +0 

3il  .7511538370 9 50182249 3 7E  ♦ 0 
3.2  . 756923306541551498564E  +0 

3#  3  *762 57421 99 966822624 94 E  +0 

3.4.  .  76811  1455669883972095E  +0 

3*5  • 77353964112 1505252507E  *0 

3.6  . 77806316345622 1430885E  *0 

3.7  .784086180275361076924E  +0 

3.8  . 789212630989281507216E  +0 

3.9  . 794246248200187437130E  *0 

k.0  .  799190568948193368565E  *0 


t  (-x) 

-.523598775598298873077E  +  0 
-.51 76778438555394761 25E  *Q 
-.5001 16 24 6 20 38 5406 8 369E  *0 
-•47 1424193749893 501 067E  ♦ 0 
-.432277636840310791171E  +0 
-.38 34 l 3589 18 3 3 3298 564 7E  +0 
-• 32 5 563 7049540 37801 7 80E  *0 
-.259416908319300552585E  +0 
-• 1 8 560 16 5640 177 3 296 3 86E  +0 
-. 104680337395444232536E  +0 
-•171505552034521286178E  -1 
. 765500796 96 2704030308E  -1 
. 176037693586464271948E  +0 

•  280975584462 165 394387E  +0 
•391067956794663567734E  +0 
•50 60 5423832540603 5601E  +0 
•62570407635619730 60 08E  +0 
•7498130 1206 7943376767E  +0 
•878198782860658286282E  +0 

•  10 10698 182 743929442 19E  l 

. 114716440635687399315E  1 

. 128746480563520227379E  1 

•143 14789951 386687 362 IE  1 

15 6249540 3362 76606356E  1 

141137350320389900607E  1 

125684022612690892377E  l 
-. 109898066844442225630E  1 

- . 93787359 1938026 1942 76E  +0 
-•77359214121 8890982868E  +0 
- ,606204460426888 167581E  tO 
-• 43577422525 3 500334846E  *0 
-•26236 1103 5462 7563 7749E  +0 
-•8602 1155504493565 5995 E  -1 
.93 1928 1737520491 13862E  -1 

•  2752  3096696822398 72 82E  +0 

• 4 60 0 46 130 42 666 7 68 63 54E  +0 
. 647 59 359 3974 66 548 8 167E  +0 
. 83 7830884 104925885533E  *0 
. 103071758239480720588E  1 

•122621516074719524869E  l 
. 142428683434947841484E  1 
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Table  B-12  (Cont‘d) 

THE  AUXILIARY  FUNCTIONS  G(-x)  AND  ^  (-x)  FOR  0  <  x  <  10 


4.1 

4.2 

4. 
4* 
4. 


4.8 

4.9 
5.0 

5.1 
5.'2 

5.3 

5.4 

5.5 
5*6 

5.7 
5*8 

5.9 

b.l 

6.2 

6.3 

6.4 

6.5 

6*6 

6.7 

6.8 

6.9 

7.0 

7.1 

7.2 

7.3 

7.4 

7.5 

7.6 

7.7 

7.8 

7«9 

8.0 


i 

5 

6 


G(-x) 


♦  (-x) 


.0040489456 7548 167 1192E 
•808824556809993349956E 
.8 13520416904915027 l 16E 
.8181393862961 11 178574E 
.  8226841 8025 8 7 39585962E 
.827 157 3 776 582 148428 3 9£ 
. 83 156 14291 0069694 2054E 
. 335898664595 3 32228 468 E 
.840171300745290503232E 
.04436 144748 778 147 76 34 E 
.84853 11 14405 121 59 1294E 
.85262 22 l 662988 345969 3E 
.6 5665658036 7442898 73 9£ 
.960635943059031479432E 
. 86456 1983207849384927E 
.8634362748900026 1 223 5E 
.872260341971082 12 1030E 
.876035637048 16 168 1424E 
.879763550135901 42 2812E 
.8834454 121 14 33987372  IE 
.887082497954852809149E 
.8906760297397 146504 30E 
.8 9422717 94896G9303784E 
. 07773 70718 125 19953795E 
.901206786386434187105E 
.9046373602874443891 2 5E 
.90802 9790 17398445 13 70 E 
. 9113850343371670585 L9E 
.9 14 7040 1 462645994495 OE 
.91798761825926368 1754E 
.921236699522325546220E 
.924452081372341 367564E 
. 92763455694255734 1738 E 
.930784890961684025294E 
.93390382 1090972437 148E 
.936992059 184874858 2 38 E 
.9400502924803180582966 
.9430791847192519403676 
•946079377208799746445E 
.94905 1489823024909 124E 


♦0  -.15 166 952235391807 07 88E  1 
+0  -.131357938539370748616E  1 
+0  -.1 1079905973 44 5145 3425E  1 
+0  -.89995986085493964672 IE  +0 
+0  - .689 5 1697 323656 1002359E  +0 
4-0  -.  476690606528444655 191E  +0 
+0  -.26 15083 792508491 945 64E  +0 
+0  -.4 3 99692 18 31 758953 0947E  -l 
40  . 1758 18063599578 120 l 40E  +0 
40  .39791 1748 44 689811 08 53E  40 
40  .622260127379910565288E  40 
40  . 848939972102365533434E  +0 
40  .107762878874780C91706E  1 
40  . 130860477854412135033E  l 
40  .1541746P0143015464324E  l 
40  -.136455831 124604 5 39644E  1 
40  -.11271451736571728 5347E  1 
40  -.8876257961230’ 8307746E  4-0 
40  -.64601899 78344.  656487E  +0 
40  -.4023430* 56978442609086  40 
40  -.1566158 7 79190215519 90E  +0 
40  .91 145273942 7772037477E  -1 
40  .34092346432346  7 164194E  +0 
4Q  .  5927022  14291307838158E  4-0 
4  C  •  8  4646  54  5  3  369  56  5  681 8  94E  +0. 
40  . 1102 19750245 156439426E  1 
40  . 135988305772384984232E  1 
40  -.152208547806873814761E  1 
40  -. L26053739554673339458E  1 
40  -.997079613718492100342E  +0 
+0  -.731726078 36 30 95 32 22 99E  40 
40  -.4644904276731 14399531E  +0 
40  -.1953860C3666475301416E  +0. 
40  • 75574 1369988520503742E  -1 
40  •  3483772 12767067968128E  4-0. 
40  .623010707446694083374E  +0 
40  . 899462 3 6095 86 8 2 58 50 56E  +0 
40  .11777201605392 1019430E  l 
40  .145777233236833 66 1661E  1 
40  -.1401985319991858323996  l 
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Table  B-12  (Cont'd) 

THE  AUXILIARY  FUNCTIONS  G(-x)  AND  ^(-x)  FOR  0  <  X  <  10 


x  G(-x) 

8.1  .951996121950042394 96 3E 

8.2  .954913853387937124668E 

8.3  . >57805245192707063 52  IE 

8„lJ.  .  960670840481 22226 18  35E 

8.5  .96351 1165191982020787E 

8.6  .9663267288 06 2591029 >6E 

8.7  . 969 11 802 50 3204 1244 338 E 

8.8  .97188553245 30 14998480E 

6.9  . 9 7462 9 7151446840 91648E 

9*0  . 97735 1023259573002225E 

9»1  . 98004 989358 333550 741 8E 

9*2  . 98272675 00 6 34 66627604E 
9«3  • 985382004312203986993E 

9 •  £  .98801 60 5 60 85100 3 98 46  IE 
9.5  . 9 90 62 92 93736652827 40 8E 
9*6  .993222094654283204799E 

9.7  .99579482567 1883 30 1877E 

9.8  • 998347843464058550 124E 

9.9  . 10008 8 14949221 338 3375E 

10.0  .100339611751291747805E 


f(-x) 

40  -• l 1183788088 354661 7289E  1 

40  - .83301 189 10968904799 14E  40 

40  -*  5458954609061 1 1592807E  +0 

♦  0  -  .25  704020978 14 7804965 IE  40 

40  • 33 54 336706063 51 5680 79E  -1 

40  •  3258449646726938 14381E  40 

40  .6 198544626037608030 16E  40 

40  .915561919373585913265E  40 

40  . 1 21 295 75671 79466522 10E  1 

40  . 151203180682322962149E  1 

40  -.132881745 07 432667 98 70E  1 

40  -.102 64 14174726387466 52E  1 

40  -  .722 360 140 509946 1 34394E  40 

40  -.4 166643 19599198291283E  40 

40  -.109335537345546935347E  40 

40  .199617523078314935871E  40 

40  • 5 10 186316855072 1499 89E  40 

40  .822 362433 84 3791 04 0576E  40 

1  •  1136 13759 50 38234861 87 E  1 

l  ,145 150 3649 155 88 5 1405 IE  1 
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Table  B-I3 

THE  AIRY  FUNCTIONS  Ai(-x)  AND  Bi(-x)  FOR  x  =  1 0.0  (0.1)25.0 
x  Ai(-x)  Bl(-x) 


1U.0  .4024 1238486443 19064 50 E 

10.1  —.597268111334 54 1563644E 

10.2  -• 1536967826070831 6 7946E 

10.3  -.232 1080 18854829267 138E 

10. U  -.28680545563082962 1003E 

10.5  -.3 1192603505 1C 50 600856E 

10.6  -.304578464997366788682E 

10.7  -.265233672673468532 137E 

10.8  -• 19776999205637 179 78 56E 

10.9  -.109151792225158841412E 

11.0  -. 875958925570238 1324C6E 

11.1  .9257043364645 8226 2 52 8 E 

11.2  . 1837036740512535398 14E 

11.3  . 25443982511504728  8320E 

11.  U  .2966 84 5 1242348 50 59 168E 

11.5  .305422970043592656397E 

11.6  . 279374 548683323686800E 

11.7  .22 123780856 50 2705 1397E 

11.8  .  13747955388507 19 13538E 

11.9  ,3767 30243 39 3585238784E 

12.0  —.  66555 17 50 54373 12954 16E 

12.1  -.  1628594535051 13731C63E 

12.2  -. 2 3964 1 0962 79 134 7 69 7 80 E 

12.3  -.287472080256441363314E 

12.  h  -• 3002998445350 142 5 7854E 

12.5  -.276274561381 1602482 19E 

12.6  -.218C80099918026314406E 

12.7  -.1 327C69 18893897 185726E 

12.8  -.306733238462919117877E 

12.9  . 7522727858 1536 19 1579 3E 

13.0  . 17151043937053704464  IE 

13.1  .24572 3407 1479 19 197C80E 

13.2  .288C86678032392882024E 

13.3  .292835007407974528706E 

13. U  •  25906846994  34 14 1 705 50E 

13.5  .  19098 12432962 20 292664E 

13.6  .974138903842 12864 1854E 

13.7  -• 92354469683709487 1932E 

13.8  -.U4616074462635171716E 

13.9  -.2 04344332 20 5273782068E 
lli.O  -.265983482784077798396E 


-1  -.3 146 7982964 38 38633 l 75E  *0 
-1  -• 310767512287939160859E  +0 
♦0  -.2757 34229 10068 36 82474E  ♦ 0 
♦0  -. 212822518390315659636E  +0 
♦0  -• 128 189973445723471 846E  *0 
♦0  -• 30356 1232640 2 10131 669E  -1 
♦0  • 70 6 2064 340 5 5 52 84 7 1920E  -1 
♦0  .164161 186485161247 964E  +0 
♦0  . 24027830578046 1363 805E  *0 
♦0  . 290667456575535745931E  +0 
-2  . 3096 54 7674267818 86 332E  +0 
-1  .29489078683381 1241 463E  +0 
♦0  .2477 00 7865586155 10150E  *0 
♦0  • 173036490435860838240E  +0 
♦0  .79016665218781 1602 62 8E  -1 
♦0  -.2 39092723559457575783E  -1 
♦0  -.124094835265161019075E  +0 
♦0  -.2 1000838 04 53832472436E  *0 
+  0  -. 27157  7189243467759620E  +0 
-l  -• 30 140609 13 778457 l 662 6E  +0 
-1  -.2957 199 1207807 30 56 7 14E  +0 
♦0  -.254904692434865255286E  +0 
♦0  -.1835651766170047299196  +0 
♦0  -.9007131350855515197276  -1 
♦0  .1437159820052312987906  -1 
♦0  .1 1703336725739277661 7E  +0 
♦0  • 20 520 16805306034695 18E  *0 
♦0  . 26 7 7722544847220571 10E  *0 
-1  .2966864467294331088686  +0 
-l  .2880264180241908841046  *0 
♦0  .2426 13229092627 199327E  +0 
♦0  . 166010776721386871 80 7E  *0 
♦0  .6791197205157219223486  -1 
♦C  -.3903579921 38 569857288E  -1 
+0  -.1408315445569633893666  +0 
♦  0  -.22 39 50 103580022791 49  IE  +0 
-1  -.277162527805999445007E  *0 
-2  -.2931002961688281836116  *0 
♦0  -• 26934032 19 37080265 384E  +0 
♦0  -.2088439473852351406076  +0 
♦0  -.119665552797624523100E  +0 
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Table  B-I3  (Cont'd) 

THE  AIRY  FUNCTIONS  Ai(-x)  AND  Bi(-x)  FOR  X  =  10.0 (0,1 ) 25.0 


X  Ai(-x)  Bi(-x) 


1U.1  -*2908100851499665424006 

1U.2  -.2751112337072173940916 

1U.3  -.2208125676847530379416 

1U.U  -.1353239563769302639356 

111.5  -.3059741893955142281586 

1U.6  • 784 9440 11C4 866 19702 586 

1U.7  .1762473855149081484446 

1^*8  .2483935287989477576626 

1U.9  .2842 19 508 l 53073098 7 28 E 

15.0  .2782174908708289295326 

15.1  .2310063813132084207536 

15.2  .1493608801676075592966 

15.3  .4531427266427546785626 
I5.li  —•  655593766657786  7691 60E 

15.5  -• 166447954090419767435E 

15.6  -.2418537763094563356356 

15.7  -.2800087782314097922676 

!5.8  -.2747717848677874235626 

15.9  -.2266939502985883655306 

16.0  -.1430579316690996977126 

16.1  -. 3685220036343945571 8 2E 

16.2  .7518917244784893161676 

16.3  .1751955869278920817386 

16.  U  .2470164370667243774166 

16.5  .2788684805605508383146 

16.6  • 26 5 334 8 8996 5 8640 C6 1446 

16.7  .2083675803364508452246 

16.8  .1170969502270647330156 

16.9  .6444923327287035057726 

17.0  -.1052623002909523902496 

17.1  -.1993096619280612480226 

17.2  -.2597449533370029061086 

17.3  -.2761343296177575333396 

17.  h  -.2454384113349522688876 

17.5  -.1726605906622262677606 

17.6  -.7012002882879061688746 

17.7  .4456339658571974378766 

17.8  .1514560734066679765826 

17.9  .2317713070554893576636 

18.0  .2712045408044142215956 


♦0  -.1394491798190573031586  -1 
♦0  .9370100560638336359076  -1 
+  0  .  188 18 10849432 15964558E  +0 

♦  0  .  ^560567572390355635096  +0 
-1  .2874922435175277552406  +0 
-1  .2777408071359618183926  +0 
♦0  .2279351859377842783966  +0 
♦0  .1450427051011755471546  *0 
♦0  .4C9630871062 54 7004 7816  -1 
♦0  -.6912659453101006117656  -1 
♦0  -.1689585809521922263786  +0 

♦  0  -• 24 35825562 650 146 71 22 IE  *0 
-1  -•  28163910035729191 3 36 7E  +0 
-l  -.277148644512263496030E  +0 
♦0  -.2305265307547122106966  *0 
♦0  -• 148642777434945160 149E  *0 
♦0  -.438863503404062751 51 4E  -1 
♦0  .6765234258063005224176  -1 
♦0  • 168624065964169058925E  +0 
♦0  .2431231514282272167306  ♦O 
-1  .2792291161871 11C48782E  +0 
-l  .2709767727537523604116  ♦ 0 
♦0  .2194206616904641756676  +0 
♦0  • 132593822101696703640E  *0 
♦0  • 24 3 3 35984 32695692655 5E  -l 
♦0  -• 878681881 139096494492E  -1 
♦0  -.1856668186539314672866  ♦O 
♦0  -.2528742916453933597506  +0 
-2  -.2781825217782000786036  +0 
♦0  -.257 l 3592 1002343 182 134E  *0 
♦0  -.1929991603122837312166  +0 
♦0  -.9634071317231654600506  -1 
♦0  .1663451066203489428346  -1 
♦0  .1267544039541580176586  *0 
♦0  . 2 15 12024 55 7 869 5335 030E  +0 
-1  .2 66 3 740 7 9965 369 l 05 099E  +0 
-1  .271424902922468651251E  *0 

♦  0  •  229141 1085 184474 3183 7E  «■ 0 
♦0  .1466821443638639195256  ♦ 0 
♦0  .3837 24 88 508 38 3997991 5E  -1 
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Table  B-I3  (Cont‘d) 

THE  AIRY  FUNCTIONS  Al(-x)  AND  Bi(-x)  FOR  x  =  10.0(0.1)25.0 


r 


x  Ai  (-x) 

18.1  • 262 5462 297524 1249499 5 E 

18.2  .207084918263242858069E 

18.3  • 114514803358 369449170E 

18.  U  .  132347636384990236688E 

18.5  -. 112088539775540476113E 

18.6  -.2050644802703 11008 12  IE 

18.7  -.2604734 50 197573740704E 

18.8  -.  26792290 1767988366698E 

18.9  -.2257899 64 287493626666E 

19.0  -.141661276880422656284E 

19.1  -.3105685610787918824 96E 

19.2  • 8536644 39744650937246E 

19.3  . 18564 16648^96518 174 10E 

19. U  . 2 5064664026586608 86 06E 

19.5  .267800272 10258394575  IE 

19.6  .233577383245297582873E 

19.7  • 1543257963697675 16332E 

19.8  .45 18377 125822075906 15E 

19.9  -.727388201 1101 30226840E 

20.0  -• 1 7 6406 1270 7 79846 8969 5 E 

20.1  -.24536 17392529981 7280 6E 

20.2  -.2658126423088 26 248378E 

20.3  -.233468179608765823777E 

20.  U  -.15453541737774759094CE 

20.5  -.4462568039701 1909639 8E 

20.6  .7425777 l 10569997C9623E 

20.7  • 1 7 8086 1049 l 68 28 7 30 7 64 E 

20.8  .24 56676 56 30448 15 5807 9E 

20.9  • 2630227486 13744069096E 

21.0  • 226358493678988966 159E 

21.1  .142995162777952029897E 

21.2  . 30003254695201258 1099E 

21.3  -. 89218132530860659 16 82E 

21.  U  -.189752403 30 99 30 847825E 

21.5  -.250385042987495251055E 

21.6  -.258136730536138182288E 

21.7  -.211 1306366489769601 1 3E 

21.8  -• l 19 143469675093058 140E 

21.9  -.16691709824184591091 IE 

22.0  • 1 16144153760514129292E 


Bi(-x) 

♦0  -. 767 2 23 854 74 7 84 1476 899E  -1 
♦0  -. 178 12044269450 54858 37E  +0 
♦0  -.24757486 16038694 20 837E  *0 
-2  -.272401841160857962017E  +0 
♦0  -• 247870690720432925206E  +0 
♦0  -• 1781940104 13059284270E  +0 
♦0  -.758983 11 962 06 59835 698E  -1 
♦0  .40 35212876528 1 317594 7E  -1 
♦0  .149115486345776058365E  +0 
♦0  .23012 1090094 5883 14723E  +0 
-1  .26808155260491 1008 34 2E  +0 
-1  .2 556460986951 70245 720E  *0 
♦0  • 1949 13 102 364998 585 77 3E  *0 
♦0  .971 764005853246836007E  -1 
♦0  -• 190916422575766242 140E  -1 
♦0  -.131677595 54 2802977208E  +0 
♦0  -.2188566686250463151 74E  +0 
-1  -.26361300 1791182791587E  ♦ 0 
-1  -.2570262923868471 16144E  +0 
♦0  -.2001 39309322651 349186E  *0 
♦0  —. 10390009445385 1058 50 3E  +0 
♦0  .128575785 l 144 12 207673E  -1 
♦0  . 127041937713412395259E  +0 
♦0  .2 15852962935 l 46300 754E  +0 
-1  • 261362137869230292 146E  +0 
-1  .25419791055 3626351414E  *0 
♦0  . 195567247818799204658E  *0 
♦0  . 971609533605542754950E  -1 
♦0  -.2 1088632996163868951 7E  -1 

♦  0  -.  134987305578277476120E  +0 
♦0  -. 2210 14362 106683341 358E  +0 
-1  -.2612 10951 1935566899HE  +0 
-1  -• 24 700005 2 40800 7 7 7388 5E  +0 
♦0  -• 181 1 12150417079536994E  +0 

♦  0  -.7716687687531381 1352  IE  -1 
♦0  .4 3055191387411 0799 17 3E  -1 
♦0  • 154 1239779438 17 141 604E  ^0 
♦0  .2 32 3 322902 5669 939 5 86 7E  *0 
-2  . 2607 96 59 134 13 200 72 663 E  *0 
♦0  .233181 12230442 1416066E  ♦O 
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Table  B-I3  (Cont'd) 

THE  AIRY  FUNCTIONS  Ai(-x)  AND  Bi(-x)  FOR  x  =  10.0(0.1)25*0 


22.1  .208852982732890C23155E 

22.2  .256237260684164219840E 

22.3  •  247778 17952  5  7  5062  7480  E 

22.  U  • 18508979044 19326868C2E 

22.5  .8 172350090403664 56 193E 

22.6  -• 396693650 193 14130 12 10E 

22.7  —•15224473 54 13209501483E 

22.8  —  .230893191464556 195 147E 

22.9  —  #25788 17 147076779 96500E 

23.0  — .2 269 340533740 828751C9E 

23.1  — • 144 793890460390 34 38 18E 

23.2  -.298619426863361778777E 

23.3  .918450352232953941836E 

23.  h  • 192545590870573449857E 

23.5  • 24904 99 2692 12 110 96 860E 

23.6  *248 1582558374 13289596E 

23.7  • 189850007580364689 196E 

23.8  .87442563738 1373602537E 

23.9  -.353476431558870289455E 

2h.O  — . 14983659008 18865 3 3396E 
2l*.l  —  .229061832290777216468E 

2U.2  -.254174141649923418851E 

214.3  -.219007647648814962242E 

2li.U  —  •  1 3 170 16574  768209845 12E 
2U.5  — • 1292604470324 109250 17E 

2li.  6  •  1089319296452688 14  729E 

2li..7  •  204  5 1908 164  38797  300 15E 

2U.8  .250609280392520862544E 

2lu9  •  2  358 19605845486604  75  7E 
25.0  • 1635265788304294694 3 3E 


♦0  • 155208360671721413919E  *0 
♦0  .4357766 2 5904232488430E  >1 
♦0  -• 7752 99 3488 7 3376605 282 E  -1 
♦0  -.18i64821345723122979iE  *0 
-1  -•  24 58 16934 55638 8009409E  *0 
-1  -• 25569986940908184444 IE  +0 
♦0  -.20887793 33 22794891 068E  +0 

♦  0  -.115542 74 327791784 3883E  +0 
♦0  .362 14680931 358 1795924E  -2 

♦  0  . 121951968900328556751E  +0 

♦  0  .  2 12749314538662240304E  +0 
-1  • 2553290637609774 16864E  ♦O 
-1  .23980659170195122288  IE  +0 
♦0  • 169492 960428 5 7731 8 533E  ♦ 0 
♦0  .60 3005602288 153 187 l 3 IE  -1 
♦0  -.627674638955 1674 1495 7E  -1 
♦0  -.1712917981330 58 5 84 765E  ♦O 
-1  -.240000432090737411 562 E  *0 
-l  -.252705997283569205 l 11E  *0 
♦0  —• 20621 104602689683959 IE  +0 
♦0  — • l 112 19352 384403984 3 l IE  *0 

♦  0  . 100238860098657826490E  -1 

♦  0  •  128869532996228371 242E  ♦ 0 
♦0  .2 170 1136686263882 7 766E  *0 
-1  .2 53259832 12 568291 5 364E  +0 

♦  0  •  22871 5168984665499798E  *0 
♦0  • 149059393853194420619E  *0 
♦0  • 333541 19027650651 1687E  -1 
♦0  -. 904331381588596 17925 3E  -1 
♦0  -. 1 92 l 468 15690 3 780 2 38 2 4E  40 
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Table  B-lJi 


THE  AIRY  DERIVATIVES  Ai'  (-x) 


x  Ai'(-x) 

10*°  . 996265044 132 790055892E 

10.1  . 986306837060 128 148095E 

10.2  • 8 76989980000 19466 l 9 56E 

10.3  .677492829540912778935E 
10. .406568840375071685654E 

10.5  . 9095748 739068 167 28065E 

10.6  -.23713 20671415953 42 417E 

10.7  -.543 24 59003159 36 796191E 

10.8  -. 7943073871862180641 74E 

10.9  -.962260068227773245908E 

11.0  -.102732 787366457942 146E 

11.1  -.98O506149825052899038E 

11.2  -.824959550042248434194E 

11.3  -.576107619922862774700E 

11. k  -.260316898110101 J34452E 

11.5  .8772415432 17844431 1 15E 

11.6  .42871 1397926832591047E 

11.7  . 7231336615 90 37479788 9E 

11.8  . 9 35897860655351 50 147 9E 

11.9  . 104062902595923361 728E 

12.0  . 102 3 l 1045336797072 98 5E 

12.1  . 88 34023 18230967050460E 

12.2  .63631251 1740  381  *.34  69  3  E 

12.3  . 31O078788142016651869E 

12.  U  -.5666 322 56634 81 390090 7E 

12.5  -.4 193313304 1 95 05164532E 

12.6  -. 732775470917369619930E 

12.7  -.9569453910 19276409507E 

12.8  -.106213547732257338193E 

12.9  -.10331 10018472 38008087E 
13.0  -.871 51 96 778799 5336664 6E 

13.1  -.596212382078845566525E 

13.2  -.2412992 148 1 3791016779E 

13.3  . 147871972014636075092E 

13.  U  .  520393018257385950198E 

13.5  .  82643275 142525423805  IE 

13.6  . 102 39783333201546 1588E 

13.7  . 108476447077731942679E 

13.8  • 99 8 5 386582 584994 5960 6E 

13.9  . 77499796 68 8398 8132756E 

lU.O  .  443024877002843641 119E 


AND  Bi'(-x)  FOR  x  =  10.0(0.1)25.0 


Bi'  (**x) 

♦  0  . 1 19414 11 33999092381 84 E  +0 

♦0  - • 1975287790213318601 54 E  U 

♦  0  -.49769246188428512 10UE  +0 

♦0  -.7501858697885737491 30 E  +0 

♦0  -.92812682641 1867769589E  +0 

-1  -.10116 1408 1630377518656  1 

♦0  -.9901010796438599058206  *0 

♦0  -.8638797341422435871736  +0 

♦0  -.6444610306979828470966  * 0 

♦  0  - . 35  ?  7477379040455573986  +0 

1  -.2202299531446446662536  -1 

♦0  .3150860919360722174846  +0 

♦0  .6203836550785987160806  *0 

+0  .8592296643032 57688509E  *0 

♦  0  • 10035593383  7 9082Q9540E  1 

-1  .1035326404693083440896  1 

*0  »v4 8937607706955 26 37 806  +0 

+0  • 75 2 3 38 662 82 22 903 1482 9E  +0 

+0  .4665521086986912881656  +0 

l  .1236417563167861870266  +0 
1  -.2367321978311233165196  +0 

♦0  -.5718212112013183729436  +0 

+0  -.840861900 19696  732 1466E  +0 

♦0  -.1010117859743674011586  1 

-1  -.1057261769693624700286  l 

♦0  -.9745165361671740721026  *0 

+0  - .770098363688  708 315 160E  +0 

♦0  -.46 7695745851 94 7 37 50 90 E  +0 

l  -• 103956307039462734093E  +0 
l  .2757896939711639158116  +0 
♦0  .6230972488192877336426  +0 

+0  .8925979339523844015006  *0 

♦0  .1048027568346431999616  1 

♦0  .1067282181667051553646  1 

♦0  .9457813747055393621 76 E  +0 

♦0  .69760874733408 1857284E  +0 

1  .354 i7 39 557482424 71968E  *0 

1  -.3953230707582985198226  -1 

*0  -.4306827 1822482 1432345E  +0 

♦0  -. 765650066609329605 165E  +0 

♦0  -.99741 18 189493335240 89E  *0 
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Table  B-llj.  (Cont‘d) 


THE  AIRY  DERIVATIVES  Ai'(-x)  AND  Bi*  (-x)  FOR  x  =  10.0(0.1)25.0 


x  Ai* (-x) 

V**1  .47211 54 8635 5666 765885E 

^•2  -  *  357953614821 1646294 13E 

^*•3  -• 7 155 10289995554659 11 7E 

-• 974066 500 7 72 3 1786726 5 E 
^•5  -• 109532127288053 921504E 

iU.6  ...  105995567846932470435E 
-.8709631 1 960  72  32  36  3692  E 
-• 553822667571 17275371 3E 
^•9  153359664569547016905E 

• 2 72 3 7420430864202 08 13E 
!5-l  •  660404  72  8662501 7  30364E 

15*2  . 952157783252348946377E 

15.3  •  1 10242563001320523032E 

15. U  . 108659230079908491879E 

15.5  .  9049379354302 12 199387E 

15.6  .58324 11 64  8  48  36  73 1626  IE 

1^*7  •  169441230102727826446E 

15.8  -.  2  732  700098  3  5  39  3  5  3957  IE 

15.9  -.6759748 13766345733744E 

16.0  -•  974  76444 1 62 12  72  7 1806  5  E 

16.1  -•  1 1210 154 166352  94  2  2916  E 

16.2  -.  1089540451 19886561724E 

16.3  -• 88321 81 76990026 090747E 
l6.it  -.5332 18364669774 1 17392E 

16.5  -.  94622579963532 1 398  354  E 

16.6  •  3620096253898709592 14E 

16.7  .76 18832999  3028724 109  IE 

16.8  • 103825246668262429628E 

16.9  • l 14372 9800 198 70897500E 

17.0  . 10586845766446600773  IE 

17.1  •  79520453424 1372456795E 

17.2  .  395790302 3 2 89 15 73 805 5 E 

17.3  -.73180 l 12630450 1338256E 

17.lt  -.532275998762611 1 30794  E 

17.5  -•  9024049  2  04  8084 16  90 139  E 
17-6  -,  1 1 1852982 7836 791 74 147E 

17.7  -.1141 32453189384288830E 

17.8  -• 9646473245 2429 3331 949E 

17.9  -.6 17368956302882 529533E 

18.0  -. 1 59038915204968015408E 


Bi* (-x) 


-1  -.10922 98 86 180 34366 2178E  1 

>0  -• 1035 10594 12487261 36 70E  1 

♦0  -• 831 7659880057362 l 84 97E  +0 

♦0  -.5091011 1 1919613196060E  +0 

1  -• 11 1 56 2222 86 70333133 30E  ♦ 0 

1  .3046961334913821072926  4 0 

♦0  .679651 19 154083096 39 24E  +0 

♦0  .9580843 32 8875273855 UOE  +0 

♦0  . 1097840900904636024 12E  1 

♦0  • 107642975308437478672E  1 

♦  0  •  89490532 339262 5020004E  4-0 

♦0  •  578336571628529231 122E  4-0 

1  • 172654730530824764425E  *0 

1  -• 26 178258 17252033970 75E  +0 

♦0  -. 6590509 566800734 121 79E  +0 

♦  0  -  .95766666562 1878 1995  72E  +0 

♦0  -.111022851 126644042221E  l 

♦0  -.1091 16927709903251 33 3E  1 

♦0  -• 90 132 2087898742 796755E  *0 

♦0  -• 5684556059761353725 l 3E  +0 

1  -•  143539384688662 369616E  4-0 

1  .306822514229106213165E  4-0 

♦0  • 71071 179 106 15042690 88E  +0 

♦0  . 1002396553596652831 10E  1 

-l  . 11331 77 10 802271 04 3737E  1 

40  •  1079770385107840746 10E  1 

40  .848756977523135561474E  40 

1  .47620 82 1049 745 183524 IE  40 

1  .2238 135728 10 3492420 70E  -1 

1  -.43780206579098750968 IE  40 

40  -•  827035062947329574850E  40 

40  -• 107867029788725529483E  1 

-1  -• l 14832723355668948747E  1 

40  -• 102201427175637047270E  1 

40  - •  7 192395068395728 1 3453E  *0 

1  -.290395379466557036689E  40 

1  •  191322622706109562398E  40 

40  .6422 2930 5996633783963E  40 

40  • 982662 1 19410 1 30308701 E  40 

40  • l 151 187094 10864179877E  1 
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Table  B-14  (Cont'd) 


THE  AIRY  DERIVATIVES  Al' (-x)  AND  Bi' (-x)  FOR  X  =  10.0(0.1)25.0 


* 


» 


w 


x  Ai'  (-x) 


•  330042  7963 10 298 156 555 E  +0 
l8*2  .7627515936917427776816  +0 

18  *3  .  106067926153725079759E  1 

18*5  .  116852099366926422614E  1 

18*5  .1064643962279708443556  l 

l8*6  .7657728995979953966816  +0 

l8-7  .  32473691 126077585 1879E  +0 

l8*8  -.1785290755795868103976  +0 

l8«9  -.6512678285274781243436  +0 

19.0  1004961 12500513959378E  l 

19.1  -.1172044175504166758936  1 

19.2  -.1119098401722277970426  1 

19.3  - • 85390 189666690688 1238E  +0 
19. U  -.4247972326940210626096  +0 

19.5  . 87741088 343 7571359200E  -1 

19.6  .5859525908264708169196  +0 

19.7  .9733664177427213232166  *0 

19.8  .1173597841388614636276  1 

19.9  •  1 145688  309012812229366  1 

20.0  .8928628567364712381086  +0 

20.1  .4627730861995087333906  *0 

20.2  -.(>107810973829758137016  -1 

20.3  -.57527966 186227 385017 IE  *0 
20. It  -.9768407884790085517036  +0 

20.5  -.1183933019705147497146  1 

20.6  -.1152853245546619829176  1 

20.7  -.887642345752699053538E  <-0 

20.8  -.440177387396897004168E  +0 

20.9  .9955741831779345654726  -l 

21.0  .6212944499089270731716  +0 

21.1  .  101693461106264827929E  1 

21.2  .1203079032049127856586  1 

21.3  .  113892410645316521610E  1 

21.  U  . 835624066444 3362872 1 7E  +0 

21.5  •  3 54902 5 322 392 532 79 140E  *0 

21.6  -.203092964385294216800E  +0 

21.7  -•  72040284745 1290  32  5654E  +0 

21.8  -.  10861529409902343654  IE  1 

21.9  -.  1220498377169635162896  l 

22.0  -.  1092412751270833672586  l 


Bi'  (-x) 


•11 15949049500 3 16001 63 E  1 
.88 1031 00 978671261 40 86E  +0 
. 4865079724955890071 62 E  +0 
.1976667841831060568656  -2 
-  .4854720383649356587 18E  +0 
-.8868 l 2488925784 222228E  +0 
-.112741971 42 34 1149 84 13E  l 
-.116117O80080616277550E  l 
-.9796527843456955072556  *0 
-.6144737539560740563006  +0 
-•  132224069262729461444E  +0 
•  37739355451 1028 0903 87E  +0 
•818098773850617369356E  +0 
.1105259658929112454556  1 

•11823 54 1560 575811 49 21E  1 

.1032433254329387445276  1 

.6822071042022390230706  *0 
. 19773 1089523875 1024 14E  +0 
-.3277186494211771311 32 E  *0 
-.7914290338395364797106  +0 
-•  1 10 1 344 1 6082828  42 17  72  E  1 
-•  1 1 94 542 76 8299 16 1 354 89E  1 

-.1050358312745774615196  l 
-.695 34809235 3651747723E  *0 
-.19686 80 28021 68 59802 26E  +0 
.3401260179883645729816  +0 
.8126187927188303910046  +0 
•112160402277393158327E  l 
.1202216758791478210056  1 

.1035715597013658602226  1 

•6 54 23 70 3 8499290 6660 34E  +0 
. 1350676085772342841 55E  *0 
-.4146642745331911699236  +0 
-.8799267448385142740146  *0 
-.1161903134087272258726  l 
-.1199231427041751901596  1 

-.9817548836228930960986  +0 
- . 5536307278473450262  78E  +0 
-.4034543867582345931286  -2 
.5474219128919456992876  +0 
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Table  B-lij.  (Cont*d) 


THE  AIRY  DERIVATIVES  Ai'  (-x) 


AND  Bi'(-x)  FOR  x  =  10.0(0.1)25.0 


x  t±*  (-x) 


22.1  -.727292565344394743859E 

22.2  -. 202441955964697765854E 

22.3  • 368901353234816910706E 

22.1  . 86 17937 6875745081246 3E 

22.5  •  1 16693605500273035566E 

22.6  • 121 5 16096682896 143 123E 

22.7  .99352554448858690 14 73E 

22.8  . 549 18478503 14 1453 1435E 

22.9  -. 20 14546 162 76740678 855E 

23.0  -. 58 733 50900449 3979480 7£ 

23.1  -• 1024 l 05400 7409091 095 3E 

23.2  -. 1 230 1647 764 18 36 70 5 958E 

23.3  -.  1 15657708766664642 159E 
23.Ii  -.8 17850  59526086  7908332E 

23.5  -•  289672064320503993065 E 

23.6  . 30755551 1584434547970E 

23.7  .8 359060748 56036809494E 

23.8  . 11717 79973377298 4028 3E 

23.9  . 123506405084388194212E 

2U.0  . 100867440767719700927E 

2U.1  . 543625365777346 l 4968 5E 
2U.2  -.51937134972497351 1594E 

2U.3  -. 63752 268 56566 70707786E 

2k.h  -.107331791882811 90 7766E 
2U.5  -.125371 74 18758 71 90 8787E 

2U.6  -. 1 1332 952894489004690 2 E 

2U.7  -.7387494681 16937325952E 

2U.8  -. 163577726350710 106699E 

2U.9  .45363254245 185 14642 98 E 
25.0  .9623788513876974 10445E 


Bi' (-X) 


♦0  .98 3600984289920 21 60 19E  ♦ 0 

♦0  • 120781 78564 1272463487E  1 

♦0  • 116922 720492236 174493E  1 

♦0  .873989793462842 108274E  +0 

1  .3 849 2 2 843 1443899 145 23E  40 

l  -• 19 1416869 1864 50 25 5597E  +0 
♦0  - . 72 76 7 260849400 7 30844 7E  +0 

♦0  -. I 10378122 42 8910880 367E  1 

-1  -• 12 340422445 151 7339746E  1 

♦0  -• 10870259966754336821 IE  l 

1  - .69362 1559870265 1669 15E  +0 

1  -.141 0847778193 83 38718 3E  *0 

1  .4459 149767901 18 129053E  +0 

♦0  .9332333 54 20096508 9980E  40 

4 0  . 120796544735886827644E  1 

♦0  . 120489808290096909280E  1 

♦0  .922444 l 64 12 372 8662057 E  +0 

l  • 4240 7478318014115 34 10E  +0 
1  - • 17545 1400 786526 7070  86E  +0 

1  -• 736202 56 184 307328 736 7E  +0 

♦  0  -• 1 1 256708395442 330459  IE  1 

-1  -.125028 168 5620253544 30 E  1 

♦0  -• 107828488 15 7359570765E  1 

1  -  .648 34 18 59 7 5044 122 7180 E  40 

1  -.6 13972 17333 92 833731 11E  -1 

1  .5426 1466532 7625 647722E  40 

40  • 10 179604591 58654789 14E  1 

40  •  1248373143799001046  86E  1 

40  • 1 17584146918034836769E  1 

40  .81 57197 15 75460585 7322 E  40 
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Table  B-15 

THE  AUXILIARY  FUNCTIONS  F(-x)  AND  X(“x)  P0R  x  =  *0. 0(0.1) 25.0 


x 


F(-x) 


X(-X) 


10.0 

10.1 

10.2 

10.3 
10.li 

10.5 

10.6 

10.7 

10.8 

10.9 
11.0 
11.1 
11.2 

11.3 

11.  li 

11.5 

11.6 

11.7 

11.8 

11.9 
12.0 
12.1 
12.2 

12.3 

12.  h 

12.5 

12.6 

12.7 

12.8 

12.9 
13.0 

13.1 

13.2 

13.3 
13.1* 

13. $ 

13.6 

13.7 

13.8 

13.9 
1U.0 


•317242419073487239176F  *0 
•3164 54 95518 60 51274927E  +0 

•  315677 154829926359568E  *0 

•  3149088070389744208 17E  +0 
•314 1497074 192861 11290E  ♦ 0 
•313399657884768096617E  +0 
•312658466405703526920E  *0 
•31 19259467695378 10973E  +0 
•311201918353191159856E  +0 
•310486205906245059783E  *0 
. 3097786 39344392 170640E  +0 
•309C7905356257840C371E  +0 
•308387288197302324092E  +0 

•  307703 1875475 7092729  IE  +0 
•30702660030404206 128 9E  *0 
•3063573794359131953256  +0 
•305695382025143205520E  +0 
•305040469117619214633E  +0 
•304392505580 904C32339E  ♦O 
. 303751359968221676086E  +0 
. 303116904388358898790E  +0 

•  3024890143811797229556  * 0 
•30 186756879846778 34 37E  *0 

•  30 1 252449689827906 777E  +0 
. 300643542 193393890 124E  *0 
•300040 73443 1103966534E  *0 
.2994439 174083 19028796E  +0 
•2988529849 1757139831 IE  +0 
•298267833446243830631E  +0 
•2976883620879896024C6E  ♦O 
. 297 11447245 77 14978226E  +0 
. 296546068609955 158930E  +0 
.2959830569604840 10235E  +0 
•295425346211006503697E  +0 
•294J 728472767 90 909252E  +  C 
. 294325473217105395695E  *0 
•2937831391683 30 855130E  +0 
. 293245762279628500269F  tO 
•292713261651047117722E  +0 
•292 185 5 5827 396082 2254E  *0 
•29 1662 57497 3733770772E  +0 


•  2 186 39589 57 3365 544874 E  2 
.2218 10246 l 59942 349940E  2 

•  22499662 39 174 1 1 06 7827E  2 
• 228198645930435390283E  2 
•231416236395329788726E  2 
.  2 34649 320 59 374202 5 394E  2 
•237897824867191340 11 5E  2 
.24 1 16 1676 5924272 8 9904E  2 
. 244440804157575930526E  2 

•  24 773 51 3693904 16445 8 9E  2 

•  25 1044605279134445996E  2 

•  2 54 369 140464394031 080 1  2 
•2 577086747 04 583207 94 5E  2 
•261063141112 324622 30 7E  2 
. 26443247 36 83355914904E  2 
•2678 1660727 73 79 596 86 8C  2 
•271215477599485019040E  2 
•27462902 1182120842944E  2 

•  2780571 75367597398357E  2 
•28 149987829 10 99238610E  2 
•2849570688 64 1890 82462E  2 
.  2884286867587851 641 18E  2 
.2919146723915948027006  2 

•  2954 14966908987752 1 16E  2 
•298929512172293603974E  2 
.  302458250743508192 14 9E  2 
.  30600 1 1258713 94 58985 9E  2 
.3095580814779649004566  2 
.3131290621453296236706  2 
•316714013102901930916E  2 

•  3203 128802  14 944708673E  2 

•  32 39 25609968448728 755E  2 
.3275521494613307803886  2 
.3311924463909410523166  2 
.3348464490428694851136  2 
•338514106280041225635E  2 
•342195367532091707907E  2 
. 345890182785012259231E  2 
•349598 50 25710574872 84E  2 
•353320277958906044825E  2 

•  3 5 70 5 5 46 0 5 44 0666 9 394 7 E  2 
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Table  B-l 5  (Cont'd) 


THE  AUXILIARY  FUNCTIONS  F(-x)  AND  x(-x)  FOR  x  =  10.0(0.1  )25«0 


x  F(-x) 


if**1  .291144236354513583034E 

if**2  .  2906 30468 746C601 9980 7E 
if**?  .290121200 15252 16078  38E 
i**.**  .289616360203072292703E 

il*.5  .289115880 1 04 3 344 6 220 4 E 
1U.6  .2886 19692594506030 177E 

1L.7  • 288 12 77 3 1899 1230 7 79 38 E 
1U.8  .28763993368838803 179  IE 

1U.9  .2871 5623503599 8122645E 
15.0  .2866765743794 118 39 734E 

15.1  .28620089 148 14940657 13E 

15.2  .285729 127 39 3483395255E 

15.3  .28 526122441 922780 34 52E 
I5.h  .284797126080637352563E 

15.5  .2843367770843050 14675E 

15.6  .283880123289248951 148E 

15.7  .28342711 16757317 34 923E 

15.8  .2829776903151 140 3556  IE 

15.9  .2825318083407022 15800E 

16.0  .2820894 15919551 1184C9E 

16.1  .2816504 64 225185058858E 

16.2  .28121490541 1201688123E 

16.3  .280782692585724955671E 

16.1*  .280353779786674890 120E 

16.5  .27992812 195782332 84 28E 

16.6  .2 79 50 56 7492 5 6060 68 00 4 E 

16.7  •  279086395376663 L93588E 

16.8  .278670240836080545720E 

16.9  .278257169646306453637E 

17.0  .277847140946718955535E 

17.1  .277440 1146538 197764 14E 

17.2  .27703605 1442C 3233097  IE 

17.3  .276634912725081968936E 
17.1*  •  2762366606  379375  852  55E 

17.5  .275841258019294580082E 

17.6  .275448668  394  5  799  75  8 19E 

17.7  . 27505885595946 1282526E 

17.8  .274671785563 84 145 09 08E 

17.9  .274287422696322965609E 
18.0  .27 3905 733469 12481 2 522E 


x<-x) 


♦0  • 36080400243952 l 90241 OE  2 
♦0  • 364 565 8 562 6660 150 l 424E  2 
♦0  • 36 83409 751 460792 17640E  2 
♦0  .37212931268 948516314 5E  2 
40  . 375930822990627626320E  2 
40  .379745460617317754181E  2 
40  • 383573180603290953677E  2 
40  .3874 1 3 93 8440 3 190664 18E  2 
40  .391267690070507588131E  2 
40  • 395134391878772412064E  2 
40  • 3 9 90 14 0006 8 54907 74 52  IE  2 
40  .4C2906473739321271326E  2 
40  .40681 17687 10 187996739E  2 
40  .410729843682424031242E  2 
40  • 4 1466065 71 48069672663E  2 
40  • 418604 16 80 00 32 0965 874E  2 
40  • 42256033 552 7 124240694E  2 
40  .426529 11 9404 91251583 3E  2 
40  .4 30 5 104796924 79768 647E  2 
40  .4 34504376824989207 l 14E  2 
40  .438510771 608111811284E  2 
40  • 4425296252 12291537282E  2 
40  • 4465608991671 33697836E  2 
40  .45060455535591 3 149307E  2 
40  . 454660556010 199026933E  2 
40  .458728863704 59287706 IE  2 
40  .46280944 135 15771 38482E  2 
40  .466902252196471023969E  2 
40  .47 10072598 12490948712E  2 
40  .4 75 12442809591 2 743964E  2 
40  . 47925372 1261 3329 82698E  2 
40  .483395 10383702 6828 99 IE  2 
40  .48 7548 540660 399904 765E  2 
40  .491713996873531746409E  2 
40  • 495891437918808499609E  2 
40  .500080829534642573932E  2 
40  .504282137751277049250E  2 
40  . 5084953288866726939046  2 
40  .5 127 20369 54 247552006 7E  2 
40  • 5 1695 72 26600062 864940E  2 
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Table  B-15  (Cont»d) 

THE  AUXILIARY  FUNCTIONS  F(-XJ  AND  X(“*)  FOR  X  =  1 0,0  (0.1)25.0 


x 


F(-x) 


x(-x) 


4 


.273526684603436703812E 

18.2  .273150243415195565009E 

18.3  .2727763778012 69 88I312E 

18. U  .272405056226038C66488E 

18.5  . 27203624 7708 347 5 58856 E 

18.6  .271669921808841866031E 

18.7  .2713C6048617643274528E 

18.8  .2709445987423794 13062E 

18.9  .2705855432965423 106 9 4E 

19.0  .270228853888 169023500E 

19.1  .26987450260883331 748  IE 

19.2  . 26952246202293829 1 724E 

19.3  .269 172705 15730020 508 3fc 

19. U  .268825205491014133028E 

19.5  .268479936945592429161E 

19.6  .268 136873875 3672 9 9277E 

19.7  .2677959910581491 15229E 

19.8  .267457263686 13240 1966E 

19.9  .267 120667357041 7246 14E 

20.0  . 266 786 17806550998 381 3E 

20.1  .266453772194681897394E 

20.2  . 266123426508035705350E 

20.3  .2657951 1814141638 34 16E 

20.1*  .265468824595273888877E 

20.5  .265144523727  ICO  19 104 5E 

20.6  .  26  4  8  2  2  1  9  3  7  4  4  0  5  9  0  5  8  4  1  5E 

20.7  .264501813195802785424E 

20.8  .2641833 60 967470244257E 

20.9  .263866816272860841712E 

21.0  .263552 158 64 7779 14 8043E 

21.1  .263239367943545 144340E 

21.2  . 262928424320665207656E 

21.3  .2626193082426591 19053E 

21.1*  .262312000470038539342E 

21.5  .26200648  20544  32  5  50  72  8  E 

21.6  .26 1702 7 343328560 102 38E 

21.7  .26 1400738922 l 1660 2789E 

21.8  .26110047771 3356618388E 

21.9  .260801932866725609513E 

22.0  .2605050868061802 1 1260E 


♦  0  .5212058672 16666047 15  5E  2 
♦0  • 52 54662588 21 567 706643E  2 
40  .529738 369112371992 82  IE  2 
40  .  534022 166051 34 582058  3E  2 
4  C  .  5 383 176 1786 18294 66 363E  2 
40  •  54 2624693024 7 14827544E  2 
40  . 546943360274989717469E  2 
40  . 551273588598346616014E  2 
40  .555615 34 7227854341 36 7E  2 
40  . 559968605640691 152 996E  2 
40  . 5643333335549378  38658E  2 
40  . 568709500926429379540E  2 
40  .57  309707794566382767  IE  2 
40  . 57 749603503476706835  6E  2 
40  .  58  1906342844512 17775 5E  2 
40  . 58 63 2797225139212178  6E  2 
40  .5907 60 894354744 577 576E  2 
40  • 59 520 5 08 047 392 7692 386E  2 
40  . 599660502 145 54 5627675E  2 
40  ,604127131 120722767556F  2 
40  .60 860493936242550161 3E  2 
40  . 613093899042830521590E  2 
40  .61 7593982540738600 14  IE  2 
40  .622 105 16243903284 7 767E  2 
40  .62662741 1522180470752E  2 
40  . 631160702773777079075E  2 
40  . 63 5705009374 132618649E  2 
40  • 64 0260 304697898 026 340E  2 
40  .64482656231 17317 30 317E  2 
40  • 649403755972005 140996E  2 
40  .65399 1 859622546300 107E  2 
40  . 658590847392420877216E  2 
40  .66 3 20069 3 59 3749 7 2 360 IE  2 
40  .66782 1372 7 195622 14027E  2 
40  .672452 85944 1684626388E  2 
40  .677095 1286 08 66262841 OE  2 
40  .68 1748 15524371 8559030E  2 
40  .68641 1914 54 273861016 8E  2 
40  .69 1086 38 18722962 3 18 11E  2 
40  .695771 532767704 100567E  2 
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Table  B-l 5  (Cont*d) 

THE  AUXILIARY  FUNCTIONS  F(-x)  AND  X(-*)  FOR  X  =  10.0(0.1)25.0 


X  F(-x) 

22.1  .2602C9922214407528712E 

22.2  .25991642202786861 334 5E 

22.3  • 25962456943 1958663275E 

22.1*  .259334347856280690990E 

22.5  .259045740970029507093E 

22.6  .25875873267 7482 96 96 05E 

22.7  •  258473307 113597545744E 

22.8  .258189448639705326963E 

22.9  .257907141839309728475E 

23.0  .257626371513977191759E 

23.1  • 257347 122679322292635E 

23.2  .25706938056 108373862  IE 

23.3  .256793130 59 1280817577E 

23.  h  .2565183584045039351 13E 

23.5  •  256245049834 1689  5 1 108E 

23.6  .2559731909090 13095999E 

23.7  .2557027678495503 15362E 

23.8  .25543376706465 19568 13E 

23.9  .2551 66 1751481 94 776543E 

21*. 0  .  254899978875782303832E 

21*.  1  .254635 16520 153766C940E 

21*. 2  .25437172 1254  96  5992706E 

2l*.3  .  254 10  9  6  34  337884  7152  78E 

21*.  1*  .25384889 192 14 19846  540E 

21*. 5  .253589481 64  3066732262E 

21*. 6  .25333139130381353  1624E 

2l*.7  .253074608865325873803E 

21*. 8  .2528 19122447191 143773E 

21*. 9  .252564920324220900245E 

2^.0  .25231 199092  38099  7  2266E 


X(-X) 

♦0  • 70046 7 34 29 3 l 098207 94 IE  2 
♦0  . 705173788229552040740E  2 
♦0  • 70 9890 84469 32 20441 52 3E  2 
+0  . 714618488513512551703E  2 
>0  .71935669604 1293255096E  2 
♦0  .7241054437851 1255322 3E  2 
♦0  . 728864708409462318002E  2 

♦  0  . 733634466733059880509E  2 

♦  0  . 7384 1469572 7 15792758  IE  2 
♦0  .74 3 2 05 3 72 5 13880 l 9078 IE  2 
♦0  . 748006474364582424296E  2 
♦0  • 752 8 179786982 38 l 80506E  2 
♦0  . 7 5 76 3986 307984 8 90 342 5E  2 
♦0  . 762472 1052 1887787151 3E  2 
♦0  .7673 14682 96 77075 32408E  2 
♦0  . 772 1675743201 19782702 E  2 
♦0  .7770307574097987 56227E  2 
♦0  • 7819042 1050 88 55694647E  2 
♦0  . 786 7 879 120 2 63 7548 363 5 E  2 
♦0  . 79 168 1 8 40 50698444 7703E  2 
♦0  • 79658 597462 9439005972E  2 

♦  0  •  801500293205234800244E  2 
♦0  .806424 775 1772 3591 5440E  2 
♦0  .811359399618323821222E  2 
♦0  . 8 16304 1457 30065671 71 8E  2 
40  . 82 125899284 140 1608692E  2 
♦0  • 826223920407350721048E  2 
♦0  • 83 1 19890800 773 53 21 639E  2 
♦0  . 836183935345923209510E  2 

♦  0  . 841178982247587593279E  2 
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Table  B-16 

THE  AUXILIARY  FUNCTIONS  G(-x)  AND  y(-x)  FOR  x  =  10.0(0.1)25.0 


X  G(-x)  vj/  (-x) 


10.0  .100339611751291747802E 

10.1  .1005892039621157519836 

10.2  .1008369580876566521566 

10.3  .1010829052466237352916 

10. U  .  101327075743322221272E 

10.5  .1015694990962000425156 

10.6  .1018102040651516962596 

10.7  .1020492186776432991866 

10.8  .1022865702537191793676 

10.9  .1025222854299467971146 

11.0  . 102756390182353475873E 

11.1  . 102988909848405329900E 

11.2  .1032 19869 148075882505E 

11.3  •  103449292204049 159 127 E 

11.  U  .  103677202561099509889E 

11.5  .  1U3903623204688037564E 

11.6  .  104 1285765 78813287919E 

11.7  . 10435208460315 1773089E 

11.8  .  104 57416 86 89521944 827E 

11.9  .1047948497577034007316 

12.0  .  1050 14 14825064 1385490E 

12.1  .1052320841490650329336 

12.2  .1054486769855462763896 

12.3  . 105663945858024927768E 

12.  h  .  105877909442824083973E 

12.5  •  10609058600717875706  IE 

12.6  . 10630 199342 1299436670E 

12.7  •  1 065121 491 69991174945E 

12.8  .  106  72 10703638477 30 857E 

12.9  . 106928773750039318322E 

13.0  . 107135275722711566954E 

13.1  .1073405923330124220516 

13.2  .1075A4739298762878086E 

13.3  .10774773201378o654461E 

13. h  .  107949585556913180681E 

13.5  . 108150314700667557588E 

13.6  . 1083499339196604995 14E 

13.7  .  108 54 84573986906 36 558E 

13.8  . 108745899040570964705E 

13.9  . 108942272473690671937E 

lli.O  .  10913  759105932  30  3899  4E 


1  •  20301059570694644  571 IE  2 
l  .206180084908902 l 149 59 E  2 
1  .20936 532 37 1587 7 78 32 06E  2 
1  .2125662342542606174756  2 
1  .2 157827398031 15843489E  2 
1  .2190147647657484805236  2 
1  .222 262234 64224871 20 84E  2 
1  . 2255250760029770  72504E  2 
1  .2288032 164629480 182 34E  2 
1  . 2 32 0965 8 46 5 70 72 6874 06E  2 
1  .2354051 1021622374 36 71E  2 
1  .238728723744087160665E  2 
l  •  24206735679476  764 14 96E  2 
l  .24542094185 1 1 160920 74E  2 
1  •  24  8  78  94 1 2  30  3  749 18  59  84E  2 
1  «252172702430732579*»69E  2 
1  .255570747377900764703E  2 
1  .2589834831 39 78 7 8942 09 E  2 
1  . 262410846541145174860E  2 
1  .265852775219021621820E  2 
l  .269309207605386085660E  2 
1  .2 72 7800829 10269 52 48 96E  2 
1  .276265341 105407494925E  2 
1  .279764922908363 767147E  2 
1  .2832787697671 16882375E  2 
1  .28680 68 2364 509228 39 28E  2 
1  .29034902800662347 1076E  2 
l  .  293 905325 802826 36 5722E  2 
l  .29747566 1457871 797095E  2 
l  • 30 1 05 99 798 5 564 168 3 183E  2 
1  .304658226526755 12 60 5 3E  2 
l  .  308270347635951 24 3252 E  2 
l  .3118962899698161311 34E  2 
1  .31553 60 00924841 90 00 52 E  2 
1  .319189428495806237853E  2 
1  . 3228 5652 126446 l 4482 88E  2 
1  • 326537228388522376644E  2 
l  • 33023 149959094 3 07 7476E  2 
1  . 333939285 14947249 98 79E  2 
l  .33766053588 64 79865825E  2 
I  .34 139 520 3 159040 7977 40E  2 


B-Y9 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


i 

i 


I 


Table  B-16  (Cont'd) 


J 


THE  AUXILIARY  FUNCTIONS  G<-x)  AND  y(-x)  FOR  x  =  10.0(0,1)25.0 


G(-x) 


\|r  (-x) 


1U.1  . 109331867898689612256E 

1U.2  • 1095251 I5839790371568E 

lu.3  • 109717347484009166263E 

1U.U  • 109908575192503266559E 

1U.5  .  U0098811092385473662E 

lli.6  •  1 10288067082706848919E 

1U.7  • 1 10476354840247759 10  IE 

1U.8  •  l 10663685825124590 153E 

lk«9  • 1 10850071286219154565E 

!5.0  .11 103 552226643 7506 78 2 E 

!5.1  . 111220049607804586002E 

15.2  .  111403663956400825273E 

!5.3  .1115863757671465993466 

15. U  • 1 1176819530844013032 1 E 

15.5  • 1 1 1 949 1 326666542 2 9204 E 

15.6  . 112129197750497022228E 

15.7  . 112308400295241592674E 

15.8  • 1 1248674986682926127  IE 

15.9  . 112664255865851030527E 

16.0  .  112840927531411530059E 

16.1  • 1 13016773944879620541 E 

16.2  . 113191804033529642930E 

16.3  . 113366026574077136637E 

16.  U  • 1 135394501961 1 269486 7 E 

16.5  •  H3712083385437477149E 

16.6  . 1 1388 393448 7 303 75 760 4 E 

16.7  • 1 140550 11 709563752 56 4E 

16.8  .114225323125729842284E 

16.9  • 1 14394876677949178491 E 

17.0  . 114563680179895551988E 

17.1  .114731741319581282310E 

17.2  . 1 14899067662091784149E 

17.3  • 1 15065666652245  36 2 72 9 E 

17.1*  .  115231545617180692321E 

17.5  • 1 l 5 3967 11 7688 74 3 38 320 E 

17.6  • 1 1556 117220659059365  IE 

17.7  .115724933919265814487E 

17.8  • 1 15888003787829 3 58 156E 

17.9  • 1 16050388587463147527E 

18.0  • 1 16212094989801810896E 


. 34514323884927561 3696E 

•  34890459535493 1 55 3561 E 

•  3 526 792 25 58020 102 8046E 
•3 564670 8 2 926768 29 5549E 

•  360268 12 12850772 702 8 3E 
. 36408 22 9 502 58 1344 9704E 
• 36790955899159322O666E 
. 37 17498 6 8 48 88 5406 2 969E 

•  37560 31 79279939416 1 37 E 
.37946944757537221 1521E 
. 30334863002631 1297373E 
.3872406837171852001 72E 
.391 14556615849787 1593E 

•  3950632 3 52 7 980 126 74 37 E 

•  3989936494228297935 17E 
•40293676 7 33479 183 37 23E 
.4068925481618137481 16E 
•41086095 l 442531 8942 84 E 
•414841937 10 1828 38 32 67E 
•41883546544470643322 3E 
.4228414971503013291 31E 
.426859993266023 136175E 
.43089091520 1827448022E 

•  4 349342247246 105 79 1 76E 
•438989883952725733639E 
•44 30578 5 5 3506 l 6 7998 48 E 
. 44713810 1723566535133E 
.45123058621255601 1564E 
•45533527228 92 32 29 9519E 
•459452123750981465328E 
.463581 104716104056009E 
.4677221 79619090336357E 
.47187531 3205992632919E 
•4760404 70 52 9892 2248 34E 
.4802176 16946458303916E 
.4844067 18109596605457E 
.48860773996  718538758  IE 
•492820648 7568965 l 02 21 E 
.49704541 1002099435428E 
. 50128199350 78460 38860E 
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Table  B-16  (Cont'd) 


THE  AUXILIARY  FUNCTIONS  G(-x)  AND  i|f(-x)  FOR  X  =  10.0(0*1) 25,0 
x  G(-x)  >ir(-x) 


18.1 
18.2 
18.3 
18. U 

18.  S 
18.6 
18.7 
18.8 

18.9 
19.0 

19.1 

19.2 

19.3 

19. U 

19.9 

19.6 

19.7 

19.8 

19.9 
20.0 
20.1 
20.2 

20.3 

20.lt 

20.9 
20.6 

20.7 

20.8 

20.9 
21.0 
21.1 
21.2 

21.3 
21. U 

21.9 
21.6 

21.7 

21.8 
21.9 
22.0 


•116373129565075274389E  1 
.U6533498784195614778E  1 

•  1 16693209020789914564E  1 
. L 16852266553 180 7977 14 E  l 

•  11701 06 77566 3 16263735E  1 
. 117168448153650379484E  l 
. 1 173255 84 3189 76332265E  1 
. 1174820919782 l 3294 163E  1 
. 117637976961148496169E  l 
. 1 17793245013135861307E  1 
. I l 7 94 790 179675 2498 62 2 E  1 
•118101952893414314437E  i 
• l 1825540380495 195362 7E  1 

•  1 184082 599 55 14824 1 74  IE  1 
•118560526691238258536E  1 
•118712209285373134790E  1 
. 118863312936048627053E  1 
.  U9013842769499489330E  1 
. 119163803841060626229E  1 
.119 3 1320113 6495979141E  1 
. 119462039573296065218E  1 
. 1196 10324001 94 5058348E  1 

•  1197580 59207158271928E  1 
.11990524990909087491  IE  1 
. 1200519007 64 518645418E  1 
. 120198016 36 7991539915E  1 
. 12034360 12529608 30 7 78E  l 
.  12048865989288054071  IE  1 
. 1206331 96 7022838790 9 2E  1 
. 12077721 60 37835362741E  1 
. 120920722199359281913E  1 
•12106371 94 3G845151307E  l 
. 1212062119214 30 765770E  1 
.12 l 34 82C 3806 36 3460 845 E  1 
. 121489699167940159606E  1 
. 1216307020 36426769 087E  1 
.121 77 12 16390957472 169E  l 
.  121911246160414443989E  1 
. 122050795224288505619E  L 
. 122189867413521212178E  1 


•505530363356934 1875 l 6E  2 

•  509790487906048 1022 32 E  2 
•5 1406233478 197 358 3964E  2 
.  5  1834587187788624 1696E  2 
•522641067349710916125E  2 
•526 94 7889612550 54 7970E  2 
•5312663C7337182792017E  2 

•  5 35 596289446622 72 8956E  2 
•5399378051 127500757 73E  2 

•  544 29082 3 75299 9 34 26 88E  2 
•5486553 15027 111430253E  2 
.  55303 12488339452O4057E  2 
.  5574 18595 30 8347627023E  2 
•56 181 73248 180 8107 02 64E  2 

•  56622  740796080646308  IE  2 
•570648815561 120980834E  2 
•57508 15 18 66 764900 65 98 E  2 
•579525488550 185 13 80 64E  2 

•  58398069669688804 574 7E  2 
•5884471 1481 152402 1978E  2 
•5929247 148 1075 9092442E  2 
•59741 346882 14 98 59 32 83E  2 
•60191 3349 178273 146C48E  2 
•606424 32 842 06699987 60E  2 
.  6 10946379290808 7067 70E  2 
•615479474730860 19 96 48E  2 
•62002 35 87 88060 82507 94 E  2 
•62457 869207 50 52436600 E  2 
•62 9 144760842 051 67 4945E  2 

•  63372 1 76790000 746284 IE  2 
•638 30 9687 15558595 57 30 E  2 

•  642 90 8492 70 147805 36 35E  2 
•64 751815881419668 09 26E  2 
•65213865995 19 104680 30E  2 
.65676 99 7075231 3 06 36 866  2 
•66 141206603052732 6449 E  2 
•66606492077 704366332 IE  2 
•670726510155691 802 308 E  2 
•67540280950 1645 3035 90E  2 
.680087794 319458 13 1944E  2 
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Table  B-16  (Cont»d) 


THE  AUXILIARY  FUNCTIONS  G(-x) 


x  G(-x) 


22.1  .  122328466511328857329E 

22.2  .  122466596254008861577E 

22.3  . 122604260331728997647E 

22.  h  .  122741462389299892615E 

22.5  • 122878206026931233349E 

22.6  . 123014494800972089066E 

22.7  •  123150332224635752605E 

22.8  . 123285721768709490114E 

22.9  . 123420666862249577438E 

23.0  • 123555170893261990400E 

23.1  . 123689237209369105480E 

23.2  . 123822869118462757055E 

23.3  . 123956069889343987372E 

23.  Jj  •  124088842752349815723E 

23.5  • 12422 1 1 9089996 7 34399 7 E 

23.6  . 1243531 17487435506674E 

23.7  • 12448462563333476461 3E 

23.8  • 124615718420165033525E 

23.9  • 124746398894912129780E 

2L.0  . 124876670069603008336E 

2U.1  . 125006534921330059827E 

2U.2  . 125135996395384726477E 

2U.3  . 125265057400580689279E 

2U.L  • 125393720814966871910E 

2U.5  *12552 1989483730500 l 2 5E 

2U.6  • 1256498662202 10448814E 

2U.7  • 12577735380638 1102586E 

2U.8  . 125904454993326949609E 

2U.9  • 1 2603 11 7250 1708 l 22 49 7E 

25.0  • 126157509022217094241E 


AND  \|r(-x)  FOR  x  =  10.0(0.1  )25#0 


vjr  (— x) 

1  .684783440281 132629844E  2 
l  .6894897232242 18 24 7463 E  2 
1  .6942066 19 14994040 1842 E  2 
1  .698934 10422 13 5885 2944E  2 
1  • 70367 2 154 76 15 549998 42 E  2 
1  .70 84207472 5 184 7 5 145 66 E  2 
1  . 71 317 98 583300 35745801 E  2 
1  • 7 l 794946478 86 70 3 3 8268 E  2 
1  .722729 543573350 52 71 62 E  2 
l  .72 752007 178 10475802 35E  2 
l  .732 32 102665 845 3 872 5 77 E  2 
1  .737 13238560035709 1755E  2 
1  . 74 1954126 14803908 2848 E  2 
l  • 7467862 2 598 7698854543E  2 
1  . 75 162 86629488992 7 8993 E  2 
1  • 7 5648 14 1500 303 70288 76 E  2 
1  • 76 l 344460 26 18 35 3060 5 7E  2 
1  • 7662 177769758589265 95 E  2 
1  • 771101343533051 336906E  2 
1  • 775995 138457 29 3 1458 38E  2 
1  .78089914040698 l 76692 7 E  2 
1  .78 58 13328 17 36 317745 38 E  2 
1  • 79073 7680680495 5865 09E  2 
1  .795672 17698 120409489 IE  2 
1  . 8006 167962 584268 74860 E  2 
1  .80557 15 17822551610373E  2 
1  .8105 36 321110382 382998 E  2 
1  . 8 155 111 8 568 3 8 564 7872 OE  2 
1  .820496091 228779 374756E  2 
1  .8254910 17 55 3577 5762 59E  2 
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Table  B-17 


THE  FUNCTIONS 


exp(±£)  WITH  £  =  | 


X 

K 

exp ( ) 

exp(+£) 

5.0 

0.7i*5355$3E  01 

0.57937576E-03 

0.17259955E  01* 

5.5 

0.859909U7E  01 

0.18U27251E-03 

0.51|267U51E  01* 

6.0 

0.9797958liE  01 

0. 5556U916E— oU 

0.17996967E  05 

6.5 

0.110l*787l*E  02 

0.l59209U9E-0li 

0.628l032l*E  05 

7.0 

0. 1231*68  38E  02 

0.U3U3U658E-05 

0.23023088E  06 

7.5 

0.13693062E  02 

0. 1130260 2E-05 

0.881*75205E  06 

8.0 

0.l5081*9l*2E  02 

0.28099122E-06 

0. 35588 299E  07 

8.5 

0.16521028E  02 

0. 6683567  2E-07 

0.1i*962070E  08 

9.0 

0.17999999E  02 

0.15229988E-07 

0.65659930E  08 

9.5 

0.1952061+3E  02 

0. 33288 3U5E-08 

0.300l*05U*E  09 

10.0 

0.2108l81*8E  02 

0.69866552E-09 

0.ll*313O00E  10 

io.5 

0.226825893  02 

0.1ii095370E-09 

0.709U5282E  10 

11.0 

0.2U321912E  02 

0.27  3607  21E-10 

0. 3651*871* 3E  11 

11.5 

0.25998929E  02 

0.5lU*56o6E-ll 

0.19552021E  12 

12.0 

0.27712811E  02 

0.921ii65U5E-12 

0.10852 27 9E  13 

12.5 

0.29b62780E  02 

0.16013157E-12 

0.62l*l*861*7E  13 

13.0 

0.312U8108E  02 

0.26860816E-13 

0.372289U9E  11* 

13.5 

0.33068108E  02 

0.i*3521i*l6E-ll* 

0.22977193E  15 

H*.0 

0.3U922130E  02 

0.68157127E-15 

0.11*6 71 97  9E  16 

il*.5 

0.368095614E  02 

0.10323075E-15 

0. 96870 351*E  16 

15.0 

0.38729829E  02 

0.151 30 3U1E-16 

0.66092  360E  17 

15.5 

0.U0682369E  02 

0.21ii71936E-17 

0. 1*657  2i*l8E  18 

16.0 

0.1*2666659E  02 

0.29519239E-18 

0.33876210E  19 

16.5 

0. 1*1*68  2205E  02 

0.3933369UE-19 

0.251*23l*95E  20 

17.0 

O.U6728522E  02 

0.5082300CE-20 

0.196761 30E  21 

17.5 

0.U8805162E  02 

0.63707001E-21 

0.15696862E  22 

18.0 

0.50911681E  02 

0.77506386E-22 

0. 1290216 2E  23 

18.5 

0.530U7666E  02 

0.91556933E-23 

0.10922165E  21* 

19.0 

0.55212715E  02 

0. 105056 36E-23 

0.95186996E  21* 

19.5 

0.57U06li38E  02 

0.11713866E-2ii 

0.85368905E  25 

20.0 

0.59628li70E  02 

0.12696U99E-25 

0.78761863E  26 

20.5 

0.6l878ii53E  02 

0. 13382  2U9E-26 

0. 71*7258 57E  27 

21.0 

0.61*l560i*7E  02 

0.13720888E-27 

0.72881578E  28 

21.5 

0.661i60923E  02 

0.13689U99E-28 

0.730i*8689E  29 

22.0 

0.68792757E  02 

0.1329U885E-29 

0.75216895E  30 

22.5 

0.71l5l2lilE  02 

0.12572113E-30 

0.7951*1118E  31 

23.0 

0.7  3536075E  02 

0.1l579Ui9E-31 

0.86359887E  32 

23.5 

0.759l*6978E  02 

0. 103907  30E-32 

0.96239626E  33 

2l*.0 

24.5 

25. 0 

0.7838 3660E  02 

0.8o81*5866e  02 

'0.83333325E  02 
0.858U5779E  02 
0.88382991E  02 

0.90867511E-34 

0.77146155^-35 

0. 61*3867  35E-36 

0. 110050 33E  35 
0.12999630E  36 
0.l55311u9E  37 

25.5 

26.0 

0.52197713E-37 

10-38 

0. 191579 27E  38 
10+38 
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Table  B-18 


THE  FUNCTIONS  003(4 


X 

€ 

5.0 

0.7l*535593E  01 

5.5 

0.859909l*7E  01 

6.0 

0.97979581*E  01 

6.5 

0.110U787i*E  02 

7.0 

0. 1231*68 38E  02 

7.5 

0.13693062E  02 

8.0 

O.l5081*9l*2E  02 

8.5 

0.16521028E  02 

9.0 

0.17999999E  02 

9.5 

0.195206U3E  02 

10.0 

0.2108l81*8E  02 

10.5 

0.2 268258 9E  02 

11.0 

0.2l*321912E  02 

11.5 

0.25998929E  02 

12.0 

0.27712811E  02 

12.5 

0. 291*6 2780E  02 

13.0 

0.312U8108E  02 

13.5 

O.330681O8E  02 

il*.o 

0. 31*9221 30E  0? 

U*.5 

0.3680956liE  02 

15.0 

0.38729829E  02 

15.5 

0.U0682369E  02 

16.0 

O.U2666659E  02 

16.5 

0.UU682205E  02 

17.0 

0.U6728522E  02 

17.5 

0.U8805162E  02 

18.0 

0.50911681E  02 

18.5 

0.5301i7666E  02 

19.0 

0.55212715E  02 

19.5 

0. 57l*o61* 38E  02 

20.0 

0.596281i70E  02 

20.5 

0.6l8781*53E  02 

21.0 

0.6i*l560ii7E  02 

21.5 

0.661*609 2 3E  02 

22.0 

0.68792757E  02 

22.5 

0.7115121*1E  02 

23.0 

0.73536075E  02 

23.5 

0.759U6978E  02 

2l*.0 

0.78383660E  02 

2l*.5 

0.8081*5866E  02 

25.0 

0.83333325E  02 

+  n/k)  AND  sin(4  +  11/I4.) 
coa  (4  +  %/k.) 


-0.37553661E-OO 
-0.99918865E  00 
-0 .  1*0061*2  2  8E-00 
0.7ii310ii95E  00 
0.8l*l*12l*97E  00 
-0.33170652E-00 
-0.9868U579E  00 
0.27663561*E-01 
0.9979i*253E  00 
0.11l*06205E-00 
-0.99233399E  00 
-0.93819257E-01 
0.99967665E  00 
-0.80702017E-01 
-0.9750i*l*l*7E  00 
0.39222U10E-00 
0. 81^28 299E  00 
-0.76225052E  00 
-0.U08i*7911*E-00 
0.99l*58l33E  00 
-0.2U286562E-00 
-0.80975U39E  00 
0.86268566E  00 
0.85386U81E-01 

-O.92U897I4OE  00 
0.780755U8E  00 
0.13875031^-00 
-0.9106306UE  00 
0.85223U33E  00 
-0.72309267E-01 
-0.7l*9l*2l56E  00 
0. 985920? 2E  00 
-0.51310262E  00 
-0.29353U03E-00 
0.89U66Uii3E  00 
-0. 91*92 3777E  00 
0.1*7l*191i*6E-00 
0.2  31*1*1*17  OE -00 
-0. 8081*71* 32E  00 

0.9987U297E  00 
-0. 762078 55e  00 


B-8I4. 


WITH  4=|  x3//2 
sin  (4  +  %/k) 


0. 926807 52E  00 
0.1*027l*l88E-01 
-0.91623U58E  00  ♦ 

-0. 669171*8 3E  00 
0.536ll*65lE  00 
0.9l*232239E  00 
-0.16166U58E-00  J 

-0.99961729E  00 
-0 . 61*lll*621E-01 
0.99 31*736 3E  00 
0.123581*93E-00 
-0.99558925E  00 
-0.25U27952E-01 
0.99673826E  00 
-0.22200969F-00 

-0.91986965E  00 

0.57906298E  00 
0.6U728188E  00 
-0.91276778E  00 

-0.10396106E-00 
0.97005986E  00 
-0.58676922E  00 

-0.5057U021E  00 

0.9963U793E  00 

-0. 38021707E-00 
-0. 621*8 361*3E  00 
0.990327U3E  00 
-0. 1*1322157  E-00 
-0.52315996E  00 
0.997 38223E  00 

-0. 6620932 5e  00 
-0.16721262E-00 
0.858 32 710E  00 
-0.9559U871E  00 
0. 1*1*67  3906E-OO 
o.311*55915e-oo 
-0.880U2159E  00  , 

0.9721 3025E  00 
-0.5885 3170E  00 
-0.5012i*2l*l*E-01 
0. 61*71*81* 32E  00 
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Table  B-19 

THE  COEFFICIENTS  A^x)  IN  THE  CLASSICAL  ASYMPTOTIC  EXPANSIONS 
n  V4.0)  ^(5.0)  An(6.0) 


1 

0.01302  08333  33333 

0.00931 

2 

0.00130  51*71*1  7531*7 

0.00066 

3 

0.00025  01*1*25  281*30 

0.00009 

1* 

0.00007  12522  03727 

0.00001 

5 

0.00002  69051  29011 

o.ooro 

6 

0.00001  26701  67091 

0.00000 

7 

0.00000  71505  37008 

0.00000 

8 

0.00000  1*701*1  78155 

0.00000 

9 

0.00000  3531*9  391*30 

0.00000 

10 

0.00000  29872  07930 

0.00000 

11 

0.00000  2801*0  1*31*28 

0.00000 

12 

0.00000  2891*7  12367 

0.00000 

13 

0.00000  32591*  50761* 

0.00000 

H* 

0.00000  39751*  87102 

0.00000 

15 

0.00000  52212  77765 

0.00000 

16 

0.00000  731*66  7091*1* 

0.00000 

17 

0.00001  10256  331*62 

0.00000 

18 

0.00001  75800  7901*9 

0.00000 

19 

0.00002  96781*  3Hl*7 

0.00000 

20 

0.00005  2881*0  27375 

0.00000 

21 

0.00009  91903  1*1525 

0.00000 

22 

0.00019  53396  91281 

0.00000 

23 

0.0001*0  29986  99596 

0.00000 

21* 

0.00086  9181*5  86792 

0.00000 

25 

0.00195  61180  20588 

0.00000 

26 

0.001*58  56312  37366 

0.00000 

27 

0.01117  96875  75100 

0.00000 

28 

0.02830  37830  62708 

0.00000 

29 

0.071*31  03387  75537 

0.00000 

30 

0.20206  291*21*  6Q391 

0.00000 

6 9h99  0621*9  123  0. 00708  761*39  31661*  288 
81*027  77777  778  0.00038  68071  63065  81*1* 
175H*  67913  566  o.OOOGl*  03921  9121*5  878 
86783  37693  705  o.OOOOO  62553  37501  375 
501*67  28962  103  0.00000  12857  3251*1  582 
17005  6101*0  311*  0.00000  03295  80122  1*67 

O6867  26O5O  060  o.OOOOO  01012  1*6597  827 

03232  68661  295  o.OOOOO  00362  56731  61*8 

01738  18821  1*99  o.OOOOO  0011*8  30301  1*69 

01Q51  03035  290  o.ooooo  00068  21762  061* 

00705  91*281  263  o.OOOOO  00031*  85611  350 

00521  1*6502  252  o.OOOOO  00019  58676  681* 

001*20  11*1*97  292  o.OOOOO  00012  00507  1*89 

00366  67396  572  o.OOOOO  00007  97028  606 

0031*1-  58907  563  o.OOOOO  00005  69801  3 1*1* 

0031*6  93672  628  o.OOOOO  OOOOl*  361*15  705 

00372  56171  056  o.OOOOO  00003  56513  882 

001*25  06022  91*6  o.OOOOO  00003  091*26  018 

00513  1*5876  150  0.00000  00002  81*31*1  373 

00651*  67251*  927  o.OOOOO  00002  75795  229 

00878  62581*  873  o.OOOOO  00002  81575  1*10 

01238  11238  1*51  o.OOOOO  00003  0181*1. 1*98 

01827  71382  111*  q.00000  00003  38965  273 

02820  66521*  968  o.OOOOO  00003  979l*8  331* 

01*51*2  231*65  271  o.OOOOO  OOOOl*  871*98  001 

07619  18677  31*8  o.OOOOO  00006  22071  098 

13291  501*1*2  553  o.OOOOO  00008  25531  51*9 

21*078  19573  3 1*9  o.OOOOO  00011  37657  689 

1*5233  71*091*  71*2  o.OOOOO  00016  2581*1  869 

88010  821*09  911  o.OOOOO  00021*  061*67  581 
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Table  B-19  (Cont^d) 


THE  COEFFICIENTS  A^x)  IN  THE  CLASSICAL  ASYMPTOTIC  EXPANSIONS 


n 

An(7.0) 

1 

0.00562  1*1*713  21*51*2  071 

2 

0.00021*  35870  1811*0  590 

3 

0.00002  01853  76792  151* 

1* 

0.00000  21*806  75793  795 

5 

0.00000  01*01*6  22206  163 

6 

0.00000  00823  07593  516 

7 

0.00000  00200  61*999  231* 

8 

0.00000  00057  01999  523 

9 

0.00000  00018  50837  621* 

10 

0.00000  00006  75607  906 

11 

0.00000  00002  739i*0  931* 

12 

0.00000  00001  22157  61 1* 

13 

0.00000  00000  591*15  872 

H* 

0.00000  00000  31303  387 

15 

0.00000  00000  17759  090 

16 

0.00000  00000  10793  876 

17 

0.00000  00000  06997  31*5 

18 

0.00000  00000  01*619  1*06 

19 

0.00000  00000  03511*  1*1*3 

20 

0.00000  00000  02705  098 

21 

0.00000  00000  02191  61*8 

22 

0.00000  00000  01861*  382 

23 

.0.00000  00000  01661  1*61* 

21* 

0.00000  00000  0151*7  898 

25 

0.00000  00000  01501*  763 

26 

0.00000  00000  01523  755 

27 

0.00000  00000  01601*  681 

28 

0.00000  00000  01751*  876 

29 

0.00000  00000  01990  183 

30 

•  0.00000  00000  02337  623 

An(8.0) 

0.001*60  35597  7331*9  910 
0.00016  3101*2  71918  1*03 
0.00001  10681  00631*  1*12 
0.00000  11133  15683  228 
0.00000  011*86  3121*3  53 6 
,0.00000  0021*7  1*61*20  0$9 
0.00000  0001*9  37688  679 
0.00000  00011  1*81*80  995 
0.00000  00003  051 21*  1*68 
0.00000  00000  91162  351 
0.00000  00000  30251*  1*88 
0.00000  00000  1101*2  1*51 
0.00000  00000  01*396  018 
0.00000  00000  01095  660 
0.00000  00000  00880  21*2 
0.00000  00000  001*37  896 
0.00000  00000  00232  3 1*8 
0.00000  00000  00130  982 
0.00000  00000  00078  178 

0.00000  00000  0001*9  2J>2 
0.00000  00000  00032  661 
0.00000  00000  00022  ?1*1 
.0.00000  00000  00016  587 
0.00000  00000  00012  61*8 
0.00000  00000  00010  061* 
0.00000  00000  00008  31*1 
0.00000  00000  00007  190 
0.00000  00000  00006  1*36 
0.00000  00000  00005  971* 
0.00000  00000  00005  71*3 
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Table  B-20 


€ 


t 

,scs-i*s»»s*sa»a 


THE  COEFFICIENTS  A^x)  IN  THE  CLASSICAL  ASYMPTOTIC  EXPANSIONS 


n 

A^(l.O) 

n 

An(3.0) 

1 

.1041666666666666+00 

1 

.2004688434686201-01 

2 

.8355034722222217-01 

2 

, 3094457304526749-02 

3 

. 1282265745563271+00 

3 

.9139709547822118-03 

k 

.2918490264641404+00 

k 

,4003416000879845-03 

5 

.8816272674437575+00 

5 

. 2327424509298436-03 

6 

.3321408281862767+01 

6 

. 1667450227029808-03 

7 

. 1499576298686259+02 

7 

. 1466207352735687-03 

8 

,7892301301158699+02 

8 

,1485075728285682-03 

9 

.4744515388679998+03 

9 

.1718125647581276-03 

10 

.3207490090999999+04 

10 

.2235354993240953-03 

11 

.2408654959999999+05 

11 

.3230530821478668-03 

12 

. 1989231199999999+06 

12 

. 5134553428329405-03 

13 

.1791901999999999+07 

13 

.8901225166930805-03 

14 

.1748437699999999+08 

14 

.1671490117081857-02 

n 

^(2.0) 

n 

^ (4*0) 

1 

,  3682847818679937-0 1 

1 

.1302083333333333-01 

2 

.1044379340277778-01 

2 

.1305474175347221-02 

3 

. 5666867524818643-02 

3 

.2504425284303265-03 

4 

.4560141038502203-02 

4 

,7125220372659678-04 

5 

.4870348588191003-02 

5 

,2690512901134514-04 

6 

.6487125550513236-02 

6 

.1267016709084612-04 

7 

.1035508368855157-01 

7 

.7150537007743164-05 

8 

.1926831372353205-01 

8 

.4704178155159174-05 

9 

.4095311285131311-01 

9 

.  3534939429670571-05 

10 

.9788482943725630-01 

10 

.2987207929603755-05 

11 

,2598840722281831+00 

11 

,2804043423384427-05 

12 

.7588314819335980+00 

12 

.2894712379202246-05 

13 

.2416736708491792+01 

13 

,3259450750192627-05 

14 

,8337200641632135+01 

14 

,3975487061325111-05 
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Table  B-20  (Oont‘d) 


n  ^(5*0) 


n  Ah  (7*0) 


1  ,9316949906249129-02 

2  .6664027777777783-03 

3  ,9175146791356576-04 

4  ,1867833769370503-04 

5  ,5046728962103385-05 

6  .1700561040313743-05 

7  .6667260500602920-06 

o  . 3232686612954618-06 

9  .1738188214990007-06 

10  .1051030353018885-06 

11  .7059428114303642-07 

12  .5214650236928036-07 

13  .4201449710962982-07 

14  ,3666739619430430-07 


1  .5624471324542075-02 

2  *1435874181405896-03 

3  .2018537679215353-04 

4  .2480675793794599-05 

5  ,4446222061628177-06 

6  .8230759351605851-07 

7  .2006499923361713-07 

8  ,5701999522550561-08 

9  .1850837624446468-08 

10  .6756079061392759-09 

11  ,2739409335901954-09 

12  .1221576141683263-09 

13  .5941587181038829-10 

11;  ,3130338639411568-10 


n  ^(6.0) 


n  Ah (8.0) 


1  ,7087643931664294-02 

2  .3868071630656438-03 

3  .4039219124587786-04 

4  .6255337501374764-05 

5  ,1888732541581796-05 

6  .3295801224667600-06 

7  .1012465978266584-06 

8  ,3625673164759974-07 

9  .1483030146893619-07 

10  .6821762064333982-08 

11  ,3485611344451478-08 

12  .1958676692325371-08 

13  .1200507483750372-08 

14  ,7970285973939246-09 


1  .4603559773349922-02 

2  .1631842719184028-03 

3  .1106810063441180-04 

4  .1113315683228076-05 

5  ,1486312435361024-06 

6  .2474642009930891-07 

(  .4937688679004468-08 

6  . 1148480994911912-08 

9  .3051244679936253-09 

10  .9116235136730252-10 

11  -,38254.4 828861383 1-1 0 

12  .1104245139771371-10 

13  .4396018463906861-11 

14  ,1895659952795571-11 
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Table  B-20  (Cont‘d) 


n  ^(9.0)  n  ^(H.O) 


1  .3858024691358024-02  1  .2855221066077309-02 

2  .1146095297972869-03  2  .6277261248852160-04 

3  .6514584898456896-05  3  .2640650700435702-05 

k  .5491654322194565-06  k  .1647411669505825-06 

5  ,6144212011714596-07  5  ,1364080105949640-07 

6  .8573135330131605-08  6  .1408601341980650-08 

7  .1433580940896128-08  7  .1743192599377849-09 

°  ,2794431984520721-09  °  .2514730417204718-10 

9  .6221827729592102-10  9  .4143721988720650-11 

10  .1557857328952611-10  10  .7678476262157784-12 

11  .4332845327303985-11  11  .1580502862083735-12 

!2  .1325317987590837-11  12  .3577807164816551-13 

13  .4421659748825643-12  3-3  .8833989802828937-14 

34  .1597928946225705-12  1 k  .2362673846383553-14 


n  A^UO.O)  n  ^(12.0) 

1  ,3294039229342062-02  1  .2505860543357751-02 

2  ,8355034722222220-04  2  .4835089538323045-04 

3  ,4054880321593885-05  3  .1785099521059007-05 

k  ,2918490264641404-06  ij.  .9773964845898059-07 

5  .2787950212432688-07  5  .7102735929255482-08 

6  ,3321408281862769-08  6  .6437111766928895-09 

7  ,4742076629053547-09  Y  ,6991421474150121-10 

8  .7892301301158706-10  8  .8851741124902261-11 

9  .1500347502194787-10  9  .1280103361294624-11 

10  ,3207490091000004-11  10  .2081836567484729-12 

11  ,7616835771061771-12  11  .3760832852542712-13 

12  ,1989231200000002-12  12  ,7471758622456988-14 

13  .5666491663811048-13  I3  .1619123425722283-14 

li,.  .1748437700000002-13  14  ,3800528513879401-15 
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Table  B-20  (Cont»d) 


n  ^(13.0) 

1  ,2222356555389540-02 

2  . 3352928867647803-04 

3  .1245182347741390-05 

4  .6046417549651142-07 

5  ,3896815746645977-08 

6  .3132074570459569-09 

(  .3016917042901795-10 

6  .3387532176858264-11 

9  .4344668082341731-12 

10  .6266355634582820-13 

11  .1003943514868797-13 

12  .1768906675025272-14 

13  .3399530048116087-15 

14  .7076846306335666-16 


n  \d4.o) 

1  .1988550907086491-02 

2  .3044837726757369-04 

3  .8920760506585824-06 

4  .3876055927804059-07 

5  .2235243014034292-08 

6  .1607570185860516-09 

7  •  1 385556349862650-1 0 

8  .1392089727125193-11 

9  .1597582806544551-12 

10  .2061791705747298-13 

11  .*295511 12394 1346flrl4 

12  ,4659943167431874-15 

13  ,8013413594672413-16 

14  ,1492661780839711-16 


n  ^  0 ) 

1  ,1793047845466397-02 

2  ,2475565843621399-04 

3  ,6539843789930920-06 

4  .2562186240563100-07 

5  .1332295530314341-08 

6  .8639745162392619-10 

7  .6714448506525714-*! 

8  .6082870183058153-12 

9  .6294480063492231-13 

10  .7324811241851952-14 

11  ,9468230395801812-15 

12  .1345992373915983-15 

13  .2087058885185549-16 

14  . 3505358842018450-17 


n  ^(16*0) 

1  .1627604166666666-02 

2  .2039803396980033-04 

3  .4891455633404814-06 

4  .1739555755043866-07 

5  . 8210793765669292^09 

6  .4633285175646258-10 

7  ,3409641746398528-11 

6  .2803908678984149-12 

9  .2633735112600454-13 

10  .2782054179910341-14 

11  .3264336175499981-15 

12  .4212360915265520-16 

13  ,5928906375979980-17 

14  .9039211048105041-18 
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Table  B-20  (Cont*d) 


^(17.0) 


^(19.0) 


.1486125153408904-02 
.1700597338127671-04 
.3723556040551098-06 
. 1209106958799956-07 
. 5210964367439643-09 
.2800799187888995-10 
• 1804076266354483-11 
*  135JL617245418725-12 
• 1161800130671895-13 
.1120550677967813-14 
•1200514442213222-15 
• 1414505620569984-16 
. 1817859387797468-17 
.2530595976950671-18 


. 1257761698851765-02 
*12181 12658145827-04 
.2257287290885441-06 
.6203497952650543-08 
•2262731415887266-09 
.1029294982338471-10 
.5611200117439291-12 
.3565828447263459-13 
.2588321660295779-14 
.2112814209833057-15 
.1915755918869904-16 
. 1910383001496502-17 
.2077873171033199-18 
,2448074004256393-19 


^(20.0) 


.1364017710622199-02 
.1432619122466088-04 
. 2879066973946474-06 
.8580709878429038-08 
• 3394229670727538-09 
. 1674440494166337-10 
.9899363327025878-12 
,6822343712208841-13 
.5370479222374401-14 
.4754203274391557-15 
,4674963856154057-16 
.5055686903346446-17 
.5963488755215175-18 
,7619518977287890-19 


.1164618738281141-02 
,1044379340277778-04 
. 1792020857686831-06 
.4560141038502205-08 
.1540139453766902-09 
.6487125550513241-11 
.3274564981748065-12 
• 1926831372353206-13 
.1295051138840621-14 
.9788482943725640-16 
^8218255958407700-17 
,7588314819335988-18 
.7642392503772465-19 
.8337200641632148-20 
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Appendix  C 

TABLES  TO  FACILITATE  HAND  COMPUTATION  OF  THE  ROOT  t± 

FOR  THE  CASE  OF  A  REAL  EARTH 

In  this  section  we  present  some  tables  which  permit  one  to  rather 
easily  compute  (with  a  desk  calculator)  the  numerical  value  of 
the  first  root  t^  of  the  equation 

wi'{ti)  -  q  w1(t1)  =0  (C-l) 

when  the  impedance  parameter  q  has  a  phase  which  Is  approximate¬ 
ly  1 p5°*  This  case  occurs  very  frequently  in  the  case  of  the 
propagation  of  radio  waves  around  the  earth* s  surface. 

Let  us  first  review  the  theoretical  solution.  We  consider  a 
sphere  of  radius  a.  We  assume  that  the  time  dependance  is  of  the 
form  exp(-icot)  and  that  the  propagation  constants  are  of  the  form 

k2  =  co2e0p,o  ,  r  >  a  (C-2a) 

2  2 

k^  =  co  +  iwn0a  ,  r  <  a  (C-2b) 

For  the  propagation  of  vertically  polarized  waves,  the  theory 
leads  to  an  expression  for  the  impedance  parameter  q  which  is  of 
the  form 

q  =  i(ka/2)^(k/k1)v^-  -  (k/k^  (C-3a) 

Therefore,  if  coe1«  at  and  o  -+  «,  we  see  that 

q  »  VT  (ka/2)^<oe0/o  (C-3b) 

Eq.  (C-3b)  shows  us  that  in  the  limiting  case  arg(q)  =  ip5°>  "but 
if  we  retain  the  full  form  given  in  Eq#  (C-3a)  we  find  that  the 
actual  value  of  arg(q)  is  approximately  14.5°* 

C-l 
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The  theory  of  the  propagation  of  waves  around  a  convex  surface 
has  been  developed  (See  Section  1)  in  terms  of  the  diffraction 
function 


so 

D(x,y,y0,q)  =±f  exp(ixt) |wj (t  - y ,) v(t - y<)  -  (t - y ) | dl 


-pfl*,)  wi»8-y)  wi<t.-y0> 

_2  wi(lB)  w«(t-) 


wl<ls> 


(0-I4.) 


Fig#  2-2  reveals  that  the  root  t^  has  the  smallest  imaginary 
part  when  30°  <  arg(q)  <  210°.  Therefore,  when  x  >  Vy  +  Vy^ 
and  x  -+  oo  ,  we  find  that  we  need  only  retain  the  first  term  in 
Eq#  ( G— I4.) •  Since  the  factor  exp(ixt^)  then  determines  the  manner 
in  which  the  wave  continues  to  propagate  (when  y  and  yQ  are  fixed) 
the  ability  to  determine  the  numerical  value  of  t^  accurately  will 
be  required  in  many  problems  which  involve  the  propagation  of  the 
ground  wave  to  great  distances# 

Let  us  assume  that  we  know  the  value  of  t^  for  some  value  (3^  of 
the  impedance  parameter t  and  let  us  denote  this  value  by  t1(qQ)# 

If  we  want  to  know  the  value  of  t^  for  some  neighboring  value  of 
q,  we  can  seek  to  express  t^(q)  in  the  form 


t^Cq)  *  t1(qQ)  +  Ax(q  -  q<,,)  +  A2(q  -  qQ)2  +  A-j(q  -  qQ)3 
+  A^(q  -  q0)^  +...+  Ajj(q  -  qQ)N 


(0-5) 


We  observe  that  the  coefficients  A^  will  be  functions  of  The 
coefficients  can  be  determined  by  observing  that  t(q)  satisfies 
the  Ricatti  differential  equation 

[t(q)  -  q2]^21  =  1  (0-6) 

If  Rq«  (C-5)  is  inserted  in  Eq#  (C-6),  we  find  that  the  first 
several  values  of  A^  are  given  by 
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*1  =  <*0  -  lo)'1  (0-7tt) 

A2  =  -(1/2)  Cl  -  2q0(t0  -  q|)]  (fc0  -  q^)"1  (0-7D) 

and  further  terms  can  be  obtained  by  means  of  the  recurrence  re¬ 
lation 

nAn<to  -  +  <n  *  1*An-l*Al  -  210>  +  <n  -  2>An-2(A2  ‘ 

+  (n  -  3)An_2A2  +***  +  ^A2An-2  +  ^l^n-l  =  ^  (0-8) 

In  Section  2  we  showed  that  the  roots  for  which  the  phase  of  q 
is  zero  (i.e.,  q  =  Q,  where  Q  is  real  and  positive)  arise  in  a 
class  of  problems  which  are  of  practical  importance.  Therefore, 
in  the  tables  that  follow,  we  give  the  values  of 

*0  =  tl(qo) 

for  the  cases  in  which  qQ  =  Qexp(i45°)  and  qQ  =  Q.  Table  C-l 
contains  the  data  for  the  case  qQ  =  Q  exp(i45°)  for  Q  =  0.00(0.05) 
4*00,  i.e.,  Q  =  0.00,  0.05#  0.5-0,  0.5-5#  •  •  •  # 3*95#  and  4*00*  The 
data  for  the  case  qQ  =  Q  is  given  in  Table  C-2  for  Q  =  0.00(0.05) 
2.00. 
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Table  C-l 


n 


VALUES  OP  qQ,  tQ,  AND  AR 


=  O.00exp(i45°) 

t0  =  0.50939649  +  io.  88230059 


Real  Ajj 

0.49077678E-00 
0.  52  7  1 62  I  Vc  00 
G.672026i0t-01 
0.  3o80  l253fc-02 
0. 9b7  74254C-02 
0.  1 006445 1 L-02 
0.67314  184C-03 
0i 5666  7980t-0  3 


Imag  A^ 

-0.8S005043E  00 

0. 

0.  1  1 6398  34E-00 
0.620 10  1 26E-02 
-0.23255247E-07 
0. 17432125E-0? 
-0. I  1 6583 14E-02 
0. 82246 385E- 07 


qQ  =  C.05exp(i45°) 
t0  =  0.55678567  +  io. 87077604 


Real  Aa 

U.43262b5VC-0G 
-0.53248200L  00 
0 . 658  1 4348t-0  1 
-0.  ldVt.  I  ol  8t-02 
0.97/9571 I l-02 
0.  14634  I i4t-02 
0.84904945t-03 
0.604 34502C- 03 


Imag  A^ 

-0.88682587C  00 
0. 1942B691C-01 
0. 1 1 701491 E-00 
0. 79905694E-02 
0.62 152 158C-05 
U. 16615978E-02 
-0. 10 1 19  360E-02 
-0.  74  738907E-04 


q0  =  O.lOexp (145°) 


t0  =  0.60407773  + 

Real  A^ 

0.4I272U52L-00 
0. 53804  IbOL  00 
0.643V4664C-01 
0. 34I30665C-03 
0.978/991 0t-U2 
0. I93C6374L-02 
0. 105dV446L-02 
0.6752404 3E-03 


10.86158898 

Imag  A^ 

-0.9226 14 16E  00 
0.  3h800 1 08E-0 1 
0.  nei2087t-oo 
G.9U899  703E-02 
0.  1 3  3255  36C -02 
C.  16630086C-02 
-0.86151452E-03 
-0. 13223865E-03 


c-4 


* 
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TaDle  0-1  (Cont»d) 
VALUES  OP  qQ,  tQ,  AND  AJ1 


n 


q0  =  0«15axp(iij.5O) 
to  =  0.65H7579  +  iO,85ii.7H59 
Real  An  Imag  A^ 

Oo 
01 
00 
01 
02 
02 
Oi 
05 

qQ  -  0.20exp(145°) 
tQ  =  0.69798303  +  i0.850lli|55 
Real  An  Imag  AR 


04204b- 
-0. 5456966 00 
0.62?07b5bb-0  I 
0. I0900478L-02 
0. VbbbbO  76L-02 
0.24161 400L-02 
0. 1 30740821 -02 
0. 7824b  I 36L-03 


-0.96743659E 
0.58 160997L- 
0. I  1971661b- 
0. 1 1934237E- 
0.2 1 56088 1 E- 
0.  I  7 6 54 06  1  L  — 
-0. 6995 1 822E- 
-0. 16964 1 55E- 


0. 52766725E-00 
-0.5601 1404b  00 
0.615  1 2685E-0 I 
0.2  5884  7  7  0L-02 
0. 1005dbl4b-0l 
0.2V251252E-02 
0. 169906S6E-02 
0. 95 l26450t-05 


-0.99 1 51 552E  00 
0. 77554256E-0 1 
0. 12 180702E-00 
0. 14 159878E-0 1 
0.51 152654E-02 
0. 1971 8256E-02 
-0.50 85 3 3 14£ -03 
-0. 18105705E-05 


qQ  =  0.25exp(i45°) 
tQ  =  0.74440248  +  10.84776678 
Real  An  Tmag  ^ 


0.28226469C-00 
-0. 566754 75E  00 
0. 5956 1 054E-0 1 
0.36561777E-02 
0. 102b5797C-0l 
0. 5459 l 55BL-02 
0.  1 95  7  7  I  9  7E-02 
0. 1 I27I954C-02 


-0.  10242  750E  01 
0.970188 10C-0 I 
0. 1 2440058E-00 
0. 16605039E-01 
0.42436861C-02 
0.251 11693C-02 
-0.26  75 1 35 1 E-05 
-0. I56I5424E-05 


C— 5 
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Table  C-l  (Cont’d) 


i 

J 


VALUES  OP 


%  =  0.30exp{iii£O) 

tQ  =  0.79033678  +  io. 84763502 


Real  An 

0.2:J5C?548l-00 
-0. 56.4&9424c  00 
O.S/5/6487l-OI 
0.431 436l5£-02 
0.  10556 I60t-U 1 
0.40145595L-02 
0.242 3 1 572E-02 
0.  I  4759  I  V  1 £-02 


Imag  Aj^ 


-0.  105644 12C  01 
0.  1 1658908E-00 
0.  I2750845E-00 
0. 19409778E-01 
0.55760220E-02 
0. 28089224E-02 
0. 50682 407 E- 04 
-0.78781296E-04 


q0  =  0.35exp(145°) 


tQ  =  O.83568808  +  IO.84.968355 


Real  An 

0.  1 860  1 296C-00 
-0.57161 480t  00 
0. 5543 1 8  76fc-0 1 
0. 52770484C-02 
0.  10782^:9  1 1-0  I 
0.45797289E-02 
0.?75d974  lfc-02 
0.  16HI4800E-02 


Imag  An 

-0.10875440E  01 
0.  14629427E-00 
0.  141 14410E-00 
0. 224 1 5605E-0 I 
0.71 52B966E-02 
0. 55000 1 0 1 E-02 
0.47896879E-04 
0.74475224E-04 


9n  " 


=  0.40exp(145°) 


tQ  =  0.88035785  +  10.85387373 


Real  An 

0.  I  4496264E-00 
-0.58000466E  00 
0. 5274B542E-0 1 
0.57  76594 lt-02 
0.  10976752L-01 
0.5 14444 1 5E-02 
0.42294668E-02 
0.20446674E-02 


Imag  An 


-0.  1  1  1 79169E  01 
0.  15615  704E-00 
0.  14531664E-00 
0.25664920E-0I 
0.90198285E-02 
0.44271454E-02 
0.  10594568E-02 
0.446154156-04 
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Table  C-l  (Cont'd) 


VALUES  OF  qQ,  tQ,  AND  A^ 


qQ  =  0.45exp(145°) 
t0  =  0.924214-677  +  10.86016357 


Real 

0.8l8cJlt>76L-01 
0 . 5b9 I 644  7t  00 
0.4969280 7L- 0  I 
0.5  7422909;.-02 
0.  1  105624  Il-0  I 
0.5o4b4o29E-02 

o.  in  jObfJt-o^ 

0.2454  1.4506-02 


Imag 

-0*114  7499 1 l  0  1 
0. 1 76  1 92  4 1 E -00 
0. 140048570-00 
0.29498875E-OI 
0.  I  I225964E-0  I 
0.56409825C-02 
0. 1 044 1 89 1 E  — 02 
0*751 384 12E-04 


qQ  =  0.50exp(i45°) 
tQ  =  0.96725465  +10.86850721 


Real  An 

0. 26ft V9860L-0 I 
0.59920o2/t  00 
0.460 74  08 7u-0  I 
U. 5682 76101-02 
0. 1094  4  7  7  70-0  I 
0.604554 74^-02 
0.4  I 7j^204l-02 
0. 2d8V4  I  7 6c-02 


Imag  A^ 

-0.  1  1  764466E  0  1 
0.  W6404 84E-00 
0. 14541258L-00 
0. 445550 16E-01 
0. 15821 748L-0  1 
0. 719871 1 OE -02 
0.2b9506  48E -02 
0. I 4779497E-02 


qQ  =  0.55exp(i45°) 


t  =  1.0092804  + 

o 

Real  An 

0 .  400024  5  1 1.-0  1 
U • 6 i 0  2  5  9  8  7  l  00 
0.4  I  7 o2462i.-0  I 
0. 48b0«20 4L-02 
0.  105/24 O6l-0  I 
0. 6  2  4o5  74  91-02 
0.4  )4 I  25  7OL-02 
0.  4  40044  66L -02 


10.87885439 

Imag  An 

-0.12044H48E  01 
0.2 1678644E-00 
0.  1  5  I  L4252u-00 
0 • 4b 16264 6E -0 1 
0.  I6D53521E-0  I 
0.9 1 6070 14E -02 
0. 4282704  7l-02 
0.2287571VE-02 


C-7 
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n 


Table  C-l  (Cont*d) 
VALUES  OP  qQl  tQ,  AND 


^  =  0.60exp (145°) 
t0  =  1.0502221  +  i  0.89114979 


Real  An 

-0.  9029254  ft  — 0  1 
-0.62245751E  00 
0.  56606  1 03E-0  1 
0.  338b9500t-02 
0.964  7  7250i>02 
0.61 13075bt-02 
0.470551 85E-Q2 
0. 35994  I  76E-02 


Imag  An 

-0.123200S7E  01 
0.2573127HE-00 
0.  15747670E-00 
0.4  3235994C-0 l 
0.20364205E-0I 
0.  1  1 583455E-0 1 
0.60801 539E-02 
0 • 35616  I 99E-02 


^  =  0.65exp(i45°) 
tQ  =  1.0899773  +  io.90533239 


» 


Real  An 

0.  1 522bb3?£-0Q 
0.63595340E  00 
0. 304  29444C-0 1 
0.  l02bl596fc-02 
0.81 503  329E-02 
0. 5485 7 7b 6c -02 
0. 44 9 6 392 8E -02 
0.  363b9t>86c-G2 


Imag  / 

-0.  12589797E  01 
0.25793859E-00 
0.  1 6430058E-00 
0. 48764682E-0 1 
0 . 24363b40E-0 1 
0. 14507200E-01 
0. 83b I4688E-02 
0. 5281088 1 E-02 


^  =  0.70exp(i45°) 

tQ  =  1.1284428  +  10.92133459 


Real  Aj^ 

0.2167431 3C-Q0 
0.6b091  32 2L  00 
0. 230326761.-01 
0.242V8231L-02 
0.3731 9b22k-02 
0.41 15^03  I c-02 
0. 368 1 652UC-02 
0.  519  I  7967E-02 


Imag 

-0.12854989E  01 
0.27859244E-00 
0.  I  7  132733E-00 
0. 54  700 1 82 E  —  0  1 
0.288297 15E-01 
0. 17934771E-0I 
0.  I  1 1281 13E-01 
0. 750 I8863E-0? 


) 
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4 


/ 


t 


( 


A 


n 


1 

2 

3 

4 
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n 
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4 

5 

6 

7 

8 


n 

1 

2 

3 

4 

5 

6 

7 
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Table  C-l  (Cont*d) 
VALUES  OP  qQ,  tQ,  AND  An 


q0  =  0.75exp(ii^5°) 
tQ  =  1.1655153  +  iO. 93908155 


Real  A^ 

U.2<>57  74  I  5c-00 
0.6675140/C  OU 
0. N 1 92  765L-0 I 
0.  72326457L-02 
0.2  I  6  U  0  2  1  9  l  ~  J  2 
0.  I 6M4 62  7<:c-02 
0.  19352  160E-02 
0.  I  92ti62bt^-02 


Imag  An 

-0.131 1674 3E  01 
0.299 1 7005E-00 
0. I 79035  75E-00 
0. 609576040-01 
0. 5 56744 00 f- 01 
0.2  1 799  7  66t -0  1 
0. 145706570-0  1 
0. 10211 703E-01 


qQ  =  0,80 exp (145°) 

t  =  1.2010921  +  10.95849018 


Real  An 

0.  5b 5490V2c-00 
0.665944920  00 
0. 5<>6b5o25«_-02 
U.  156  72  I  l8i.:-0  I 
0.292  1929  k-02 
0.2  I  7  7  709H_-02 
0. 1 1544C94L-02 
0 . 5  6  8  V  V  0  5  5  h  -  0  5 


Imag  An 

-0.15576589c  01 
0.5l9b2658t-00 
0. 16664596E-00 
0.672924 19C-01 
0. 51710553E-0  I 
0.269201 90E-0  1 
0. 1/91C162E-0  1 
0. 15257854E-0I 


q0  =  0«85exp(i450^ 


tQ  =  1.2350714  + 
Real  An 

0.426007C4L-0U 
0. 706595351  00 
0.879  IOt>H5L-02 
0. 220  bbObOC-O 1 
0.908457581-02 
0.  789 jbbO  7L-U2 
0.606U  I  790c-02 
0.48798396t-02 


10.97946823 

Imag  An 

-0.  1  56 55b 1 0E  05 
0. 559468 10L-00 
0.  1  94 1022 1 E-00 
0. 754  722  34E-0 1 
0.4  5609S64C-0 1 
0.29957b01t-0  1 
0.21  56541  IE-01 
0.  1 6240927E-0  1 
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Table  G-l  (Cont*d) 
VALUES  OF  qQ,  tQ,  AND 


n 


qo  =  0*90  exp  (145°) 
tQ  =  1.2673537  +  11.0019134 


Real  ir> 

0. SO  1 4  342  IE  00 
0. 72904442E  00 
O.2342H267E-0I 
0.32678955C-0I 
U.  1906401  SL-0  l 
0. I 5877599E-0 I 
0. 13239773E-01 
0.  I  14461  72E-0  1 


Imag  An 

-0.13895977E  01 
0.35874235E-00 
0.2Q105492E-00 
0. 79045778E-0 1 
0.4  7852  503E-0 I 
0. 33244967E-01 
0.24044226E-0I 
0. 163842 I6E-0 1 


q0  =  0.95exp(*45°) 
tQ  =  1.2978426  +  il. 0257123 


Real  An 

0.579b7604t  00 
0. 7S406393E  00 
0.404S2259C-0I 
0.457661  I0fc-01 
0. 3079 19142-01 
0. 264092 I6E-0 I 
0. 229  76704E-0 I 
0.20557209E-0! 


Imag 

-0.  14  IS9986E  01 
0.37702996E-00 
0.2Q704291E-00 
0.83412436E-0I 
0. S0682299E-0 1 
0. 34919862E-0 I 
0.24850582E-01 
0.  1 84 10957E-0 1 


qQ  =  l*00exp(145°) 
tQ  =  1.3264471  +  11.0507400 


Real  An 

0. 661421 62E  00 
0.78I58061E  00 
0. 6000029 7E-0 1 
0.6 14942 1 3E-0 I 
0. 450  79466t-01 
0.  394  72  765E-0 I 
0. 35I26768L-01 
0. 31879149E-01 


Imag  An 

0. 14430096E  01 
0. 39 393754E-00 
0. 2 1  148045E-00 
0.8S782430E-0I 
0.51078147E-01 
0. 33690391E-0 1 
0. 22249578E-0 I 
0. 14515670E-0I 
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Table  C-l  (Confc*d) 


VALUES  OP  ^ ,  t0,  AND  Aft 


=  1.05exp(i45°) 
tD  =  1.3530825  +  il.0768535 


Real  A^ 

0. 746  I 3634E  00 
0.8116637811  00 
0.820866 1 7£-0 1 
0.79701  199E-01 
0.61657 1204-0 1 
0. 544*/  7832E-0  I 
0.487297  1 84-0 1 
0.4395946 14-01 


I mag  An 

-0.  14  709239E  01 
0. 40899394 E-00 
0.21 36544 1 E-00 
0.85 179453E-0 1 
0.4  7  77238 1 E-0 1 
0.27987981E-0 I 
0. 14381056E-0I 
0. 45 77684 3E-02 


^  =  l.l0exp(il+5°) 


tQ  =  1.3776740  +  11. 1039177 


Real  An 

0.834052 1 5E  00 
0.84429  1V2E  00 
0.  1 065406  7E-00 
0.999686484-01 
0. 7966?529fc-0 I 
0.700  7  1 600E-0 1 
0,6 I626483E-0 1 
0. 337066974-01 


Imag  An 

-0. 15000723E  01 
0. 42 1654 1 1E-00 
0.21 273929E-00 
0.80485556E-01 
0. 39355525E-0 1 
0. 16I57454E-0I 
-0. 55768762 E-03 
-0.  13193293E-01 


q0  =  1.15exp  (II4.50) 
tQ  =  1.4001585  +  11. 131 7546 


Real  Aj^ 

0. 925 1 34 1 04  00 
0.87932143c  00 
0. 1 3293539E-00 
0. 121401564-00 
0. 9  73  7 606  1  £-0  I 
0.637019304-01 
0. 701 96639E-0 I 
0.362261 734-01 


Imag  An 

-0. 1 33082 1 34  01 
0.43131223E-00 
0.20 784 044E-00 
0.70547698E-01 
0. 24505 1 38E-0 1 
-0.31 087 1 98E-02 
-0.235589854-01 
-0. 39048227E-0 1 
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Table  C-l  (Cont*d) 
VALUES  OF  tQ,  q0,  AND  AJ1 


qQ  =  1.20exp(J45°) 
tQ  =  1.1^014.878  +  11.1601938 


Real  A^ 

0.  I0193676E  01 
0*  9  1 6M t>  1  77E  00 
0.  1e0b2481£-00 
0. 142  33226L-00 
0.  I  I293600E-00 
0.91bG2bS6L-0l 
0. 69592 1 fbE-0 I 
0.4b327b63fc-0l 


I  mag  An 

-0. 1S65S658E  01 
0.437  32 899E-00 
0. 1 9807306E-00 
0.54  366  705E-0 I 
0.  2  3640  746C-02 
-0. 3009 1 969E-0 I 
-0.53707222E-0I 
-0.70082074S-01 


qc  =  i.25exp(145°) 

tQ  =  1.14.386325  +  11. 1890502 


Real  An 

0. 1  I  1 O3450E  01 
0. 955  1 9396fc  00 
0. 1 88202 1 9t-00 
0. I6I40678C-00 
0.  12262b 1 7E-00 
0.901  146656-01 
0.347798806-01 
0.  16  71 b4  74C-0 1 


Imag  An 

-0.  1 3987  185E  01 
0.43V07478E-00 
0. 10268245E-00 
0. 3 1 36 1 7  37E-0 1 
-0.26939 1 03E-0 1 
-0.63235075E-01 
-0.87042430E-01 
-0.989I6637E-01 


^  =  1.30exp(ll4.5°) 
t0  =  1.14.514.5836  +  11.2181302 


Real  An 

0.  I2164553E  01 
0.9948641d£  00 
0.21430788^-00 
0. 1 75504606-00 
0.  1232  I 142E-00 
0. 747377866-01 
0 . 2262  1 8 1 3E-0 1 
0. 304 95062 L-0 1 


Imag  Ari 

-0. 1 6366923E  01 
0.43599030C-00 
0. 161 19861t-00 
0.  1 68442  75E-02 
-0.61 880367E-0 1 
-0. 9849894  IE -0  I 
-0. 1 1606693E-00 
-0. 1 1402 1 32E-00 
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Table  C-l  (Cont*d) 


VALUES  OP 


AND  A. 


q0  =  l*35exp(ii| -5°) 
tQ  =  1.14.683571  +  11.214.72358 


Real  An 

■0.  I  3 1 8  7756E  Ul 
-0.  I0345690E  01 
•0.23770V89C-00 
■0.  1 822420 1 fc-00 
■U. Ill  7 3393t-00 
■0.4370574000  I 
0.255  W520E-0I 
0.  8d2  72503001 


Imag  An 


-0.  1 6  778798E  01 
0.42765906E-00 
0.  1 33604  75E-00 
-0 • 3349925 1 E-0 1 
-0.990340 86E-0I 
-0. 12936444E-00 
-0. 13078818E-00 
-0. 10302761E-00 


q  =  l.^Oexp  (114-5°) 


t  =  1.14.799945  +  11.2761691 


Real  An 


Imag  An 


■0.  14230932E  01 
-0.  1 0 7 32608E  01 
-0.23597150E-00 
-0.  1  79354l4c-00 
-0.86737260E-0I 
0,  1 3580442E-02 
0.81885668E-OI 
0.  1 3995598E-QQ 


-0.17226270E  01 
0.41388478E-00 
0. 10048096E-00 
-0.7  1 87 1 694E-0 1 
-0. 1 3343360E-00 
-0. I4794017E-00 
-0. 12182394E-00 
-0. 59056594E-0 1 


qQ  =  l.l4-5exp(  114-5°) 


tQ  =  1.14-895614-8  +  il.30l4.7369 


Real  An 

-0.  15289126L  01 
-0.  1 10V7967E  01 
■0.2675971 7E-00 
■0.  16549239C-00 
■0.491 V559  7t-0 1 
0. 5435 7  I OOE-O I 
0.  1 3288063000 
0.  164*4293000 


Imag  ^ 


-0. 17  7  I2054E  01 
0.  39475  746E-00 
0.63073153E-0 1 
-0. 1 1G09146E-00 
-0.  159281 16000 
-0. 14723U93E-00 
-0.849U188E-0  1 
0. 12669551E-01 
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Table  C-l  (Cont *d) 


n 


VALUES  OF  c^,  tQ,  AND  A^ 


^  =  1.50exp(145°) 
t0  =  1*^971633  +  11. 3327571 


Real  An 

0.  I6336749E  01 
0.  I  I440400C  01 
0.271 5 166 1 c-00 
0.  1407306911-00 
0. 294  66 183C-02 
0.  I0S47802L-00 
0. I63U6426C-00 
0.  14741 138E-00 


Imag  An 

-0. 182S787HE  01 
0.37069287E-00 
0. 232424 1 9E-0 I 
-0. I 4424573E-00 
-0. 17136026E-00 
-0. 12397455E-00 
-0.24660904E-0I 
0.92863 I09E-01 


qQ  =  1.55exp(i45°) 
tQ  =  1.5029100  +  11. 3600639 


Real  An 

0.  1  74278361:  01 
0.  I I7I9757E  01 
0. 2663389  3 C-00 
0. 10679836E-00 
0.45803302t-01 
0. 1438 lb83t-00 
0. 1 6 1  4  7V I 6E-00 
0.88044 I79C-01 


Imag  An 

-0. I 8804292C  01 
0.3424294  IE-00 
-0. 1672500 1 E-0 I 
-0. 1 7056987E-00 
-0. I 6660023E-00 
-0.80574372E-01 
0.4521 7568E-01 
0. 15450377E-00 


qQ  =  l*60exp(l45O) 


tQ  =  1.5069460  +  il*3865l30 


Real  An 

0. I 8496485C  01 
0.  1  195821  IE  01 
0. 25350  1 36C-00 
0. 66899695E-0  I 
0. 8V887080G-0 1 
0.  1610 1225E-00 
0. 12704954E-00 
0.462 15098E-02 


Imag  Ajj 

-0. 194 10583C  01 
0.31097712E-00 
— 0. 54 42 1844 E-0 1 
-0. <8624 154E-00 
-0. 14517745E-00 
-0.251 349 58E-01 
0. 10636009E-00 
0.  1755405  IE-00 
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Table  C-l  (ContM) 


VALUES  OF  c^,  tQ,  AND  Aft 


=  1.65exp(l  4-5°) 

tQ  =  1.5094.280  +  11.4.119853 


Real  Ah 

0. I9Sj7007L  01 
0.  12  141  0936  0  I 
0.233260  1  4E-00 
0.251 19b5d6-01 
0.  123ulb796-00 
0.1^4  I fl?4  5L-00 
U.696 ldb566-0  I 
0.  74772467c-01 


Imag  Ah 

-0. 200548  10E  01 
0.27752244E-00 
-0.87670457E-0I 
-0. 1W998946E-00 
-0. I 1061875E-00 
0. 3 I000870E-0! 
0.  14  509 1 53E-0G 
0.  1 502 1 4  75E-0Q 


=  1.70  exp  (14-5°) 
tQ  =  1.5105226  +  11.4.363894- 


Real  Ah 

0.20604453c  01 
0. I2207265h  01 
0.2073 lb36C-00 
0.  143  v94  7  9i_-0  I 
0.  14 1404 1  It-OU 
0.  126  72Cb6c-00 
0.5714840  11-02 
0.  125654b  7t-0u 


Imag  Ah 

-0.2073395 7E  01 
0.24  5508476-00 
-0. 1 1483032E-0U 
-0.  1 82304  1  7 1  —  0  0 
-0.688064  506-0 I 
0.77010261 E-0 1 
0. 148572856-00 
0.9  1409742001 


=  1.75exp(14-5°) 
tQ  =  1.5104.005  +  11. 4.596621 


Real  Ah 

-0. 2  1 6  54  762l  01 
-0.  123  5b9b4c  0  I 
-0.  I  76338866-00 
0.4  82 5 lo  l6t-0  I 
0.  1444  344  76-00 
0. 805  /4  3  3  7 E-0  1 
-0. 4b44  7  I 9aE-0 1 
-0 .  13  7  78460t-00 


Jmag  Ah 

-0.2I444190E  01 
0.209512  15E-00 
-0.  1 34984  54C-00 
-0. 165 I9434E-00 
-0.26305988E-0I 
0. 10583993E-00 
0.  126408  35E-00 
0.22142 763C-0 I 
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Table  C-l  (Cont*d) 
VALUES  OF  qQ,  tQ,  AND  An 


qQ  -  1.80exp(145°) 
t  =  1.5092304  +  il.l4.8l  7674 


Real  AJ1 


Imag  An 


-0.22644915 £  01 
-0.  12361307b  01 
-0.  I4782319C-00 
0.  7426  1  96  1  £-0  1 
0.  1 34339  74E-00 
0.43226732C-0 l 
■0.8271791 bt-0 I 
■0.  116  72C  7  7E-00 


-0.22 1b 1 1 55E  01 
0.  I  77 14363E-00 
-0.  14  797209E-00 
-0.  14160973E-00 
0.  1  12852  32E-0 1 
0.  1  1 587257E-00 
0.87439504E-0I 
-0. 35463447E-0 1 


qQ  =  l«85exp(i45°) 


tQ  =  1.5071735  +  U. 5026938 


Real  An 

■0. 236  529S6L  0  1 
-0.  1234  1 22  7l  01 
■0.  1  I  7d3t>93L-QO 
0.9I723242E-01 
0.  1  15098 98E-00 
0.45425406E-02 
■0. 9494  735  7t-0  I 
■0.  774061  65E-0 1 


Imag  An 


■0 . 22940  300E  01 
0.  14698 1 99E-00 
■0. 15428083E-00 
-0.  1  1475278E-00 
0.40  386754E-0 1 
0.  10972737C-00 
0.44297522E-OI 
-0.69537286E-01 


qQ  =  1.90exp(i45°) 
tQ  =  I.50I4.3806  +  11.5224510 


Real  A^ 

■0.2459792  7E  01 
■0.  122b673lL  01 
■0.89826740E-01 
0.  10 1 0C264C-00 
0.911 b4896E-0 I 
■0.246 94 620C-0  I 
■0.89262489E-01 
■0. 355281 1 66-0 1 


Imag  An 


•0.237171 46E  01 
0.  1 1955151E-00 
■0.  ,5485409E-00 
•0.8  74950  10E-0  I 
0. 59676795E-0 I 
0.927719  36E-0 l 
0.685709 13E-02 
■0.792802  1 7E-0 1 
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Table  C-l  (Cont *d) 


VALUES  OF  qQ,  tQ,  AND  An 


%  =  1.95exp(l45°) 
t  =  1.5009886  +  il.5i4J.O66l 


Real  A^ 

0.2:>5:>97^ ol  01 
0.  I22C594  It  0  I 
0. 64762509L-0  l 
0.  103556 6 0c-00 
0 . 60  594  U2  d._“  0  I 
G.45C4  lj42£-0  1 
(/•  72686o05£-0  I 
0. I  7  5  50/  Vol-02 


Imag  A^ 

-0.24507i05E  Cl 
0.95 133723E-C I 
-0. 1 5087279fc-Cu 
-0 • 620204 96E-0 I 
0.6V6d9399t-0l 
0. 707443 1 1 C-0  1 
-0. 197456 1 7L -0  I 
-0.  7  120  7  707E-0  I 


^  =  2.00exp(i45°) 
tQ  =  1.14.971197  +  11.5585788 


Real  An 

0.26458955c  0  1 
0.  I  2  1  C  6  4  6  4  £  0  I 
0.4  515099  1 £-0  1 
0.  1 004U4  59E-00 
0.4  56ii  34dDL-0  I 
0.5  I  52475 5 t-0  I 
0.5 I9a82  7  5C-0  I 
0.  197966825-0  1 


Imag  A^ 

-0.25307620C  01 
0.  75805559C-0  I 
-0. I4556328E-00 
-0.597120  59£ -0  I 
0.72 I07168C-C  I 
0.4d52ri004L-t  I 
-0. 34  72  I 857E -0  I 
-0.54013  I 54E-0  I 


qQ  =  2.05exp(ii45°) 
tQ  =  1.4928805  +  11. 5750388 


Roal  Aj^ 

0. 2  7 5566384  01 
0.  I I994978E  0  I 
0.251220644-0  1 
0.9581 1707E-01 
0.24  5  73  738L-0  I 
0. 52466226E-0  I 
0. 521 78292C-0  1 
0.2V76I702E-OI 


Imag  An 

-0.26114253E  01 
0. 554  76008E-0 I 
-0. 1 5405856E-00 
-0.21 220  7 35E-0 1 
0.69057  563C-0  1 
0.28546988E-0 I 
-0.4003 1 955E-C  1 
-0.34945B22E-01 
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'.".'able  C-l  (Cont‘d) 
VALUES  OP  qQ,  tQ#  AND  An 


q  =  2, 10 exp {145°) 


t  =  1.4883628  +  11. 590501 7 


Real  An 


Imag  An 


•0.282i4249t  01 
•0. 11H77027E  01 
■0.  105  3  1 93  I E-0  I 
0.8505221 7E-01 
0.92H9542 lfc-02 
-G.48484G58E-0 I 
■0.  I  j9  '452 36t-0  1 
0.31260084C-0I 


-0. 26924697E  01 
0.39957666E-0I 
-0. 12331 774E-00 
-0.66337522E-02 
0.625968 19E-0 l 
0.  1 2833690E-0 1 
-0.38701627E-01 
-0. 184 19635E-0 l 


qo  =  2. 15  exp  (145°) 
t  =  1.4838442  +  il.6050261 


Real  Ah 

-0. 29093366C  01 
*0.11 756996E  01 
0. 9354  3349C-03 
0.  7:>302979fc-01 
-0.  1  7636636C-02 
■0.4  I671O0IE-0  I 
-0.412/2982E-02 
0.2  7  792244E-0 I 


Imag  Ah 


-0.27736759E  01 
0.26988509E-01 
-0.  1  1209558E-00 
0.4333 1879E-02 
0. 54423767E-0 I 
0.  14392892E-G2 
-0.33647855E-0I 
-0. 62236485E-02 


-  2.20exp (145°) 


t  =  I.4787898  +  11.6186719 


Real  Ah 


Imag  Ah 


-0. 29935668E  01 
■0. I1618I86E  01 
0.  96834677E-02 
0.65421S22E-01 
-0.92962272C-02 
■0.34556335E-01 
0.35238722E-02 
0.221O9391E-0I 


-0.285487 1 7E  01 
0.  16278045E-0 I 
-0.  10094688E-00 
0.  12 1653 19E-0 1 
0.45780734E-01 
■0.608848 7  IE-02 
•0.2711 3503E-0 I 
0.  15994097E-02 
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Table  C-l  (Cont*d) 


VALUE'  OF  qQ(  tQ,  AND  An 


qQ  =  2.25exp(l45°) 
tQ  =  1.14.738531  +  il.  6314986 


Real  Ar 

■0.  30762823c  01 
0.  I  152296  1 £  01 
0. 16 1 4G974E-0  I 
0. 559774 1 8E-0  1 
0. 1598182 ^t-0  I 
0.26985559£-0  I 
0. 78523085c-02 
0.  16502 14SL-0  I 


Imag  An 

-0* 29559249E  01 
0. 753 14543E-02 
-0.90251 160E-01 
0. 17420936E-01 
0. 57478443E-0I 
-0. 105 12557E-0  1 
-0.20551095E-01 
0.586516  38E-02 


q0  =  2. 30exp  (H4.50) 

tQ  =  1. 4688782  +  11.614-35635 


Real  A^ 

■0.  5  1 5  7643  1  £  01 
0.  1  14 12V  I 3E  01 
0.20721 167E-01 
0.4  73G7265E-0  1 
0. 165U2746E-0  1 
0. 2042 1 V64E-0 1 
0.975536721-02 
0.111 I2744E-01 


Imag  A^ 

-0.  50  16  7 585E  01 
0.4661 1596E-05 
-0.80245519E-01 
0.20647744E-01 
0. 29977524E-0  I 
-0. 12645850E-0  1 
-0.  14745836E-01 
0.76 I29670E-02 


q0  =  2.35exp(ii|5°) 
tQ  =  1.4639002  +  11.6549218 


Real  An 

0.  32 3 7 7992 l  01 
0.  1  1 3090 1 9t  01 
0.2379b249C-0  I 
0.  395  75686E-0  I 
0. I 74o6 1 06E-0 1 
0. Iu908I95c-0  I 
0. 1 006 l622fc-0  I 
0.6995 I670E-02 


Imag  A^ 

-0.30972430C  01 
-0.51 776654E-02 
-0.71038545E-C  I 
0.22  336286E-0  I 
0.2  54849  30C-0  1 
-0. 1 52106  1 3E-0  1 
-0. I0003487E-01 
0.779 14037E-02 
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Table  C-l  (Cont*d) 
VALUES  OP  qQ,  tQ,  AND  An 

qQ  =  2.40exp(145°) 

t  =  1  •  i4.589i4.76  +  11.6656250 


n 


Real  Ajj 

0.331688832  01 
0.  1121 I799E  01 
0.25696  705E-0  I 
0. 32829 1424-0 I 
0.  1  736948  I E-0 1 
0.  I0475364t-01 
0.94661 7V2E-02 
0. 39676845E-02 


Imag  Ajj 

-0. 3 1 773922E  01 
-0.96317171 E-02 
-0.62740476E-0I 
0. 22899927E-0 1 
0. 18040799E-0I 
-0. I2783258E-0I 
0.63559423E-02 
0.71  13944  IE-02 


^  =  2.45exp(145°) 
tQ  =  1.4540429  +  11.6757223 


Real  A^ 

0. 3395C352E  01 
0.U12I429E  01 
0. 26688969E-0  I 
0 • 2  703  7656E-0 I 
0.  I6576942L-0  I 
0. 703424582-02 
0. 8406 l 536C-02 
0.  1879082 lt-02 


Imag  An 

-0. 3257 1 570C  01 
-0. 13098456E-01 
-0.55288O94E-0I 
0.2267 I692E-0 1 
0. 1 3S86625E-0  l 
-0. 1 1789446C-01 
-0. 368076 14 E-02 
0.6062504 1 E-02 


qQ  =  2.50exp(145°) 
t  =  I.I+492032  +  11. 6852585 


Real  Aj^ 

0.347235182  01 
0.  1 103784  7t  01 
0. 269982552-0 l 
0. 22 1 2o706t-0 I 
0.  1 54  30962C-0 I 
0.4440998  IE-02 
0. 7176101  IE-02 
0.524183954-03 


Imag  Aj^ 

-0. 33 365223E  01 
-0. 15751 884C-0 I 
-0.48663935E-0I 
0.21910591E-0I 
0.  1001 35 70E-0  I 
-0. 105240 12E-0 I 
-0. 180167 12E-02 
0.49292 1 43E-02 


T 
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Table  C-l 


(Cont*d) 


* 


4 


( 


«\ 


* 


n 


1 

2 


6 

7 

8 


n 


1 

2 


6 

7 

8 


n 


1 

2 

3 

4 

5 

6 

7 

8 


VALUES  OP  q^  tQ,  AND  An 


qQ  =  2.55exp(i45°) 

to  =  1,4444420  +  n. 6942755 


Real  Aj^ 

0.3}4o9374fc  01 
0.  10960830t  01 
0.26803680E-01 
0.  lOOOHbdbC-O  I 
0.  140  7042  9c-0 1 
0.253b7698t-02 
0.59565I95E-02 
C< 29505ri23E-03 


Imag  A^ 

-0.34lt>4832E  01 
-0.  1  7 7 39S09E-0  I 
-0.42810526E-01 
0.208 I2096E-0  1 
U. 7 1 94 1 244E-02 
-0.91 789643E-02 
-0. 538099  33E-0  5 
0.5871 I811E-02 


qQ  =  2. 60 exp (145°) 
t  =  1,4397693  +  11.7028119 


Real  An 

0. 3624880 1 6  01 
0.  1 0890Q52C  01 
0. 262468 16E-0  1 
0.  14577I32E-01 
0.  12649424E-0  I 
0.  1  IBG2283E-02 
0 . 484 0228 3E-02 
0.744 19327C-03 


Imag  An 

-0.34940425E  01 
-0. IV 1B5089E-0 1 
-0. 37660400E-0  I 
0. 195198078-01 
0.50010202E-02 
-0.787092 96 E-02 
0. 26 9920 3 3E -03 
0. 2 9 5850 5 7E -02 


qo  =  2,65©xp(i45°) 


t  =  1,4351924  +  11. 7109028 

Real  An 


0. 37002569C  01 
0.  10825128E  01 
0. 25437778E-0 I 
0.  1 175664  7E-0 1 
0.  1  1253928E-0 1 
0. 2378 1255E-03 
0. 38690072E-02 
0. 950 1 0809E-03 


Imag  An 

-0. 35722084E  01 
-0.20 191 938E-0  i 
-0.33 142857E-0  1 
0. 18136401E-01 
0.33174241E-02 
-0.66642665E-02 
0.75289337E-03 
0.22 100975E-02 
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Table  C-l  (Cont*d) 


VALUES  OP  qQ,  tQ.»  AND  A^ 


qQ  =  2.70exp(i45°) 
t  =  1.^307162  +  1.7185812 


Real  Aj^ 

0.  37  7:>I36Gl  01 
0.  1 0 7 65644E  0 1 
0.24461  I  74E-0I 
0.?396803bE-02 
0.  99335357C-02 
0.  .39336  304E-0  3 
0. 305  I 9950E-02 
0.  I0044345C-02 


Imag  A^ 

-0.36499930E  01 
-0 . 200453  75E-0 1 
-0.29 188336E-0 I 
0.  16733225E-01 
0.204 14288E-02 
-0. 53888654E-02 
0.  10  1 16339E-02 
0. 16  I 77900E-02 


q0  =  2.75exp(145°) 

tQ  »  1.14.263U43  +  11.7258766 


Real  An 

-0.38493766.:  01 
-0.  1071  l  180E  01 
0.233U1 I60E-0 I 
0. 7477008HE-02 
-0.87220672L-02 
0.  79646  1 5  7t-03 
0.238  I  11 33E-02 
-0. 9702 84 3 9E -03 


Imag  A^ 

— 0. 372741 08E  01 
-0. 2 12 I5896E-0 1 
-0. 2373 1 035E-0 1 
0.  1 5358 1 30E-0 I 
0.  10871 763E-02 
-0.4653065  IE-02 
0.  1 1209490E-02 
0.  1 16 12940E-O2 


qQ  =  2.80exp  (145°) 
t  =  1.4220782  +  11.7328160 


Real  An 

-0.392  36308E  01 
-0. I066I326E  01 
0. 22245742E-0 1 
0. 590  70366E-02 
-0.76254664E-02 
0.  10336723E-02 
0.  18400040E-02 
-0.  88934  766E-0.3 


Imag 

-0.38044778E  01 
-0.2 I361263E-0I 
-0.22710320E-01 
0. 14041 748E-01 
0. 38407662E-03 
-0.38525677E-0 2 
0.  11 34600  IE -02 
0.8167S809E-03 


» 


* 
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Table  C-l  (Cont^d) 


t 


* 


n 

1 

2 

3 

k 

5 

6 

7 

8 


n 

1 

2 

3 

k 

5 

6 

7 

8 


n 


1 

2 

3 

k 

5 

6 

7 
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VALUES  OP  qQ,  tQ,  AND 
q„  =  2.8Sexp(i4S°) 
t0  =  1.4179189  +  il. 7394242 


Real  A 

“0. 39973436E  01 
-0. I0615686E  01 
0.2 1090315E-0 1 
0.46267830E-02 
-0. 6647493 ?E- 02 
0. 1 159501 5E-02 
0. 14095004E-02 
-0. 78803023E-03 


Imag  An 

-0.388I2114E  01 
-0.21328687E-0I 
— 0.2007 13 74E-01 
0.  12802324E-0 1 
-0. 124856 12E-03 
“0 .317634 60E-02 
0. 1090 1 563C-02 
0.56 122 I44E-03 


qQ  =  2.90exp(in.5°) 
tQ  =  1.4138661  +  !!•  74.57250 


Real  Ajj 

-0.40707552E  01 
-0. 10573889E  01 
0. 19940514E-01 
0. 35854494E-02 
-0. 578371 12E-02 
0. 12039674E-02 
0. 10706633E-02 
-0. 682 2642 3C- 03 


Imag  An 

-0. 39576285E  01 
-0.21 156660E-01 
-0. 17765286E-0 I 
0.  1  1649375E-01 
-0.48498742E-03 
— 0.26104024E-02 
0.  1013 1820E-02 
0.37459977E-03 


=  2.95exp(145°) 


tc  =  1.4099192  +  11.7517384 


Real  An 

-0.4 1 4389V8E  01 
-0. 10535590E  01 
0.  1 88  1 4492E-0 1 
0.2740491 7E-02 
-0.50261  766E-02 
0. 1 I953606E-02 
0. 8062845  IE-03 
-0.581 05485E-03 


Imag  An 

-0.40337463E  01 
-0.20876610E-01 
-0. 1 5748825E-0 1 
0.  10586388E-01 
-0. 73205028E-03 
-0.21400315E-C2 
0.92059250E-03 
0.24028598E-03 
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Table  C-l  (Cont*d) 


VALUES  OP  q0>  tQ>  AND  An 


n 


q0  =  3* 00 exp (145°) 
t0  =  1.4060774  +  11.7574821 


Real  Aj^ 

-0.42l6«079i.  0 1 
-9.105004688  01 
0.  I  7724  7C  1  0  1 

0 .205654508-02 
-0.4  3662:>d2t-G2 
0. 1 I52o668l-02 
O.ftO !49744c-03 
-O.4btt97656».-03 


Imag  ^ 

-0.4  IOVS823C  01 
-0.205138970-01 
-0. 139M4G658-0I 
C. 961283220-02 
-0.693929308-03 
-C. 1 751 1 I3S8-C2 
0.6232  167  30-03 
C.  14  JU4905..-C3 


=  3.05exp(145°) 
tQ  =  1.4023372  +  11.7629775 


Real  A^ 

-0.4269306 lc  01 
-0.  lU46fa?32i.  01 
0. I  66 79364c~0 1 
0. 1 304  36O 10-02 
-0.379060328-02 
0. I0O93353L-02 
0.443673  758-03 
-0.4  0  769  I 5  70-0  3 


Imag  An 

-C.4  ldb  152UL  01 
-0. 200 092660— C I 
-C. 124579390-01 
0.87/:>6154l-02 
— 0 . 992243 1 Hl— 0  3 
-0. 143076508-02 
C. 72  77C I45L-03 
0 . 76o 166328— 04 


^  =  3«l0exp(i45°) 


tQ  1.3986976  +  11. 7682386 


Real  An 

-0.43620I73L  01 
-0. 104  366  I  6l  01 
C. 1568  344  bL-0 1 
0. 105964230-02 
-0.329260738-02 
0.  10  1 4  75350-02 
0.323250668-03 
-0.356045668-03 


Imag  An 

-0.426047158  01 
-0.  17619  14  7L-0  I 
-0. 1106I672L-01 
0. 79200251L-02 
-0. 104362708-0? 
-0.  1  16769288-02 
C.63/86249L-03 
0.331  75654L— 04 
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Table  C-l  (Cont*d) 


VALUES  OP  qQ,  tQ,  AND  An 


q,,  =  S.lSexpdW0) 
t0  =  1.3951562  +  11.7732802 


Real  An 

0. 4434362  IL  01 
0.  1041  I378L  01 
0.  14739561«_-01 
0.,  )319847t-03 
0.286  18536L-02 
0. 935350  78L- 03 
0.231436 l6t-03 
0.2  7881856L-03 


Imag  An 

-0.433335380  01 
-0.  191170 I9C-0 1 
-0.98903269E-02 
0.719051200-02 
-0. 10608 I69E-0? 
-0.93205  I 59E-03 
0.55565957E-C3 
0.285484  1 3t-05 


^  =  3«20exp(ii4.5°) 
tQ  =  1.3917100  +  11.7781165 


Real 

-0.450655831  01 
-0.10386299L  01 
0. I 3848622t-0 1 
0.4 182C063E-03 
-0.248931 92E-02 
0.85542436L-03 
0.  16  1 99705L-03 
-0.229 163 14E-03 


Imag  An 

—0.44 104 I89E  Cl 
— 0.  18593632E-0 1 
-0.88423 I63E-02 
0.6531 I5C4E-02 
-0. 10533 I08E-02 
-0.7755566  IE-03 
0.48I86320E-03 
-0.1669066 3E-04 


q0  -  3#25exp(Uj.5°) 
t0  =  1.3883571  +  11.7827593 


Real  Ajj 

-0.45786219L  01 
-0. 10365160E  01 
0.  1 30 10264E-0 1 
0. 19 1 57200L-03 
-0.2 1674543E-02 
0.77774605E-03 
0.  109  76 I91E-03 
-0. l8787760t-03 


Imag  An 

-0.4485074  It  01 
-0.  I8057566E-0 1 
-0. 79 I89835E-02 
0. 3935958 7E-02 
-0. 10290437E-02 
-0.631242 I4E-03 
0.4I650754E-03 
-0.28649 I92E-04 
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Table  C-l  (ContM) 
VALUES  OF  qQ,  tQ,  AND  An 


n 


%  =  3.30exp(l45°) 
tQ  =  1.38509^5  +  il. 7872202 


Real  An 


Imag  An 


•0. 465Q4665l  01 
U.10441d45L  01 
0. 122244501-01 
0. I2450644L-C4 
0. I88V4922L-02 
0. 7040 17461-04 
0.  70  75482  5t-*04 
0. I5376G:>8l-03 


—0.4549444 1L  01 
-(i.  1  74  1 56681-0  I 
-0. 7 1 0420426-02 
0. 549912 161-0? 
-0.99293625L-03 
-0.51441 3961-04 
0.4591964 IL-03 
-0.45449589L-04 


%  =  3.35exp(ii|5°) 


to  =  1.3819194  +  il. 7915103 


Real  Aj^ 


Imag  An 


0.4  72240441  01 
0. 10422  I 40t  01 
0. I 1486042L-0 l 
0. 12e04d I6c-C4 
0. 1649  I  I  141-0? 
0.645 l9484c-04 
0.4186541 5c -04 
0. 125694  I 3i-01 


—0.46448 IC8L  01 
-0.  1697  42651-0 1 
-0.648405241-02 
0.491511761-02 
-0.94941  1871-03 
— C.4 16982741-03 
0.309401891-04 
-0.384 444491-04 


^  =  3*40exp(i45°) 
tQ  =  1.3788290  +  11.7956392 


Real  An 


Imag 


0.479414651  01 
0.104048911  01 
0. 10796 I62L-01 
0.24714352l-04 
0. 14414654c-0? 
0.571725201-03 
0.206904441-04 
0. 102680 1 41-03 


-Q.47C79150L  01 
-0. 164345851-01 
-0.5/4648991-0? 

0.44 /87d/0E-02 
-0.901224641-04 
-0.34d40749E-05 
0.26610  129E-04 
-0.491258691-04 
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Table  C-l  (Cont»d) 
VALUES  OF  qQ,  tQ,  AND  AR 


n 


%  =  3«45exp(145°) 

tQ  =  1.3758211  +  11.7996162 


Real  A^ 


Imag  AJi 


-0.48658023t  01 
-0.  10286996L  01 
0. 10  lb  I  343L-UI 
-0.32u784  98i.-03 

-0. 12616  122t-02 

0.51371 504t-03 
0*3 3 7351 I8l-05 
-0.d3852606i.-04 


—0.4  7b  IH574L  (1 
-0.  159030  1 1  C-l)  I 
—  0.5  1m  1 1 1 39L-02 
0. 4085369 3L-C2 
-0.85U9I3I6£-G3 
-0.274C56G3E-03 
0. 22dh  3 7  79E-0  3 
-G.  3b2  637C2L-04 


q0  =  3«50exp(i45°) 
tQ  =  1.3728925  +  11. 8034494 


Real  An 


Imag  An 


-0. 49373803c  01 
-0. 1 02  7  1 32bu  01 
0.9b49G669t-02 
-0.3M3  79899i.-03 
-0.  1  1Cb?324i_-Q2 
0.4o  I05070i.-03 
-0.5b 1 3 I951t-U5 
-0.6d473867i.-04 


—0. 485564  74c  Cl 
-0.153810020-01 
-0.467891 7St-c2 
0.37305 1 360-02 
-0.799999 131-03 
-C.22  I58436E-03 
0.  196  7 8  722E-C  3 
-0.364UQ902L-04 


q0  =  3*55exp(145°) 

tQ  =  1.3700408  +  11. 8071  472 


Real  An 

-0. 500888 7bL  01 
-0.  102567804.  01 
0.8V867938L-02 
-0.430  I 3439c-03 
-0. 9  70955  I  lL-03 
0.4  1348  1  72..-03 
-0.  1  3064b  I  7i_-U4 
-0.5 3924583c -04 


Iraag  AJ1 

-0.49292940c  01 
-C. l4b704b7c-0 I 
-0.4232  I U4 2 L -02 
C.34 1 0268 VC -02 
-0.  749635C0C-C  3 
-0.  I7M7  3I84E-03 
0.  1692  74048-1)3 
-C. 340690680-04 
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Table  C-l  (Cont’d) 

VALUES  OP  q<J,  tQ,  AND  ^ 

qQ  -  3*60  exp  (11+5°) 
t0  1.3672636  +  11.8107165 


n 


Real  An 

-0.50h0442Il  01 
-0.  10244286*.  01 
0 • 846200b 4L- 02 
-0.4630lb85c-04 
-G.8b47db78L-05 
0.47067942L-G4 
-0. 181 I944IL-04 
-t.43689‘j25fc.-04 


Imag  An 

-C.5GG2d0b8£  Cl 
-C.  14  4  72  7b6L-0 1 
-0.46449 I26L-U? 

0.  4  1 2  1 064  81.-0  2 
-0.  700620940-04 
-0.  14  4  7  4bbdL-0  4 
C. 14  5o862  7l-(i4 
-C. 41429048L-04 


qQ  =  3.65exp(il+5°) 

tQ  =  1.361+5581  +  11.811+161+1 


Real  An 

-0. b I b I  7  I 86*.  01 
-0.  10240669*.  01 
0.7972261  5*.- 02 
-U.4bb077l VL-05 
-0.78194  4G4*.-04 
0.452276214.-04 
-0.2 I4lo99bc-04 
-0. 4744444?u-U4 


Imag  Ayj 

-C. b(; 7o I VG6t  01 
-0.  I  4c88909L-('l 
-0.  44  7.J4  749L-02 
0.2bi968V4t-U? 
-G.6S.4494lbi.-0  4 
-C. I  1 b I3796+-0  4 
0. 12 J47878L-04 
-0.2b  708b92t-(/4 


qQ  =  3.  70  exp  (11+5°) 
tQ  =  1.3619222  +  11.8171+96  3 


Real  An 


Imag  An 


-0. b22  40b4 II  01 
-U. IC2 1 k94 1l  01 
0. 7b 1 b 1 992  l-02 
-0.49b4od87i.-04 
-0.664401  1 5c- 04 
0.297b92bbL-C4 
-0.2  4144b49i.-U4 
-0. 4tib  466  74L-04 


-0. 81*94860*.  01 
-C.  1.44  I9o77t-0l 
-0.4lo06bbli.-02 
0.2624260 IL-02 
-G.bOoiV  lb  4L-C  4 
-0. 9  I o264  I9L-04 
0. IObl72obL-04 
-0.26l'297  74L-04 
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Table  C-l  (Cont«d) 
VALUES  OP  qQ,  tQ,  AND 


n 


%  =  3.75exp(145°) 
t0  =  1.3593533  +  U.  8207189 


Real  An 

0.52943401L  01 
0.  1020  7999i_  0  1 
0. 7U6b5 /50l-G2 
0.504946661-0.3 
0.606056794.-0.3 
0.267154644.-3.3 
0.2  39  7  32  9  7^-04 
0.  *4  V8 5640i_-U4 


I  mag  A^ 

-0.522260e.3E  01 
-0. 1296S3C0L-C1 
-C.2b7ol I3HE-U? 

C.2409 I 9461-0? 
-G.56bl 1  I  79t,-C3 
-C. 727844531-04 
C.  93530/901-04 
-(..234685401-0** 


^  =  3.80exp(ii;5O) 
tQ  =  1.3568^92  +  il. 8238375 


Real  An 

1.53655838c  01 
0.10197 /b2c  01 
U.66902880c-02 
0.50 5944 301—0 3 
0. 5Iob9682l-03 
0.2397044 1L-03 
0.24G826b7c-04 
0.204510791-04 


Imag  AJ1 

-0. 529^65450  Cl 
-0.  12526C73t.-C  1 
-0. 262086241-0? 

0.22 1518681-02 
-C. 520142641-05 
-0. 5  7252 C 961- 04 
0.606326061-04 
-0.2 10690421-04 


q0  =  3.85exp(145°) 


tQ  =  1.3544-°  79  +  il.8268576 


Real  An 

0. 5436766  It  Ol 
0.101862294.  01 
0.631827661-02 
0.S02629731— 0.3 
0.459639391-03 
0.215205811-03 
0.256845281-04 
0. 167491811-04 


Imag  Ah 

-G.53o660Gl£  01 
-0. 12102C67L-01 
-0.23916  I641-C2 
0.203917541-02 
-0.4886981  li-03 
-0.445925851-04 
C. 697678991-04 
-0. 166536381-04 
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n 


Table  C-l  (Oont*d) 
VALUES  OP  qc>  tQ,  AND  Aft 


=  3«90exp(i45°) 
tQ  =  1.3520270  +  il. 8297833 


Real  An 

-0. 550 79567c  01 
-U.  10  1 79289l  01 
C. 5970734  4  ..-02 
-G.49b9b626L-03 
-C.40bU2u9lL-03 
0. l9334H9bt-05 
-U.22937772c-04 
-0.  157234/bL-04 


Imag  A 

-C.S44 145  I  0E  01 
-0.  I  1 69304 2L—C  l 
-C.21tb5626£-02 
C.  187932U7L-02 
-0.45375727L-03 
-0.342U5«C7L-C4 
0.604  5004 9£— 04 
-C. I6o50 I20E-04 


c ^  =  3«95exp(i^5°) 


tQ  =  1.3^97046  +  il.8326191 


Real  Ajj 

-U.b5790924t  01 
-0.I0I  70912L  01 
0.  564500661.-02 
-0.406699I2L-03 
-0. 362  75933i.-Oi 
0.  1 7 3050b  l£-G3 
-0.2196 IG65t-04 
-0.  I  !24b56bL-04 


Imag  A^ 

-0.55  142 124£  01 
-C.  1  I290950C-OI 
-C. I9995365E-C2 
C. 1733981 8L-02 
-0.421 18200C-05 
-C.25906/69E— 04 
0.524 I4300E-04 
-0. 14V96757L-04 


qQ  =  4.00exp(1^5°) 


tQ  =  1.3^714.386  +  11.8353696 


Real  An 

C.5650I901L  01 
0.  10  I 65056L  01 
0. 5342 1 079L-02 
0.47540915L-03 
0.32301 I06L-03 
0.  1 56453  74L-03 
0.206425111-04 
0.92225 I6BL-05 


Imag  An 

-G. 55O68808C  01 
-0. 109 1 9450L-G  I 
-0. 1031071 1l-0? 

C.160I6949L-02 
-0. 39093304L-03 
-0. 19 I07663E— 04 
0.45524  709E— 04 
-C. I3J45870L-04 
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Table  C-2 


VALUES  OP  q^  tQ,  AND  A^ 


< 


n 

1 

2 

3 

4 

5 

6 

7 

8 


n 

1 

2 

3 

4 

5 

6 

7 

8 


n 


1 

2 


6 

7 

8 


qQ  =  0.00 

tQ  =  0. 50939614-9  +  i  0.88230059 


Real  An 

0.49077678E-00 
-0. 527 1 62 19E  00 
0.6  72U2630L-Q I 
-0 . 3bbG  1 2b3L-0? 
0.9b7742b4L-02 
0.  100644b  1  il“02 
0.673l4l84t-03 
0.56667980L-03 


Imag  An 

-0.8bCObO43E  00 

C. 

0. 1 1639834E-00 
C.62U 10  I 26E-C2 
-G.232bb24  7E-C7 
0.  1  74  32  1 2bC-02 
-0. I I6b83  14E-02 
0.  H  22  46  3tiSE“0  7 


qo  =  0.05 

tQ  =  0.53512579  +  10. 83981 265 


Real  An 

0. 43bb63 I OL-OG 
-0 .  b  1  7  1 2.305C  00 
0. 667362 26t-01 
-0.  l()690236t-C2 
0. 102  1 boGbc-O 1 
0.  1280  76  1  It. -02 
0.8922  7 lb7E-03 
O.bil  76U3bi.“  J3 


Tmag  A^ 

-0.849 1 7433E  CO 
0. 17bb2909£-01 
0. 1 1 764263E-00 
0.626  I2b29fc~02 
C.4ol62 I39L-03 
0. 13332b 7bE-02 
-0. I 1828364E-0? 
-0. 90U49 768L-G4 


qQ  =  0.10 

tQ  =  0.56326947  +  10. 79741 256 


Real  An 

0. 3«73b 1 lGc-00 
-0. bo  7 1  I b  74L  00 
0.66781 13BL-01 
C.  15369  7  3bi_-02 
0.  106b3329t-01 
0. 1629^96 !l-02 
0. 1 10043624-02 
O.bl l 16494^-03 


Tmag  An 

-C.846b33b8t  00 
0. 3b29.39  I  3E-0 1 
0. 1 l«909b2L-00 
0.642 14ri9bL-C? 
0.  79,36902  3C-03 
0.910232  14E-C3 
-C. 12421864E-C2 
-0.2 1209446C-03 
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Table  C-2  (Cont*d) 

VALUES  OP  qQ,  tQ,  AND  An 


n 


%  =  °*15 

tQ  =  0.59387758  + 

Real  An 

0.35714  |48t-00 
-0. 477062031.-00 
U  •  6  7  35  9244L-  (j  I 
C .  426o  5U’j2i_-C2 
0.  1  120  352  Il-C  I 
0.  20SU295  l  w-02 
U. I 5024642L-02 
0.  j0(;()4955L-03 

%  =  0.20 

tQ  =  O.627000)i3 

Real  An 

0.2H794296l-U(J 
-U. 4^6tt  799/L-UU 
U.ftd49t()44L-0  I 
(J.  7  I502054l-02 
U.  I  P-.9C 

u.  25 4*/H5  1 1_-(»2 
0.  I400.5060t.-C? 

0.49  12ol)5»,L-0  5 


10.75518902 

Imag  An 

-C. 84* 109  I 6fc  CC 
0.55227700C-0I 
3.  1 2  o?  1  5  7bL-0C 
t . 66496225L-C? 
L.  I  0u4HO5  6l-(;2 
0.45  7  19565L-05 
-0.  1  *5733  4  SC-02 
-(..  3o99665al:-05 


io. 71323170 

Imag  An 

-0. b  3  56b  Mail  CO 
0.  n 3610690-01 
C.  12I57I6/L-CC 
(..69  120  5/4L-02 
l.  1007457  !*.-(  2 
-0.4014/7740-04 
-0.144  3rtjC  3C-C2 
-0.57l.7064  1L-C3 


q0  =  0.25 

tQ  =  0.66268898  +  10,67163127 


Real  Aj^ 

0.2597  726  3L  -00 
0.4  7 64b2b4i_-00 
0. 702320561-01 
U. IU2245 IUL-01 
U.  12  7 5494hi.-0  l 
0.  5  1  00  V»t»9L-0? 
C.  I  o  9  4  5  :>  6  7  L  “  C  2 
U.47466224L-05 


Tmag  A^ 

-L.H2705U04L  (JO 
0.  b9  70  1  H6  5E-0  1 
C.  229b0  5VL-CC 
C .  7  1  70  1 9  7 oil-0'2 
U.  767b7202L-C5 
-0.654  1(^1221-05 
-C. 1 «2C9  54  5L-C2 
-C. M/42929 1L-05 
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Table  C-2  (Cont*d) 
VALUES  OP  qQ,  tQ,  AND  An 


n 


q0  =  0.30 

tQ  =  0.70099524  + 

Real  Ajj 

0.  1926366  7l-00 
-0.4657/84  Il-00 
0.  726035I5L-0I 
0.  I  it)  52403..-0  I 
U.  I  .3  7b  72  dOl-O  1 
0.  3  72  3  94o2l~(J? 

0.  !»/ 76  5b 16-02 
0.43509024l-05 

,<lo  =  °*35 

tQ  =  0.74W277  + 

Real  An 

u.  1466  305  5L-00 
-0. 434667.33L-00 
0.  7566.369  lc-01 
0.171  I  VM5L-01 
0.  149  763U  lt-0l 
0.44  1  I6442L-02 
0.20366920l-0? 

0. 3500 12  75c-G  5 

%  =  O.I4.O 

t  =  0.78967719  + 

0 

Real  An 

0.  101 740356-00 
-0.44304 179L-00 
0.  794/3514L-01 
0.2  1 038592  l-0 1 
0.  164091 8U6-U  1 
0.5 14  599034-02 
0.214725136-02 
0. 185984826-03 


io.  6301*7944 

Imag  An 

-0.81793389E  00 
0. 106257606-00 
C, 124436656-00 
C. 75.iOObo26-C2 
0.6  73  7  I  1506-0  3 
-0. I  53625446-02 
-C. 22121 7866-02 
-0.  1  14  398526-02 


io. 58986899 

Imag  An 

-0.006171 1 7t  00 
0.  127034496-00 
C.  125925726-00 
C.  74it87|  396-02 
0.  150082.3  56-0  5 
-C. 219944 1 7C-C? 
-0.27471  1  106-02 
-0. 1545S974C-C2 


io. 54989380 

Imag  A, 

-0.7925I954E  00 
O.1460356b6-00 
0  127421146-00 
0.  74  3100446-02 
-0.663709046-05 
-C. 328025396-02 
-0.34621 1246-C? 
-0.204758676-02 
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n 


Table  C-2  (Cont'd) 
VALUES  OP  qQ,  tQ,  AND  Aft 

q„  =  OmkS 


tQ  =  0.83216666 
Real  An 

0  .  6tit;4  "it  h  1  c-o  I 
-u .  4  3t  ft  >i  I  7..-00 
U.e4lG47i7,_-0l 
0.  c334  4U66I.-0  I 
0 .  lol 666U  lc-0 I 
G.  3  >0*1  666  7*. -02 
Ci.216b5U46i.-02 
-0.  106662024.-04 


iO.51061j.889 

Imag  An 

-G.77696664L  00 
C.  1662591  7L-CC 
C.  I26«H  I  76 t-UO 
C.  7  I264d46L-«  2 
-0.  IH40V49  JE-G2 
-C.464  90H4HE-02 
-0.44C1G45SL— 02 
-0. ?66b3b 1 9E-02 


qQ  =  0.50 

tQ  =  0.88150253  +i0.1j.7223036 


Real  An 

O.  1 560bt)4  0L-C  1 
-0.'  1 7  766  I Gl-CC 
0.E9fi40364t-0l 
0. 4U07C">43l-U 1 
c.  1  v96l2 lftL-o 1 
0  •  6b‘*6Go624.-02 
0.20365204t-02 
-U.  601.  <064  1L-0  4 


Imag  An 

-G.76946065E  00 
C.  I M4 o?64  7C— CO 
C. 14G24b06L-00 
U.o4oV064lE-0? 
-0.  S4926626E-02 
-C.6474I966E-0? 
-0.56I46751E-02 
-0.34224  l  12E-02 


qQ  -  0.55 
t0  =  0.933 (k99k  + 

Real  An 

■0. 264  79670L-01 
C.4C3b4207l-C0 
0.961 7425 lt-01 
U. 4S345Hl6i.-01 
0.220464464-01 
0.  72999  72 1 l-02 
0.  164772I5E-02 
0.  14U06944L-0? 


10.43473539 

Imag  * 

-C.74U01II6E  00 
0. 204424  7 4C-00 
0.  1  4144  74  5E -  00 
U. 344000 74G-C2 
-C.S74090 I2C-C2 
-C.B6 I 797ft3t-02 
-0.71672965C-02 
-0.4 4124 1B6E-02 


> 


) 
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Table  C-2  (Cont'd) 
VALUES  OP  qQ,  tQ,  AND  An 


n 


^  =  0.60 

tQ  =  0.98897858  +  10.39826210 


Real  i 

0.651241 52c-0 1 
0. 38885  76 1L-00 
0.  10381  107L-00 
U.41  127338c-01 
0.245 IC289L-G1 
0. 77525/C7L-02 
0.854  54  42  9L-03 
0.26S62860t-02 


Imag  An 

-0-  7  1 85904  5E  00 
o.224  1 1 25  It— 00 
0.  132336V4E-00 
0.354074U8E-02 
-G. 67240490L— C2 
-0. 1 1447660L-  1 
-0.9U795ort0£-0? 
-G.S11272HIE-02 


qQ  =  0.65 
tQ  =  1. 04726 34  + 
Real  An 

-0. 10320996L-00 
-0. 3726378 5L-00 
0.  1  I266380L-00 
0. 4  74  V  7964L-U  1 
0 • 2 06 5 V 3 75L-0 1 
0.  78250  704c-0? 

-0. 56466973L-03 
-0.457U438 lt-02 

q0  =  0.70 

tQ  =  1.1086857  + 

Real  A^ 

-0. 1 596042 lt-00 
-U. 354991 76c-00 
0.  I2284925c-00 
0  .  544  )  I  8ij6c-0  1 
C.  2dV4G  794I.-0  l 
i«.  7?4aC750i.-G2 
-0.29245988L-02 
-0. 74C8G730L-02 


i.0.382909i^2 

Imag  An 

-G. 695 IH525E  00 
0. 24400392b— CO 
C.  I3^7963  7£-G0 
0.88832o<*  7E-C3 
-0.  12874  lbOE-01 
-0. 1502 1 605E— 0 1 
-C. 1 14 1 1 H24b— 01 
-0.6344I502E-02 


10.32877678 

Imag  A^ 

-0.66976885b  00 
C. 263919  37E-00 
0.  1326  1  701t-C0 
-0.289628  I Gt-C? 
-0.  I  7o25rt57L-Cl 
-0. J94021UME-0I 
-0.1413572 lfc— U 1 
-0.  722  7806  7E  — 02 
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n 
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6 
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Table  0-2  (Cont*d) 
VALUES  OF  qQ,  tQ,  AND  An 


qQ  =  0.75 

t0  =  1.1733337  +  10.29596369 


Real  An 

-G.  1  /4  15.lrtCi.-00 
-0.  ilb/  106‘jl-OO 
u.  ll44m»29i;-00 
0 . 6  I  V4  2ub  /t-0  I 
0.  .11  VO  .1  /  /9..-C  I 
U.  56  1  V//J  lrte-02 
-0. 6&56tfj  I  11.-02 
-0.  I  l4Mrtrt24i -0  1 


Imag  An 

- C . 642404441  CO 
C.2«i/44l5fc-0C 
(J .  Ill  S4o  lot— CO 
-O.U4H5190L-02 
-0 .244641!-  IL-O  I 
- C  .  24V4MOH /L-C I 
-C.  1 / 1 2554  6L -0  I 
-0.  /6l 1584/C-G2 


n 

1 


3 

4 

5 

6 

7 

8 


n 

1 

2 

3 

4 

5 

6 

7 

8 


f 


qQ  =  0.80 

tQ  =  1.2413039  +10.26456921 


Real  An 

-0.206Ov“4l4t-C0 
-0. 1145  /024t-0(J 
U.  14  /6516/L-00 
0 . 695  4  1  r!  4  ri  i_  -  0  1 
0.  12  1  5  06 1  /e~G  1 
u  .  /.  16  154  6(»l-02 
-O.  12 12  526lo  -0 1 
-0.  1/I4GI46L-0I 


Imag  An 

-0.61  1C4041L  CO 
C.  101120 16L-00 
O.  1  2V2  12  9fcL— 00 
-0. 162/85150-0  I 
-0. 12  VO  1 52HL-C 1 
-0. 1146M2/1L-CI 
-0.2UO//666C-1 1 
-C.66/5CI99t-02 


q0  =  0.85 

t  =  1.3127021  +  10. 23469114 


Real  An 


Imag  A 


-U.2l6?9/92c-C0 
- 0 . 2  V 1  1 1429L-00 
U.  16242o92l-CMJ 
0. 7/900145^-0  I 
G  .  J2(:dG;i!4u-01 
-0.  ill  1 1  > /He -02 
— G . 2060  906  7L-0 | 
-0.^45/Vil4L-01 


-O.60I /5bfbE  (JO 
0.  1224.1 1  Hlt-00 
0.  1252/1420-00 
-  C  .  2  4  /  /  4  <i  2  4 1  -  C  I 
-0.4  54401 14L-0  I 
-<  .  I'W/'j  I  OHb-C  1 
-L  .2214  W65L-0I 
-C.  19c  / 5666L— 02 


) 


♦ 


4 
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Table  C-2  (Cont*d) 

VALUES  OP  q  ,  tQ,  AND  A^ 


qQ  =  0.90 

tQ  =  1.38761447  +  10.20614.2491 


Real  i 

0.2648731  7«_-00 
0 . 26b  76  I 60..-G0 
0.  1  78799271-0  0 
O.bb 702U bvt-01 
0.298  I  7  7 7 7 1 - 0  I 
0.  I24b0>32i_“0  I 
U.  322  I 06S8t-0  1 
0.336bG9lbL-01 


Imag  A^ 

-G.54bb8702E  00 
C.  340  792  H  7E-CG 
0. 1 I912833E-G0 
-C. 3  7  I  9  3  7bSC-C  1 
- 0.563095 52 t-0 I 
-G.46nV3b  70E-0  1 
-0. 22 749o ISE-C  1 
C. 2  72940 I4C-C? 


^  =  0«95 

tQ  =  1.^662595  +  10.17986219 


Real  a. 

0.29006452L-00 
0.2 37620/ Hc-UO 
0. 19664627L-00 
0.92S33557l-01 
0.24 1391o3t-01 
0. 26  30  72b 4l-0  1 
0.4  76  1  8  7b9L-0 1 
0.41 3  309/  6L“0  1 


Imag  An 

—  O.b 13634  72C  00 
C. 3580293 8C- 00 
0.  I  101S970E-00 

-0. 5412  726  9L-C 1 

—  0.71 b  442  6bL-0 I 
-(,.544095148-0  I 
-0. 19551963E-0I 

0. Ib492b37t-Cl 


q0  =  1.00 

t  =  1.5486874  +  i  0.15508894 


Real  An 

-0. 31230473L-00 
-0.206  70792L-0U 
0.2156  7942L-00 
0.973537l2t-0l 
0. I 3428456l-0 1 
-0.4620  74598-0 1 
-0.66608068E-01 
-0.  5090b878t-0  J„.. 


Imag  Ah 

-G.47703449E-00 
0. 473661 79E- 00 
0.97605970C-01 
-0.731 27b28L-0 1 
-0.887321 I2C-01 
— 0. 596b3b3CL-0 I 
-0.91 7850Q8E-02 
0. 370776 15E-01 
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n 


1 

2 

3 
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Table  C-2  (Cont‘d) 

VALUES  OF  qQ,  t  ,  AND  A^ 


qQ  =  1«05 

tQ  =  1.6350828  +  10.13218309 
Real  An  Imag  An 


-U  .  .Ill  iLt. 74l-G0 

-0.  4  4dV7b90t_-C(! 

-i) .  1  t?bt:  565L-UO 

<!.  3b/Ob9o?E-0<' 

U.  2  4b4b424L-GO 

0.7.06  f\12lL-Q.  1 

0.  9<,6o4.:*V7L-C1 

-(.9  7  j69o.1Jb-<i  1 

-0.  42V  1  7m*  Zl-0* 

-0.  l<Ju79d9dt><J(. 

-U  .  7  4  1  a  hoV**t.-l'  1 

-0.b9b/5b9  Il-0  1 

-U.  c  7341VU4L-01 

0.  1  1  e  1  44  74L— 0 1 

-U  .  bUhbV4M0t-0  1 

(i.69o66044L-0l 

*0 

=  1.10 

tQ  =  1.7256153  +  10.11121546 

Real  Aj 

Imag  An 

-0.  3467d2HhL-00 

-0.  .59971 4 b?£- CO 

-0. 14611 44dL-0U 

G.397b78  79£— (JO 

0.2b4  7  7  7  1  0L-00 

0 . 5b2L?6  49L-C  1 

G.  V44  4  4 b 441-01 

-G. 12641 7S2L-CO 

-0.  .41  1  6044  Ul -0  1 

-(>.  1  2 4490  l*>£— GO 

-0.  1 U  70  1422l-U0 

-  0  •  4  9  bh  1  4  4  7£  -  0  1 

-0.  IUbC444  bL-00 

C.4d2  IH970C-01 

-0. 3  4  7ri 1 H4bt-0 1 

0. 1  14731  76E-00 

*0 

=  1.15 

t  =  1.620^682  +10.09222614 

Real  An 

Iraag  Ajj 

-0.  4SH4.4  72  7L-00 

-G. 3b95d664C- 00 

-0.  9oS4U047£-Ul 

0.40426635L-00 

U. 272b95?6t-00 

C.2VdC0404L-01 

G.M2I  70o94c-01 

-G.  1  bbdd4  38E-C0 

-0.  dd9i2647l-01 

-G.  134951  44L-()0 

-0.  I452SM  .48L-00 

-0. 236U79bGE-0  1 

-0. 1 1045906t-00 

0. lC54369b£-00 

0.  13424».56t-01 

0.  161977b  7£-GG 

oo-o  OMji4r-v*>  no  t-*  3  co-o  O'Va-P'Vjo  no  t-*>  p  cd-o  ovji-P'Vjj  no  i-» 


Table  G-2  (Cont*d) 

VALUES  OP  qQ,  tQ,  AND  AR 

qQ  =  1.20 

t  =  1.9198395  +  10.07526016 
n  Real  An  Imag  An 


-0. 4660C 7041-00 
-0. 845085 18t-0  1 
0.286918861-00 
0.  890  I  84  1 VL-0 1 
-0.  I  1 6096091-00 
-U.  181  I  I  54  4l-U0 
-0. fcd5 I 89781-01 
0. 1047024VL-00 

9o  = 


-0.  41902U.45E-00 
0. 406184481-00 
-G.83846246E-02 
-C.  192981 I4L-00 
-0.  1484984  71-00 
0. 24dH2b49E-0  1 
0.  178931  72E-00 
0. 19864024E-00 


tQ  =  2.0239391  +  io.  06032268 


Real  An 


Iraag  An 


-0.  46V28082l-00 
-0.  10  780688L-0 I 
0.29829 9 8 8l-00 
0.22  468 44 2L-0 I 
-U.  1 7  o 1 46  441-00 
-0. 2019  1 0941-00 
-0.212649851-01 
0.  ^  4899 4  I 91-00 


-0.27884404E-00 
0.40241 549E— 00 
-0.472608261-01 
-0.228040881-00 
-U.  1  1  741  6  74E-UO 
0. 100 1847 4E-CC 
C . 28  34 1 8241-00 
0. 1 791 44G9L-00 


Q0  =  1.30 

t0  =  2.1329851  +  10. 04739397 

Real  An  Imag  An 


-0. 4661 4848L-00 
0. 44640496L-OI 
C.  294664  7  IE-00 
-0.292  I  I0O8L-OI 
-U.  248862  HBt-00 
-0 .  1890  I  705l-00 
0.  1081 8O46L-00 
0.  4V  14  4  4281-00 


-0. 24b  782 U IE- 00 
0. 4917184  71-00 
-C.  9489464  lt-01 
-0. 2494  4  4221-0 ( 
-0  •  7264  44  4‘Jt-O  1 
0. 199424  JC1-0C 
C. 406246981-00 
0. 656044881-0 I 
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Table  C-2  (Cont*d) 
VALUES  OP  qQ,  tQ,  AND  A^ 


n 


q0  =  1.35 

t  =  2. 247199-  +  10. 0361;2072 


Real  An 

-0.  ibJ'ii:?  I  hl-ou 
0. 771204561-01 
0. 2626650 lL-00 
-G. 9462  797  5L-OI 
-U. 2e4  1  Co22L-U0 
-G  .  12  1  v  0 «': 0 6 L - C C 
G. 2t>42t o^Vl-UV 
0. 40b 54 942 l -00 


Imag  Ar 

-0.2UU446  741  -«Mi 
0.  575669b  It -C( 
-c.  114  o(*  5b(  .iu.-rc 
140  91  -Cl 
G.  5  I  04  t  9  1  7l  -09 

c  .  50<»5iG  ;vl-oc 

t.20.:  56lb9l-r0 

-C.  1  7o48«VU1.-M' 


a0  =  i.lto 

t0  =  2*  3667971*.  +  io.  02731259 


Real  An 

0.  5b2oco 1 6L-GU 
0.  M 77io4bc-QC 
0.2364206fcc-00 
0.  I6677I99L-0C 
0.  “il* i  9  94 ‘jL  — 0(! 
0.  1097  5C07i.-01 
G.  47G26o2  7 L-00 
G  •  40bV  50  59L-00 


Tmag  An 

-0.  164  5()‘>6CE-l<) 
c.  54/9|o/7i.-(;0 
-c.  1  V6»jV4f3?t-(>0 
-U.24-.>57  9«  lL-l  ( 
C.  10»i40()V4C-C  0 
0.  5H752524t-CC 
C.  1b202B54£-(;C 
-0. SI  2/80  526  GO 


qQ  =  1*45 

t  =  2.4919823  +  10. 01994098 


Real  Aj^ 

0. 5.5720/S5L-00 
0  .  IS529*»5.5L-C0 
U.  2  I t)i? 4  544L-0U 
u. 24  1  7 4*j44l  — l;l> 
0. 2  72C 5  I 20L- CO 
C.  19  76-5  W.bL-CO 
C.j 7 5690764  UO 
U.  66  56  6. 56  54-01 


Imag 

-C.  151  1094  56-00 
C.  514074  7«L-CC 
<•0.2422  705  IL-Cl 
-C.  9l,  i54  1  5UC.— ISO 
C./9042C6  7L-PG 
’ v .  5  9  7  I6S4  0L-(H> 
-(..  1  1 49S 1  G2L-00 
“0.  7 VcUHbVOC  M* 
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Table  0-2  (Cont'd) 
VALUES  OF  qQ,  tQ,  AND  An 


s 


n 

1 

2 

3 

4 

5 

6 

7 

8 


qQ  =  1.50 

t  =  2.6229306  +  10.  Ol^li;122 


Real  4 

0. 522367121-00 
0.  lb  1 63o6  I L-00 
C.  1607  I596L-00 
U.299tt4^1  9t-UU 
0.  IH  304  74  1 L“ 00 
C . 39 1 0602 1 L-00 
0.4951 7I25L-00 
0.477U7365L-00 


Iraag 

-0. 1 0  I 53283E-00 
G. 2  75806 1  IE-00 
-C.276275V6E-0G 
-0. 1 52202 73E-UO 
0. 351)75  lOOE-OC 
0. 296799 7 lt-00 
-C.44792168C-00 
-0. 005560 14E  00 


* 


n 

1 

2 

3 

4 

5 

6 

7 

8 


n 

1 

2 

3 

4 

5 

6 

7 

8 


do  =  1.5 
to  =  2.7597834  + 
Real  A^^ 

-U. 30317284L-00 
0.20105654c-00 
0.972451 42t-0 l 
-0. 3290325 lt-00 
-0.440331 I0L-0I 
0.5105  lb06L  00 
0. 19b926i«t-00 
-0.96562304fc  00 

qQ  =  1.60 

t  =  2.9026376  + 
Real  Aj^ 

-0.2825028SL-00 
0. 2 1070257t-00 
0.31658978L-01 
-0. 3201 7936fc-00 
0. 1 14  7049 lt-00 
0.51500867L  00 
-0. 22480080L-00 
-0.106765558  01 


.00971885 

Iraag 

-0. 7607942 IE-C l 
C. 232626 1 9E-00 
-0.29368742E-00 
-0.59348166E-U1 
0.596 72526E-00 
0.92667054E-01 
-0.  70283 797E  CO 
-0. 40065500t-00 


.00646011 

Imag  An 

-0. 550C6620E-01 
0. 18868265E-00 
-0.291 565948-00 
0.601  I5462E-01 
C. 38595626E-00 
-0. 16O02948E-C0 
-0. 726810558  00 
0.29 1718958*00 
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Table  C-2  (Cont’d) 


VALUES  OP  qQ,  tQ, 

AND  A^ 

%  =  1.65 

t0  =  3.0515411  +  io.  00414553 

Real  Aj^ 

Imag  A^ 

-0.2<i  1  VjQMi-OC 

-C.  462m  4.4  H  46 -Cl 

0.2  1  0  <;  4  J  4  U-OC 

0.  14641  1  7  ft- CU 

“0.2 1/  <i  i>  8  4  Vi.  -  0  1 

-0.2  76461  79L-00 

-U  .  2  Mo  1  fill’jt-OO 

0.  1 4  74  7 62 Ot- 00 

0. 2?C4G  1  421-00 

C.  4C  1  1  ?6 Q2L-C.C 

U.  440440  7  4i_-00 

-0.  .4  m  490  j  9  ML -CO 

-0 •  bd*>  1 S  1  4  0l  00 

“0.  4 M  1  9 702  bL-UB 

-0.  6b  7H4?62fc  00 

0.H9I231  7  ft  CO 

qQ  =  1.70 

t  =  3.2064956  +  10.00256434 

Real  An 

Imag  A^ 

-0.24060726^-00 

-C.25b9b4446-01 

0. 20284472L-00 

0.  1  06290  7  1C-C0 

-0.  7S96  7/.46L-U1 

-0. 2  44  bo? 021-00 

-0.  1  799v4H0l  —  00 

0.206641 706-00 

0.  426  7604SL-C0 

C. 167 1 14666-00 

0.  I44I'j720l-00 

- 0 .  4r,4f)b46?fc-C0 

-0. 712HOO 74L  00 

-0. 76b  7 44  69C-0 1 

0.  424bbt>86l-0l 

0.  104  7  160  46  01 

q0  -  1.75 

t0  =  3.3674616  +10.00152717 

Real  A^ 

Imag  An 

-0.2209M264L-C0 

-C.  16420*j2H6“OI 

0.  Iobb52006-00 

0.  764  7b  7406-0 1 

-0.  10  76 10906-00 

-0.  1902  466  16-00 

-0.  1  l6.46‘j7bl-00 

(i.  240246906-00 

0.  4.4064?  76L-00 

0. 246?'j  1  4  46-01 

-0.991 J60D2L-U1 

-0. 444281996-00 

-0. 57700423L  00 

(>•  290b596  7C-00 

0.b9b4116b4.  00 

0.  72b247tt7t  OC 
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Table  0-2  (Cont*d) 
VALUES  OP  qQ,  tQ,  AND  AJ1 


=  1.80 

tQ  =  3. 5343701*.  +  10.000087475 


Real  A^ 

-0. 20295250L-00 
0.  1 7 1 36483E-00 
-0. 12297896E-00 
-0.39660082t-01 
0.2753 !223t-00 
-0.25280646L-00 
-0.289091 1 Il-00 
0. 77518813k  00 


Imag  An 

-0. 10094626E-01 
0.51285498E-01 
-0. 14460298E-00 
0.22134382E-0P 
-0.8886191 4E-0 1 
-0. 30<945  32E-C0 
0. 47559304k- 00 
0. 19426705E-00 


q0  -  1.85 

to  =  3.7071357  +  i0.000i*.8l£l 


Real  Aft 

0.  l8674966t-00 
0. 1 5263959t-00 
0. 124  70259L-00 
0.  1674171  Il-01 
0. 18957840L-00 
0. 30208256L-00 
0.40  18  lt>38t-02 
0. 607461551.  00 


Imag 

-C. 594  32433E-0? 

0. 32779062E-0 1 
-0. 10320780E-00 
C. 189d9209E-CC 
-0. 1 5427920E-00 
-0. 1 34092 75t-00 
0.4  604879  7E-00 
-0.234 1C610E-00 


*0  =  1.90 

tQ  =  3. 8856643  +  10. 000251)53 


Real  Aj^ 


Imag  Aft 


-0.  I7240545L-00 
0. 1344 I952L-00 
-0. 1 1694483L-00 
C.54995800L-0I 
U.  1025  1427l-00 
-0.267 V96I8L-00 
0.  1  7  7  7'34  09l-00 
C. 295886  79t-00 


-C.33494539E-02 
0. 19943648E-01 
-0. 6932552 7E- 01 
C. 1 4c  1 830  3E-CC 
-0. 1 7242768L-00 
0.49741 22 9E— 02 
0.321 96555E-00 
-0.4 l6C1094k-00 
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Table  C-2  (Cont*d) 
VALUES  OP  qQ,  tQ,  AND 


%  =  W 

tQ  =  4. 0698658  +  iO.  0001291 2 


Real  Ah 

-c.  laVci  10  I  4i>0() 
0 .  II 780b44L-00 
-0.  104U046GL-00 
C.  /  U*U  C  -s VfL-0  I 
L.  4  4(.  I  L/Ob^-O  | 
-0.  W  1  9  fee  40..-U0 
0. 24b4  7 7V4L-00 
0.  ?4674245l-0 1 


Imag  An 

lfi062h2Ht-fj2 
0.  I  1  bb44  I  bfc-0  | 
-0.44724  IG7C-01 
C.  106407041— CG 
-C.  I boVK I  6 lt-GO 
*•'.  8H2  724  Sdt-r  1 
0. I S6G6 I 69L-C0 
-C. 406704  I Vt-CO 


qo  =  2.00 


tQ  =  4.2596573  +  10.00006282 


n  Real  A^ 


1 

2 

3 

k 

5 

6 

7 

8 


-G.  I4y772/  lc-00 
u.  1u  4274 6  7l-  Co 
-U.rV27C366L-0  I 
G.  MtWlVjL-C  I 
-0.  1/  0  7  l4t|Vc-0  I 
“u»  M  1  ?0 4b2t.-C'0 

C.2l47C277t.-00 
-0.  127 1 dO  74t-U(; 


Imag  Ah 


-0. 74  I 7b6b  YE— 04 
0. 64  7  6006ML  — 02 
~0.2o402VC6t-C I 
(-  .  f  U,  7b  7  I  7L-0  I 
-C.  1/4  >1  7 6 ML ~0() 
0.  I  Iob676bL-C'G 
0.2b/24bl 9fc-C  I 
-C.2 joribObOL-OO 
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Appendix  D 

TABLES  OP  VALUES  OP  ROOTS  OP  w^  (tg)  -  q  w1(tg)  =  0 


i 


\ 


In  this  Appendix  we  present  tables  of  values  for  the  roots  t  (q) 

s 

of  the  equation 


wl/(ts)  “  9  "l^g)  =  0  (n-i) 

which  have  been  obtained  by  step-by-step  integration  of  the 
licatti  equation 


dt  _ 

3q  - 


(D-2) 


In  each  case  we  have  held  the  phase  of  the  impedance  parameter 
q  constant  while  varying  the  modulus.  In  the  tables  we  write 


t  =  Qexp(iP) 

where  P  is  fixed  and  Q  has  been  varied.  The  tables  fall  into  two 
groups.  In  the  first  group.  Tables  D-l  through  D-20,  we  give 
values  for  the  roots  for  s  =  1, 2,3,4#  and  5  for  the  phase  of  q 
equal  to  45°,  0°,  90°,  and  30°. 


In  Appendix  C  we  have  stressed  the  importance  of  the  cases  in 
which  P  a  45°  and  P  «  0°.  We  presented  certain  values  of  the 
roots  and  a  set  of  coefficients  which  could  be  used  in  Eq.  (C-5) 
to  compute  (on  a  manually-operated  desk  machine)  the  numerical 
value  of  the  roots  for  values  of  q  which  are  close  to  those  values 
of  q  (for  P  «  45°  and  P  =  0°)  which  were  tabulated.  In  this  Ap¬ 
pendix  we  present  further  values  for  the  first  root  t^(q)  for 
P  =  45°  and  P  =  0°|  as  well  as  values  for  the  next  four  roots. 


For  the  case  of  some  absorbing  surfaces,  the  phase  of  q  is  ap¬ 
proximately  90°  and  therefore  we  have  given  tables  for  the  first 
five  roots  for  this  case.  In  following  the  literature,  the  author 
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has  not  found  any  discussion  of  the  case  in  which  the  phase  of  q 
has  been  such  that  P  =  30°#  The  fact  that  no  papers  have  appeared 
in  which  this  case  occurs  is  most  likely  due  to  the  fact  that 
only  limiting  cases  have  been  considered  in  the  theoretical  work 
which  has  been  reported  in  the  literature*  However,  there  are 
strong  arguments  for  including  this  case  in  the  present  tabulation 
because  it  represents  a  case  that  lies  between  the  cases  P  =  0° 
and  P  =  45°,  For  example,  the  case  of  a  perfectly  conducting  sphere 
which  is  coated  with  a  thin  (compared  to  wavelength)  dielectric 
layer  leads  to  a  value  of  the  phase  of  q  which  is  close  to  0°, 

The  case  of  the  dielectric  interface  is  described  by  Eq*  (C-3)* 

A  study  of  this  case  (which  corresponds  to  vertical  polarization) 
reveals  that  if  we  express  q  in  terms  of  its  modulus  Q  and  phase 
P  it  is  found  that  P  lies  in  the  range  45°  <  P  <  90°,  Therefore, 
if  one  were  to  take  a  metallic  sphere  surrounded  by  a  dielectric 
layer  and  permit  the  outer  radius  to  remain  fixed  while  permitting 
the  inner  core  to  shrink  towards  a  radius  of  zero,  it  should  be 
found  that  along  the  way  one  would  observe  a  continuous  transi¬ 
tion  from  the  case  of  P  *  0°  (for  the  very  thin  coating)  to  the 
range  45°  <  P  <  90°  for  the  "thick1’  coating.  The  tables  for 
P  =  30°  which  are  contained  herein  will  be  helpful  to  anyone  who 
sets  out  to  study  this  transition. 


The  second  set  of  tables.  Tables  D-21  through  D-38,  describe  the 
loci*  of  the  roots  that  start  from  t°  a  0,5094-  +  i0.8823  for 
q  =  0  and  then  "fan  out"  as  Q  increases.  If  we  observe  the  be¬ 
havior  depicted  in  Fig.  2-2  we  see  that  for  those  loci  for  which 
300°  <  P  <  360°  and  0°  <  P  <  19.2°  the  process  of  "fanning  out" 
continues  to  infinity.  The  reader  will  observe  that  Tables  D-l, 
D-6,  D-ll,  and  D-16  provide  additional  tables  for  this  second 
set  of  tables  for  the  cases  P  =  4 -5°»  0°,  90°,  and  30°  • 

^Tables  in  this  group  are  for  P  =  300°,  305°»  3*0°,  3^-5°»  330°, 

345°,  350°,  355°,  i°,  5°,  io°,  150,  20°,  44-°,  4-6°,  6o°,  85°,  and 
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Table  D-6  deserves  some  special  discussion*  This  root  locus  is 
the  one  which  is  associated  with  the  propagation  of  certain  types 
of  surface  waves  (on  thin  dielectric-covered  surfaces,  slightly 
rough  surfaces,  etc*)*  In  Section  2  we  denoted  this  root  by  the 
subscript  "zero."  In  Eq*  (2*25)  we  gave  asymptotic  expansions 
for  tQ ( Q)  •  Since  the  imaginary  part  of  this  root  determines  the 
attenuation  of  the  surface  wave,  the  determination  of  this  imagi¬ 
nary  part  may  be  of  interest  in  spite  of  the  fact  that  it  tends 
rapidly  to  0  as  Q  increases.  In  the  step-by-step  integration  pro¬ 
cedure  one  finds  that  one  loses  accuracy  when  the  root  tends 
toward  zero  with  increasing  Q.  The  degradation  is  so  extreme 
that  in  reproducing  the  computer  output  we  have  deleted  some  of 
the  8  figures  in  order  to  emphasize,  in  the  vicinity  of  Q  =  2, 
that  the  imaginary  part  is  only  known  to  about  four  significant 
figures.  The  data  given  in  Table  D-6b  was  obtained  by  means  of 
Eq.  (2*25) •  For  Q  >  4  (or  1/q  <  0.25)#  the  imaginary  part  is 
smaller  than  lo"3^  which  is  the  smallest  number  that  the  FORTRAN 
compiler  will  handle.  Because  of  the  extremely  rapid  variation 
of  this  root  for  large  values  of  Q,  we  have  included  in  Table 
D-6b  an  auxiliary  set  of  numbers  which  vary  suificiently  slowly 
that  one  can  easily  interpolate  to  find  the  root  for  intermediate 
value  of  (1/q)*  The  auxiliary  functions  R(Q)  and  S(Q)  are  de¬ 
fined  by  means  of  the  relation 

%(Q)  =  t0(Q)  =  Q2R(Q)  +  i2Q2exp[-(^Q3+l)]S(Q)  (D-3) 

The  functions  R(Q)  and  S(Q)  provide  good  examples  of  slowly  vary¬ 
ing  functions  for  which  one  should  have  no  difficulty  in  using 
the  theory  of  trigonometrical  interpolation  (in  particular,  the 
Chebyshev  polynomial  representation  of  Eq.  (8-lj.2))  to  obtain  an 
efficient  means  of  computing  tQ(Q)  on  an  electronic  computer  when 
Q  is  large.. 


The  reader  will  observe  that  there  are  two  types  of  computer  out- 
out  in  the  tables.  Those  numbers  which  appear  in  the  form 
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0.50939614.9E+00 

were  generated  with  a  single-precision  FORTRAN  II  program  which 
v;as  run  on  the  IBM  7090  electronic  computer.  Since  these  opera¬ 
tions  were  carried  out  with  a  "word  length"  of  8  decimal  digits, 
the  entries  in  the  tables  ars  generally  accurate  to  no  more  than 
7  significant  figures.  On  the  other  hand,  the  entries  which  ap¬ 
pear  in  the  form 

.50939649+00 

were  generated  with  a  double-precision  FORTRAN  IV  program  \jhich 

£ 

was  run  on  the  UNIVAC  1107.  The  results  were  converted  to  single 
precision  before  output  and  these  entries  should  bo,  in  most 
cases,  accurate  to  uithin  a  digit  in  the  8th  placo. 


ft 

The  author  would  like  to  take  this  opportunity  to  point  out  that 
he  feels  that  the  IBM  format  is  aesthetically  superior  to  the 
UNIVAC  format.  The  fact  that  t.  UNIVAC  number  requires  a  field 
width  of  12  characters,  whereas  the  IBM  number  requires  an  allow¬ 
ance  for  14  characters,  permits  one  to  "pack"  more  output  per  line 
of  computer  output  with  the  UNIVAC  1107. 
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Table  D-la 


THE  ROOTS  t±  [  Qexp  ( iij.5 


Q 


Real  t1 


0.00 

0.05 

o.lo 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

o.ii-5 

0.50 

o.55 

0.6c 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

^•35 

1.40 

1.1(5 

i.5o 

1.60 

1.65 

1.70 


1.80 

1.85 

1.90 

1.95 

2.00 


•50939648-00 
•55678568-00 
.60407776-00 
.65117583-00 
.69798310-00 
.74440256-00 
•79033688-00 
•83568820-00 
•88035798-00 
•92424691-00 
•96725480-00 
. 10092806*01 
•10502224+01 
•10899776+01 
.11284431+01 
.11655156+01 
.12010925+01 
.12350718+01 
•12673541+01 
.12978431+01 
•13264475+01 
•13530829+01 
•13776745+01 
•14001590+01 
•14204884+01 
•14366330+01 
.14545842+01 
•14683577+01 
.14799952+01 
•14895654+01 
.14971640+01 
•15029108+01 
•15069468+01 
•15094288+01 
•15105235+01 
•15104014+01 
•15092312+01 
.15071744+01 
•15043815+01 
•15009696+01 
.14971107+01 
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Iraag 

88230059-00 
87077606-00 
86158902-00 
854 '*1164-00 
85011462-00 
64776685-00 
84763511-00 
64966364-00 
85387383-00 
86016367-00 
86850733-00 
87685453-00 
89114995-00 
90533254-00 
92133474-00 
93908171-00 
95849033-00 
97946838-00 
10019136+01 
10257125+01 
10507401+01 
10768587+01 
11039160+01 
11317548+01 
11601941+01 
11890504+01 
12161304+01 
12472361+01 
12761693+01 
13047371+01 
13327573+01 
13600641+01 
13865132+01 
14119855+01 
14363896+01 
14596623+01 
14817677+01 
15026941+01 
15224513+01 
15410663+01 
15585791+01 
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Tabl  •.  D-1  a  (Cont'd) 
THE  ROOTS  t1[Qexp(iIj.5°)  ] 


2.00 

2.05 

2.10 

2.15 
2.20 

2.25 
2.  30 

2.35 
2.40 

2.45 

2.50 

2.55 
2.60 

2.65 

2.70 

2.75 
2.  8o 
2.85 

2.90 

2.95 
3.00 
3.05 
3.10 

3.15 
3.20 

3.25 
3.30 

3.35 
3.40 

3.45 

3.50 

3.55 
3.60 

3.65 

3.70 

3.75 
3.30 
3.65 

3.90 

3.95 
4.00 


Real 

•14971207+01 

.14928815+01 

.14883638+01 

•14836453+01 

.14787908+01 

.14738542+01 

.14688792+01 

•14639013+01 

.14589487+01 

•14540439+01 

•14492043+01 

.14444432+01 

.14397705+01 

•14351936+01 

.14307174+01 

.14263454+01 

.14220794+01 

.14179201+01 

.14138674+01 

.14099204+01 

•14060778+01 

.14023377+01 

.13986981+01 

,13951565+01 

,13917105+01 

.13883575+01 

•13850948+01 

•13819196+01 

•13788293+01 

•13758212+01 

•13728926+01 

•13700409+01 

.13672636+01 

•13645581+01 

•13619221+01 

.13593532+01 

•13568491+01 

.13544077+01 

•13520268+01 

•13497043+01 

.13474384+01 


Iraag  tj. 

.15585791+01 
.15750392+01 
.15905020+01 
•16050264+01 
.16186723+01 
•16314989+01 
.16435638+01 
•16549220+01 
.16656254+01 
•16757226+01 
•16852589+01 
.16942759+01 
.17028122+01 
.17109033+01 
.17185816+01 
.17258769+01 
.17328163+01 
.17394250+01 
.17457256+01 
.17517392+01 
- 17574848+01 
529800+01 
.17682411+01 
,17732827+01 
.17781185+01 
.17627612+01 
•17872221+01 
.17915121+01 
.17956409+01 
.17996178+01 
•18034510+01 
,16071486+01 
.18107177+01 
•18141652+01 
.18174973+01 
•18207199+01 
•18238385+01 
•18268581+01 
.16297837+01 
•18326195+01 
•18353699+01 
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Table  D-lb 

THE  ROOTS  tj^CQexpd^0)] 


1/q  Real  ^ 


Imag 


0.00 

0.01 

0.02 

0.03 

O.Oli 

o.(£ 

0.06 

0.07 

0.08 

0.09 

0.10 

0.11 

0.12 

0.13 

O.Ui 

J.35 

0.16 

0.17 

0.18 

0.19 

0.20 

0.21 

0.22 

0.23 

0.21* 

0.25 

0.26 

0.27 

0.28 

0.29 

0.30 

0.31 

0.32 

0.33 

0.3U 

0.35 

0.36 

0.37 

0.38 

0.39 

OjkO 


• 11690537+01 
.11761250+01 
.11831974+01 
.11902721+01 
.11973502+01 
.1?,J443^+C1 
•121 ’5202+01 
.12166138+01 
•12257141+01 
.12328218+01 
.12399374+01 
.12470611+01 
.12541934+01 
•12613342+01 
•12684835+01 
.12756411+01 
.12828065+01 
.12899790+01 
.12971577+01 
.13043414+01 
.13115285+01 
.13187174+01 
.13259056+01 
.13330907+01 
•13402695+01 
.13474384+01 
.13545933+01 
•13617296+01 
.13688417+01 
.13759236+01 
•13629685+01 
•13899685+01 
•13969152+01 
.14037990+01 
•14106093+01 
•14173346+01 
•14239623+01 
•14304784+01 
•14368683+01 
.14431159+01 
•14492043+01 


•20248604+01 
•20177886+01 
•20107123+01 
•20036268+01 
.19965279+01 
•19894107+01 
•19822706+01 
.19751030+01 
•19679031+01 
•19606660+01 
•19533867+01 
.19460603+01 
.19386815+01 
.19312450+01 
.19237455+01 
.19161772+01 
.19085346+01 
.19008116+01 
•  1893002JL:+01 
•18851002+01 
.18770991+01 
•18689923+01 
.18607731+01 
.18524344+01 
.18439690+01 
.18353698+01 
.18266292+01 
.18177397+01 
•18086935+01 
.17994830+01 
.17901004+01 
•17805380+01 
.17707884+01 
•1T608440+01 
.17506978+01 
.17403433+01 
.17297743+01 
.17189854+01 
.17079720+01 
•16967306+01 
•16852587+01 
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Table  D-2a 


THE  ROOTS  tg[  Qexp  (ii*5°)  ] 


Q 

Real  t2 

Imag  t2 

0.00 

.16240980+01 

.28130215+01 

0«0p 

.16389710+01 

.28090750+01 

°*.}2 

.16538650+01 

.28052077+01 

0*15 

.16688022+01 

.28014266+01 

0*20 

.16838038+01 

.27977397+01 

0#  25 

.16988911+01 

.27941562+01 

0. 30 

.17140855+01 

.27906864+01 

0. 35 

A  I 

.17294082+01 

.27873422+01 

0#1*0 

.17448807+01 

.27841372+01 

0.45 

.17605246+01 

.27810871+01 

o#  50 

.17763615+01 

.27782098+01 

0.55 

.17924130+01 

.27755260+01 

0*60 

.18087006+01 

.27730592+01 

0.65 

.18252454+01 

.27708366+01 

0,70 

.18420681+01 

.27688890+01 

0#  75 

A  Q  A 

.18591880+01 

.27672519+01 

O.8O 

.16766230+01 

.27659655+01 

0.85 

.18943886+01 

.27650756+01 

0.90 

.19124970+01 

. 27b46335+01 

0.95 

.19309560+01 

.27646975+01 

1.00 

.19497675+01 

.27653318+01 

05 

.19689257+01 

.27666074+01 

l.lo 

.19884149+01 

.27686017+01 

1.15 

.20082078+01 

.27713972+01 

1.20 

.20282623+01 

.27750804+01 

1.25 

.20485197+01 

.27797394+01 

1.30 

.20689023+01 

.27854607+01 

1.35 

.20893116+01 

.27923246+01 

1.1*0 

.21096284+01 

.28004010+01 

1.1*5 

.21297130+01 

.28097428+01 

i.5o 

.21494082+01 

.28203603+01 

1.55 

.21685438+01 

.28323163+01 

1.60 

.21669423+01 

.28455209+01 

1.65 

.22044279+01 

.28599295+01 

1.70 

.22208337+01 

.28754424+01 

1.75 

.22360119+01 

.28919274+01 

1.80 

.22498403+01 

.29092241+01 

1.85 

.22622291+01 

.29271516+01 

1.90 

.22731246+01 

.29455166+01 

1.95 

.22825108+01 

.29641222+01 

2.00 

.22904075+01 

.29827774+01 
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f 


3 


A. 


0 


► 


Q 


2,  00 
2,05 
2,10 

2.15 

2.20 

2.25 

2.30 

2.35 

2.5.0 

2.45 

2.50 

2.55 

2.60 

2.65 
2.70 
2.75 
2.80 
2.85 
2.90 
2,95 
3*00 
3.05 

3.10 

3.15 

3,20 

3.25 

3.30 

3.35 
3.40 

3.45 

3.50 

3.55 

3.60 

3.65 
3.70 


3*85 

3#  90 
3.95 
4*00 


Table  D-2a  (Cont»d) 
THE  ROOTS  t2[Qexp(145°)] 


Real  t2 


.22904075+01 
.22968672+01 
.23019697+01 
.23058152+01 
.23085181+01 
.23102000+01 
.23109842+01 
.23109907+01 
.23103331+01 
.23091161+01 
.23074342+01 
.23053713+01 
.23030005+01 
.23003852+01 
.22975796+01 
.22946294+01 
.22915733+01 
.22884433+01 
.22852661+01 
.22820639+01 
<■22788545+01 
.22756530+01 
.22724708+01 
.22693178+01 
.22662015+01 
.22631279+01 
.22601014+01 
.22 571258+01 
.22542034+01 
.22513363+01 
.22485254+01 
.22457714+Ul 
.22430748+01 
.22404353+01 
.22378527+01 
.22353263+01 
•22328554+T1 
.22304392+01 
.22280765+01 
.22257665+01 
.22235079+01 


Imag  t2 


.29827774+01 

.30013044+01 

.30195449+01 

.30373643+01 

.30546537+01 

.30713305+01 

.30873366+01 

.31026358+01 

.31172112+01 

.31310615+01 

.31441972+01 

.31566383+01 

.31684112+01 

.31795465+01 

.31900775+01 

.32000382+01 

.32094632+01 

.32183861+01 

.32268394+01 

.32348541+01 

.32424597+01 

.32496837+01 

.32565517+01 

.32630878+01 

.32693141+01 

.32752513+01 

.32809184+01 

.32863329+01 

.32915112+01 

.32964681+01 

.33012175+01 

.33057722+01 

.33101439+01 

.33143436+01 

.33183815+01 

.33222666+01 

.33260079+01 

.33296134+01 

.33330903+01 

.33364457+01 

.33396860+01 
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Table  D-2b 


THE  ROOTS  t2[Qexp(3450)] 


*/q  Real  t2 


Imag  t2 


0.00 

0.01 

0.02 

0.03 

O.OU 

0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
o.iU 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
•  0.21, 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.3li 
0.3$ 
0.36 
0.37 
0.38 
0.39 
0*140 


.20439747+01 

.20510460+01 

.20581196+01 

.20651972+01 

.20722806+01 

.20793723+01 

.20864733+01 

.20935654+01 

.21007102+01 

.21078488+01 

.21150023+01 

.21221714+01 

.21293567+01 

.21365584+01 

.21437761+01 

.21510093+01 

.21582568+01 

.21655165+01 

.21727861+01 

.21800619+01 

.21873397+01 

.21946138+01 

.22018771+01 

.22091211+01 

.22163355+01 

.22235078+01 

.22306231+01 

.22376636+01 

.22446087+01 

.22514341+01 

.22581118+01 

.22646093+01 

.22708900+01 

.22769123+01 

.22826298+01 

.22879915+01 

.22929423+01 

.22974233+01 

.23013733+01 

.23047306+01 

.23074339+01 


.35402680+01 

.35331956+01 

.35261153+01 

.35190192+01 

.35118992+01 

.35047472+01 

.34975548+01 

.34903137+01 

.34830151+01 

.34756500+01 

.34682090+01 

.34606826+01 

.34530606+01 

.34453326+01 

.34374876+01 

.34295138+01 

.34213993+01 

.34131312+01 

.34046961+01 

.33960796+01 

.33872671+01 

.33782428+01 

.33689900+01 

.33594918+01 

.33497299+01 

.33396859+01 

.33293405+01 

.33186742+01 

.33076674+01 

.32963005+01 

.32845550+01 

.32724132+01 

.32598596+01 

.32466816+01 

.32334702+01 

.32196216+01 

.32053382+01 

.31906301+01 

.31755161+01 

.31600253+01 

.31441972+01 
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Table  D-3a 

THE  ROOTS  t3[Qexp(145°)  ] 


Q 


Real 


Iraag 


0 

0.5 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.1*0 

0.1*5 

o.5o 

o.55 

0.60 

0.65 

D.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

i.o5 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.1*0 

1.1*5 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.95 

2.00 


.24100496+01 

.24200711+01 

•24301028+01 

•24401549+01 

.24502376+01 

•24603611+01 

.24705358+01 

•24807721+01 

•24910806+01 

.25014721+01 

•25119575+01 

•25225481+01 

•25332553+01 

•25440909+01 

.25550667+01 

•25661951+01 

.25774883+01 

•25889591+01 

•26006201+01 

•26124838+01 

•26245628+01 

•26368689+01 

•26494135+01 

•26622069+01 

•26752578+01 

.26885727+01 

•27021552+01 

•27160052+01 

•27301175+01 

.27444809+01 

•27590764+01 

.27738757+01 

•27888399+01 

.28039176+01 

•28190434+01 

•28341380+01 

•28491071+01 

•28638435+01 

•28782289+01 

•28921374+01 

•29054411+01 


•41743283+01 

•41716552+01 

•41690072+01 

.41663874+01 

•41637989+01 

•41612455+01 

•41587309+01 

•41562594+0: 

•41538358+01 

.41514653+01 

.41491539+01 

•41469081+01 

.41447356+01 

•41426447+01 

•41406448+01 

.41387469+01 

.41369629+01 

.41353066+01 

•41337938+01 

•41324418+01 

.41312709+01 

•41303034+01 

•41295651+01 

•41290846+01 

•41288943+01 

.41290303+01 

•41295331+01 

•41304471+01 

•41318215+01 

•41337092+01 

•41361672+01 

•41392554+01 

.41430348+01 

•41475666+01 

•41529091+01 

•41591144+01 

•41662253+01 

•41742706+01 

•41832612+01 

•41931868+01 

•42040130+01 
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Table  D-3a  (Cont^d) 
THE  ROOTS  t3[Qexp(i^5°) ] 


Q 


Real 


Traag 


2*00 

2.05 

2.10 

2.35 

2.20 

2.25 

2.30 

2.35 
2.  ho 
2.U5 

2.50 

2.55 

2.60 

2.65 

2.70 

2.75 

2.  GO 

2.85 

2.90 

2.95 
3.00 
3.05 
3.10 

3. 35 

3.20 

3.25 

3.30 
3.35 

3. U0 
3.U5 

3.50 

3.55 

3.60 

3.65 

3.70 

3.75 
3.80 

3.85 

3.90 

3.95 

lt.00 


•29054411+01 

•29180156+01 

•29297467+01 

•29405362+01 

•29503075+01 

•29590092+01 

•29666167+01 

•29731322+01 

•29785825+01 

•29830153+01 

•29864949+01 

.29890973+01 

.29909055+01 

.29920051+01 

•29924808+01 

•29924145+01 

.29918824+01 

.29909545+01 

.29896940+01 

•29881567+01 

.29863920+01 

.29844428+01 

•29823460+01 

•29801332+01 

.29778317+01 

•29754640+01 

.29730497+01 

•29706048+01 

•29681430+01 

•29656755+01 

•29632117+01 

•29607593+01 

•29583245+01 

•29559125+01 

•29535276+01 

•29511730+01 

•29488512+01 

.29465645+01 

•29443141+01 

•29421014+01 

•29399270+01 


.42040130+01 

•42156801+01 

•42281035+01 

•42411766+01 

•42547756+01 

.42687640+01 

.42830008+01 

.42973460+01 

•43116672+01 

.43258446+01 

•43397739+01 

•43533688+01 

.43665612+01 

.43793006+01 

.43915524+01 

•44032964+01 

.44145237+01 

•44252352+01 

.44354391+01 

.44451491+01 

•44543829+01 

•44631606+01 

•44715042+01 

•44794361+01 

.44869789+01 

•44941549+01 

.45009860+01 

•45074927+01 

•45136950+01 

.45196117+01 

•45252604+01 

•45306577+01 

•45358189+01 

•45407587+01 

•45454903+01 

.45500264+01 

.45543785+01 

•45585576+01 

•45625737+01 

•45664360+01 

•45701533+01 
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i 


Table  D-*3b 

THE  ROOTS  t^tQexp  (345°)] 


i/q 

Real 

Txnag 

0.00 

.27602798+01 

•47809450+01 

o#ox 

. 27673514+01 

•47738723+01 

0#02 

•27744258+01 

.47667887+01 

0.03 

.27815057+01 

.47596837+01 

o.qU 

•27865938+01 

.47525464+01 

0.05 

•27956927+01 

•47453657+01 

0.06 

•28028046+01 

•47381301+01 

0.07 

•28099317+01 

•47308280+01 

0.00 

•28170760+01 

.47234470+01 

0.09 

•28242391+01 

.47159747+01 

0.10 

.28314223+01 

•47083975+01 

0.11 

.28366266+01 

•47007015+01 

0.12 

•28458522+01 

.46928719+01 

0.13 

•28530989+01 

.46848930+01 

0.1U 

•28603658+01 

.46767480+01 

0.15 

.28676511+01 

.46684193+01 

0.16 

.28749515+01 

.46598879+01 

0.17 

•28822631+01 

.46511333+01 

0.18 

•28895798+01 

.46421341+01 

0.19 

•28968938+01 

.46328671+01 

0.20 

•29041951+01 

.46233074+01 

0.21 

•29114708+01 

.46134289+01 

0.22 

•29187044+01 

•46032038+01 

0.23 

•29256759+01 

•45926031+01 

0.2U 

•29329602+01 

•45815966+01 

0.25 

•29399269+01 

•45701531+01 

0.26 

•29467390+01 

•45582419+01 

0.27 

•29533520+01 

•45456326+01 

0.28 

•29597130+01 

•45326975+01 

0.29 

•29657604+01 

.45194121+01 

0.30 

•29714220+01 

.45053564+01 

0.31 

•29766163+01 

.44907270+01 

0.32 

•29812519+01 

•44755202+01 

0.33 

•29852298+01 

•44597559+01 

0.3U 

.29884454+01 

•44434709+01 

0.35 

•29907931+01 

•44267239+01 

0.36 

•29921714+01 

.44095980+01 

0.37 

•29924902+01 

•43922006+01 

0.38 

•29916768+01 

•43746629+01 

0,39 

•29696840+01 

i43571335+01 

0jt0 

•29864950+01 

.43397744+01 
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Table  D-i^a 

THE  ROOTS  t^fQexp  (114-5°)  ] 


Q 


Real  t 


k 


Imag 


0.00 

•  30816536+01 

.53375807+01 

0.05 

.30894908+01 

.53354866+01 

0.10 

.30973342+01 

.53334050+01 

0.15 

.31051903+01 

.53313375+01 

0.20 

.31130653+01 

.53292662+01 

0.25 

.31209655+01 

.53272530+01 

0.30 

.31288974+01 

.53252400+01 

0.35 

.31368674+01 

.53232498+01 

o.Uo 

.31448821+01 

.53212846+01 

o,U5 

.31529482+01 

.53193475+01 

o.5o 

.31610724+01 

.53174414+01 

o.55 

.31692617+01 

.53155697+01 

0.60 

.31775233+01 

.53137362+01 

0.65 

.31858644+01 

.53119450+01 

0.70 

.31942924+01 

.53102008+01 

0.75 

.32026151+01 

.53085085+01 

0.80 

.32114404+01 

.53068741+01 

0.85 

.32201762+01 

.53053040+01 

0.90 

.32290308+01 

.53036053+01 

0.95 

.32380128+01 

.53023862+01 

1.00 

.32471307+01 

.53010557+01 

1.05 

.32563933+01 

.52998238+01 

1.10 

.32658093+01 

.52987021+01 

1.15 

.32753877+01 

.52977034+01 

1.20 

.32851370+01 

.52968420+01 

1.25 

.32950658+01 

.52961341+01 

1.30 

.33051821+01 

.52955978+01 

1.35 

.33154934+01 

.52952533+01 

l.Uo 

.33260062+01 

.52951234+01 

1.1*5 

.33367257+01 

.52952331+01 

i.5o 

.33476555+01 

.52956106+01 

1.55 

.33587968+01 

.52962867+01 

l.6o 

,33701480+01 

.52972952+01 

1.65 

.33817039+01 

.52986734+01 

1.70 

.33934546+01 

.53004608+01 

1.75 

.34053849+01 

.53026997+01 

1.80 

.34174726+01 

.53054345+01 

1.85 

.34296882+01 

.53087106+01 

1.90 

.34419933+01 

.53125732+01 

1.95 

.34543399+01 

.53170655+01 

2.00 

.34666695+01 

.53222269+01 
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Table  D-ij.a  (Con^d) 
THE  ROOTS  t^[Qexp  (145°)  } 


Q 

Real 

Imag 

2.00 

.34666695+01 

.53222269+01 

2.0^ 

.34789138+01 

.53280903+01 

2.10 

.34909943+01 

.53346793+01 

2.1* 

.35026243+01 

.53420057+01 

2.20 

.35143109+01 

.53500666+01 

2.2* 

.35253580+01 

.53588418+01 

2.30 

.35358710+01 

.53682936+01 

2.3* 

.35457604+01 

.53783657+01 

2.U0 

.35549467+01 

.53689853+01 

2.16 

.35633641+01 

.54000645+01 

2.50 

.35709644+01 

.54115051+01 

2.** 

.35777178+01 

.54232025+01 

2.60 

.35836150+01 

.54350505+01 

2.6* 

.35886648+01 

.54469458+01 

2.70 

.35928931+01 

.54587923+01 

2.75 

.35963402+01 

.54705039+01 

2.80 

.35990566+01 

.54820062+01 

2.85 

.36011006+01 

.54932383+01 

2.90 

.36025343+01 

.55041519+01 

2.95 

.36034214+01 

.55147113+01 

3.00 

.36038246+01 

.55248919+01 

3.05 

.36038040+01 

.55346790+01 

3.10 

.36034160+01 

.55440660+01 

3.15 

.36027125+01 

.55530529+01 

3.20 

.36017404+01 

.55616453+01 

3.25 

.36005419+01 

.55698524+01 

3.30 

.35991541+01 

.55776863+01 

3.35 

.35976100+01 

.55851613+01 

3.U0 

,35959379+01 

.55922930+01 

3.U5 

.35941628+01 

.55990975+01 

3.50 

.35923060+01 

.56055910+01 

3.55 

.35903858+01 

.56117901+01 

3.60 

.35884178+01 

.56177107+01 

3.65 

.35864154+01 

.56233682+01 

3.70 

.35843900+01 

.56287776+01 

3.75 

.35823511+01 

.56339531+01 

3.80 

.35803068+01 

.56389079+01 

3.85 

.35782639+01 

.56436550+01 

3.90 

.35762281+01 

.56482062+01 

3.95 

.35742041+01 

.56525727+01 

li.00 

.35721960+01 

.  56567650+01 
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Table  D“4.b 

THE  ROOTS  t^_  [Qexp(  114-5°  )1 


► 

$?v 

'■4..”. . 

.4ft 


1/Q 

Real 

Ixnag 

0.00 

•33933540+01 

.58774616+01 

0.01 

.34004257+01 

.58703883+01 

0.02 

.34075008+01 

.58633019+01 

0.03 

.34145826+01 

.58561892+01 

O.Oli 

.34216749+01 

.58^90366+01 

0.0^ 

.34287801+01 

• 58418303+01 

0.06 

.34359016+01 

.58345562+01 

0.07 

.34430417+01 

.58271995+01 

0.08 

.34502030+01 

.58197448+01 

0.09 

.34573872+01 

.58121757+01 

0.10 

.34645956+01 

.58044751+01 

0.11 

.34718291+01 

.57966246+01 

0.12 

.34790876+01 

.57886048+01 

0.13 

.34863701+01 

.57603944+01 

O.ll* 

.34936742+01 

.57719711+01 

0.15 

.35009962+01 

.57633104+01 

0.16 

.35083304+01 

.57543860+01 

0.17 

.35156687+01 

.57451694+01 

0.18 

.35230001+01 

.57356299+01 

0.19 

.35303100+01 

.57257344+01 

0.20 

.35375794+01 

.57154474+01 

0.21 

.35447838+01 

.57047311+01 

0.22 

,35518919+01 

.56935459+01 

0.23 

.35588645+01 

.56818507+01 

0.21* 

.35656525+01 

.56696038+01 

0.25 

.35721957+01 

.56567649+01 

0.26 

.35784206+01 

.56432968+01 

0.27 

.35842390+01 

.56291687+01 

0.28 

.35895470+01 

.56143606+01 

0.29 

.35942251+01 

.55986681+01 

0.30 

.35981397+01 

.55827087+01 

0.31 

.36011472+01 

.55659289+01 

0.32 

.36031002+01 

.55486096+01 

0.33 

.36038586+01 

.55308716+01 

0.3U 

.36033016+01 

.55128755+01 

0.35 

.36013412+01 

.54948185+01 

0.36 

.35979360+01 

.54769249+01 

0.37 

.35930993+01 

.54594302+01 

0.38 

.35669020+01 

.54425646+01 

0.39 

.35794684+01 

.54265340+01 

0.1*0 

.35709650+01 

.54115054+01 
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Table  D»5a 

THE  ROOTS  t^[Qexp(l450)] 

Q  Real  Iraag 


0.00 

.36860886+01 

•63844927+01 

0.05 

•36926405+01 

•63827407+01 

0.10 

•36991968+01 

.63809961+01 

o.i5 

•37057620+01 

.63792601+01 

0.20 

•37123404+01 

.63775342+01 

0.25 

•37189365+01 

•63758196+01 

0.30 

.37255549+01 

.63741177+01 

0.35 

•37322000+01 

.63724302+01 

0.1*0 

•37388765+01 

.63707587+01 

0.1*5 

•37455890+01 

.63691048+01 

o.5o 

.37523423+01 

•63674708+01 

o.55 

•37591412+01 

.63658585+01 

o.6o 

.37659907+01 

.63642703+01 

o.65 

.37728959+01 

.63627087+01 

0.70 

.37798618+01 

•63611765+01 

0.75 

.37868939+01 

.63596769+01 

0.80 

.37939977+01 

.63582131+01 

0.85 

.38011787+01 

.63567889+01 

0.90 

•38084427+01 

.63554086+01 

0.95 

•38157958+01 

.63540766+01 

1.00 

.38232439+01 

.63527982+01 

1.05 

•38307933+01 

.63515790+01 

1.10 

.38384503+01 

.63504255+01 

1.15 

•38462215+01 

.63493447+01 

1.20 

•38541135+01 

.63483445+01 

1.25 

.38621330+01 

.63474337+01 

1.30 

.38702864+01 

•63466223+01 

1.35 

•38785806+01 

•63459210+01 

1.1*0 

•38870218+01 

•63453422+01 

1.1*5 

•38956164+01 

•63448997+01 

1.50 

.39043701+01 

•63446084+01 

1.55 

•39132879+01 

.63444854+01 

1.60 

•39223745+01 

•63445492+01 

1.65 

•39316329+01 

.63448206+01 

1.70 

•39410650+01 

•63453225+01 

1.75 

•39506707+01 

•63460796+01 

1.80 

•39604478+01 

•63471194+01 

1.85 

•39703908+01 

.63484710+01 

1.90 

•39804910+01 

.63501662+01 

1.95 

•39907353+01 

•63522380+01 

2.00 

•40011056+01 

•63547213+01 

D-17 

LOCKHEED  MISSILES  ft  SPACE  COMPANY 


I 


Table  n-£a  (Cont'd) 


THE  ROOTS  t^[Qexp(li|.50)  ] 


Q 

Real 

Imag 

2.00 

.40011056+01 

•63547213*01 

2.05 

.40115779*01 

•63576511*01 

2.10 

.40221217*01 

•63610629*01 

2.15 

.40326992*01 

.63649902*01 

2.20 

.40432654*01 

.63694637*01 

2.25 

•40537669*01 

•63745099*01 

2.30 

.40641435*01 

.63801480*01 

2.35 

.40743282*01 

•63863890*01 

2. ho 

.40842489*01 

•63932331*01 

2.1*5 

.40938309*01 

•64006682*01 

2.50 

.41029990+01 

•64086688*01 

2.55 

.41116813*01 

.64171955*01 

2.60 

.41198119*01 

.64261959*01 

2.65 

•41273343*01 

.64356054*01 

2.70 

•41342041*01 

.64453506*01 

2.75 

.41403906*01 

.64553509*01 

2.80 

.41458779*01 

.64655232*01 

2.85 

•41506647*01 

.64757849*01 

2.90 

.41547638*01 

.64860566*01 

2.95 

•41581993*01 

•64962654*01 

3.00 

.41610056*01 

.65063466*01 

3.05 

•41632242*01 

•65162447*01 

3.10 

.41649015*01 

.65259142*01 

3.15 

.41660864*01 

.65353192*01 

3.20 

•41668285*01 

.65444330*01 

3.25 

.41671766*01 

•65532370*01 

3.30 

.41671775*01 

•65617201*01 

3.35 

•41668751*01 

•65698769*01 

3.U0 

•41663099*01 

•65777073*01 

3.U5 

•41655190*01 

•65852149*01 

3.50 

•41645354*01 

•65924066*01 

3.55 

•41633891*01 

,65992913*01 

3.60 

•41621061*01 

.66058796*01 

3.65 

•41607098*01 

.66121833*01 

3.70 

•41592205*01 

•66182145*01 

3.75 

,41576556*01 

•66239861*01 

3.80 

.41560305*01 

.66295104*01 

3.85 

•41543584*01 

•66348001*01 

3.90 

•41526508*01 

•66398673*01 

3.95 

•41509172*01 

•66447236*01 

U.00 

•41491662*01 

•66493806*01 
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Table  D-5& 

THE  ROOTS  t^[Qexp(ll|5°)  ] 


1/q 

Real 

Imag 

0.00 

•39720666+01 

•66796215+01 

0.01 

•39791365+01 

•66727479+01 

0.02 

•39662193+01 

•66656569+01 

0.03 

.39932962+01 

•68565369+01 

o.ol* 

•40003939+01 

•68513723+01 

o.o5 

•90075051+01 

•66441426+01 

0.06 

•40146352+01 

•68366331+01 

0.07 

•40217671+01 

.68294260+01 

0.08 

•40269634+01 

•68219028+01 

0.09 

•40361662+01 

.68142437+01 

0.10 

•40433966+01 

.66064277+01 

0.11 

.40506555+01 

.67984322+01 

0.12 

.40579417+01 

.67902327+01 

0.13 

.40652529+01 

•67818027+01 

0.11* 

.40725851+01 

.67731135+01 

0.15 

•40799316+01 

.67641335+01 

0.16 

•40872637+01 

.67546268+01 

0.17 

•40946271+01 

.67451619+01 

0.18 

.41019441+01 

•67350923+01 

0.19 

•41092104+01 

•67245764+01 

0.20 

,41163943+01 

.67135672+01 

0.21 

,41234542+01 

.67020154+01 

0.22 

.41303373+01 

•66898700+01 

0.23 

•41369762+01 

.66770799+01 

0.2U 

.41432869+01 

•66635972+01 

0.25 

•41491656+01 

•66493605+01 

0.26 

•41544880+01 

•66344012+01 

0.27 

•41591064+01 

•66186509+01 

0.28 

.41628540+01 

•66021506+01 

0.29 

•41655491+01 

•65849617+01 

0.30 

•41670065+01 

•65671946+01 

0.31 

•41670539+01 

•654901/3+01 

0.32 

.41655522+01 

•65306525+01 

0.33 

•41624177+01 

•65123713+01 

0.31* 

,41576401+01 

,64944722+01 

0.35 

•41512926+01 

•64772541+01 

0.36 

.41435266+01 

•64609667+01 

0.37 

•41345569+01 

•64456655+01 

0.38 

•41246374+01 

•64320956+01 

0.39 

•41140337+01 

•64196664+01 

0.1*0 

•41029995+01 

•64066664+01 
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Table  D-6a 


THE  R00T8  t^QexpdO0)  ] 


0*00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0,90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.40 

1.45 

i.5o 

i.55 

1.60 

1.65 

1.70 

up 

1.80 

1.85 

1.90 

1.95 

2.00 


Real 


.50939648400 
•53512579-00 
.56326949=60 
.59387761-00 
.62700049-00 
.662669051.00 
.70099533-00 
•74197288-00 
•  78567731.1.00 
.63216679-00 
•88150267-00 
.93315069-00 


.98897874-00 

•10472636+01 

.11733337+01 

.12413039+01 

.13127021+01 

.13876447+01 

.14662595+01 

.15486874+01 

.I6350828+OI 

.17256153+01 

.I820k682+0l 

,19196399+d 

•  20239 39i+oi 
.21329851+01 
.22471991+01 
.23667974+01 
.24919823+01 
.26229306+01 
.27597834+01 

.29026376+01 

•30515411+01 

.32064956+01 

.33674616+01 

•35343704+01 

.37071357+01 

•  38856643+0I 
.40698658+01 
.42596573+01 


.862300^0. 


.83981264-00 

•-Z9.7 4. 1.2,55-00 
.75516902-00 
.71323170-00 
^63463122=06 
.63047944-00 
.5898o899-00 


.51064891-00 
.47223038-00 
.*L3U  73542-00 


.39826214-00 
.36290947-00 
.32677682=00 
.29596369-00 
.26456921-00 
.23469114-00 
.20642491-00 
.17986219-00 
.15508894-00 
.13218309-00 
,11121146-00 
.9222614  -01 

.7526016  -01 

•  603?  268  -01 
•4739397  -01 

•  361i2072  -01 

.2731259  -01 
.1994098  -01 
.1414122  -01 

,971885  -02 
.646011  -02 
.414553  “02 
.256434  -02 
.152717  -02 
.87475  -03 
.48151  -03 
.25453  -03 
.12912  -03 
.6282  -04 
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Table  D-6a  (Cont'd) 
THE  ROOTS  tjjQexpdO0)] 


Q 


Real 


Imag 


2,00 

2.05 

2,10 


2.15 
2.20 
2.25 
2.30 
2*35 
2.^0 
2.14-5 
2.50 
2.55 
2.60 
2.6  5 
2,70 
2.75 
2.80 
2.85 
2.90 
2.95 
3.00 


.^2596573+01 

.114549658+01 

.46557305+01 

.48618994+01 

;  50734290+01 

.52902835+01 

*55124316+01 

.57398493+01 

.59725127+01 

,62104024+01 

.64535013+01 

.67017940+01 

.69552670+01 
.72139081+01 
*74777062+01 
.77466512+01 
.80207342+01 
.82999464+01 
•  85842806+01 
.88737298+01 

.91682874+01 


.6282  -04 
*2929  -04 
.1308  -04 
.5590  -04 
*22844  -05 
.89183  -06 
.33235  -06 
.11811  -06 
•4C0085  -07 
.128998  -07 

.395597  -08 
.115280  -08 
.318918  -09 
.836787  -lo 
.208041  -10 
.4896299  -11 
.10898139-11 
.22918461-12 
.45493291-13 

*85156374-14 

.15016693-14 
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Table  D-6b 


THE  ROOTS  [Qexp(iO°) ] 


i/q 

Real 

Imag  t1 

0.01 

10000.005 

C.02 

2500.0100 

0.03 

1111.1261 

0.01*. 

625.02000 

<  io"38 

0.05 

1*00.02500 

<  -MJ 

0.06 

277.80778 

0.07 

201*.  11661* 

O.06 

156.29000 

0.09 

123.50180 

0.10 

100.05001 

0.11 

82.6 9961*5 

0.12 

69.501*1*71 

0.13 

59.236635 

0.11*. 

51.0901*57 

0.15 

1*1*.519509 

0.16 

39.11*2581 

°*!I 

31*. 687180 

0.18 

30.951*330 

0.19 

27.795995 

0.20 

25.100201 

0.21 

22.780982 

0.22 

20.7711*51* 

0.23 

19.01891*6 

0,2k 

17.1*81533 

0.2  5 

16.1251*97 

1.0163158x10” 

0. 26 

11*.  9231*83 

1.2196076x10” 

0.27 

33.853102 

3.7987928x10” 

0.28 

32.895892 

3.8751063x10" 

0.29 

12.036519 

1.5593392x10“ 

0.30 

11.262360 

2.8760263x10" 

0.31 

10.562027 

2.71*66701x10” 

0.32 

9.9269933 

1.5007935*10" 

0.33 

9.31*92912 

5.0936593x10” 

0.3^*- 

8.8222793 

1.11*95057x10" 

0.35 

8.31*02523 

1.8256191x10” 

0.  36 

7.6982858 

2.1398222x10” 

7.1*921321* 

1.92661*18x10" 

0.30 

A  AA 

7.1180189 

1.3781*520x10” 

0.39 

6.7727626 

0.0658870x10" 

O.4O 

6.1*53501 2 

3.9559756x10”' 

R(Q) 


1.0000005 
1.000001*0 
1.0000131* 
1.0000320 
1.0000625 
1.0001080 
1.0001715 
1.0002560 
1. 000361*5 
1.0005001 
1.0006656 
1.000861*1* 
1.0010990 
1.0013729 
1,0016889 
1.002Q500 
1.00214595 
1.0029203 
1.003U351; 
1.00140081 
1.001*61*13 
1.0053383 
1.0061022 
1.0069363 
1.00781435 
1.0088275 
1.0098911 
1.0110379 
1.01227 12 
1.013591*3 
1.0150108 
1.01652 ia 

1.0181378 

1.0198551* 

1.0216808 

1.0236178 

1.0256701 

1.02781*19 

1.0301372 

1.0325602 


{t^QexpdO0}]  =  Q2R(Q)  +  i2Q2exp[-  ^  -  1]S(Q)} 


S(Q) 

0 .9999991*2 
0.99999531* 
0.999981*26 
0.99996267 
0.99992709 
0.99987398 
0.99979986 
0.99970122 
0.999571*50 
0.9991*1620 
0.99922271* 
0.99899058 
0.99871612 
0.99839571* 
0.99802580 
0.99760263 
0.9971221*8 
0.99658161 
0.99597621 
0.99530235 
0.991*55611 
0.9937331*5 
0.99283023 
0.99181*221* 
0.99076511* 
0.989591*1*3 
0.98832551* 
0.98695366 
0.9851*7381* 
0.98388091 
0.9821691*5 
0.98033381 
0.97836800 
0.97626571 
0.971*02023 
0.971621*37 
0.9690701*6 
0.96635021 
0.9631*51*60 
0.96037380 
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Table  D-7a  (Cont*d) 
THE  ROOTS  t2[^e^p(l0°)] 


Q 


2.00 

2.05 

2.10 


2.25 
2.30 
2.# 
2. 

2. 

2. 
2.55 
2.60 
2.65 
2.70 
2.75 
2.80 

*•2 

2.90 

2.55 

3.00 

3.05 

3.10 

3.15 


» 


Real  fe2  I*a§  t2 


•16969774+Oi 
• 16854026+01 

.1*739414*01 

.a|49i270+ol 

.21395177+01 

.21301445+01 

.16626686+01 
|  *16516397+01 

.lAUOAQitO+ni 

.21217728+01 

•21141686+01 

.2in73nio+oi 

.16304577+01 

.16203465+01 

. I*i05*p3+ni 

•21010945+01 

.20954796+01 

.20903931+01 

•16011248+01 

•15920132+01 

.iAA3PP754.ni 

.20657783+01 

•20815848+01 

.20777673+01 

•15747594+01 

•15665990+01 

.20742860+01 
•20711056+01 
.2 0601949+01 

.15511573+01 

.15438530+01 

•20655261+01 
.20630749+01 
*2 06081 9*+01 

•15300190+01 
•15234666+01 
.  15l7l4?74-Ql 

.20587411+01 

.20568223+01 

.20550492+01 

•15110366+01 

.15051383+01 

. 1 UQ943a3*01 

.20534053+01 

.20518816+01 

.20504664+01 

.14939274+01 

•14885968+01 

.148343*2+01 

.20491502+01 

.20479243+01 

.20467810+01 

•14784439+01 
.14736064+01 
.  14*891m7+Xi1 

.20457134+01 
.20447154+01 
.20437A1 1+01 

•14643740+01 
•14599661+01 
.14556HQl  +  nl 

.20429057+01 

.20420844+01 

.20413131+01 

•14515372+01 
•14475052+01 
,  !  .144358A0+01 

.20405879+01 

.20399055+01 

.20392627+01 

! . . 

•14397807+01 
•14360769+01 
• 14324 7a3+01 

•20366565+01 

•20360645+01 

.20375442+01 

a42897H«+04- 

•20370334+01 

•19365500+01 

* 
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Table  D-Tb 


THE  ROOTS  t2[Qexp(iO°)] 


0.37 

0.38 

0.39 

O.UO 


1/Q 

Real  t2 

Ixnag  t2 

0.00 

.211439747+1.1 

• 354u26S0+ol 

0.01 

•  20639  /^3+ul 

•  3340<.692+0i 

0.02 

_ .5540^77-5+01 

0.03 

•20739932+01 

•  35402999+01 

o.oa 

•  c0rf40if  7  +  yl 

•35403439+01 

0.05 

.  c  OS?4 1 * -** i . 9  +  i'i  1 

•  /SSij.Pli*  1  +  1 

0.06 

•  <.104l2  jb  +  Oi 

•  35403252+01 

0.07 

•<-li42i  j.5  +  01 

•3540o776+01 

0.08 

«2l2-ttQi2..2  +  ui - 

_ .35 4 03821+81  - 

0.09 

•  c.  1  344  7  7&+U1 

•3341x461+01 

0.10 

•  «L..i44t>oul  +  dl 

•  334 1  +  7.34+U1 

0.11 

.  ^  \  F  +M'-ii  .b+ill 

.35ul6A7H+m 

0.12 

•  <.ic6loi'9+ol 

.35423835+01 

0.13 

•21764  7<.  2+Jl 

• 5342975I+OI 

O.lU 

•  2  It  3lo4^2+XL1 _ 

♦3543u72Z+01 

o.i5 

•  cl  962o<.i7+ul 

•53444671+01 

0.16 

•t20o73-b+ Jl 

• 3345h294+G1 

0.17 

•  *  21  72uk3+'i1 

• 53u631 1  6+fi  1 

0.18 

•2c27<j698+j1 

•55477462+01 

0.19 

•  <-2o64903+u1 

•  53491463+01 

0.20 

•224919^,0+uI. _ 

•53507260+01 

0.21 

.220996..1+01 

.33524990+01 

0.22 

•22707679+01 

•55544830+01 

0.23 

•  *-2*  lul06+ul 

• 3356o9l7+01 

0.2U 

•  c292bJal  +  'Jl 

•35591425+01 

0.25 

•  2 jG34330+01 

•  35616525+01 

0.26 

•23143630+01 

•  3br.>4o393+01 

0.27 

•23255491+01 

•33n6l206+01 

0.28 

•  <.d3631o7+ol 

•35717142+01 

0.29 

•234720^7+01 

•^575o373+01 

0.30 

•  23661 bo 1  +  01 

•55799067+01 

0.31 

•  <.366994  6+ol 

•55545379+01 

0.32 

•23797445+01 

•35693443+01 

0.33 

•  239037^5+01 

•35949374+01 

0.3U 

•  <.4008349+01 

•36007255+01 

0.35 

•  <.4111472  +  01 

•36069129+01 

24212149+01 

243101*4+01 


<.4496730+01 

c45S44t>2+01 


3ol34996+01 

36204604+01 


3o35:>749+01 

36436401+01 
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Q 


0.00 

0.05 

0.10 

o.i5 

0.20 

0.25 

0.30 

0.35 

0.1*0 

0.1*5 

o.5o 

o.55 

o.6o 

o.65 

0.70 

0.75 

o.8o 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.1*0 

1.1*5 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.95 

2.00 


Table  D-8a 


THE  ROOTS  t^[Qexp(lO°)  ] 


Real 


Imag 


.24100+96+01 

•241524^4+01 

_ .242U4at4+aj _ 

•24256Og1+01 

.^4309163+01 

*24413801+01 

•24465961+01 

_ .^4517994+01 _ 

•24569773+01 
•24621245+01 
_ .xgft723.^2+ni _ 

•24722949+ul 

•24773000+01 

_ «24a22363+-ai _ 

.24870934+01 

•24916b7b+Ql 

— *24965315+01 - 

.25010748+01 
•  2505430.3+01 

._.Z60 9 722.8+4*1 _ 

.25137994+01 

*251766^1+01 

.25213125+01 _ 

•25247027+01 

.25276100+01 

— .25306-032 1 01 _ 

•25330+93+01 

•25351140+01 

_ »c53p7o24+u1 _ 

•45379595+01 

••453867l7+ul 

_ » *.33866  77  +  01 _ 

.25385197+01 

•25376050+01 

— i£539lQal+Ql _ 

.25340210+01 

•25313450+01 

.25280915+01 _ 

•25242817+01 

•25199466+01 


.41743263+01 
.41655433+01 
.41563491  tlil 
.+1473360+01 
.41382948+01 

.*.1292168+01 _ 

.+1200889+01 
.41109043+01 
.4lnlb5l7+0l  _ 
.+0923210+01 
.+0329017+01 

.40733832+01 _ 

.40637550+01 

.40540062+01 

.  4Q441262.+H1 _ 

.40341043+01 

.40239301+01 


*40135931+01 
••  +0030836+_01 
.39923923+01 


.39704312+01 
.39591479+01 
1 39U765.36+Q1 


.39359550+01 

.39240438+01 

.38996127+01 


.36871125+01 
. J6744444+Q1 


•o8biO3l3+01 
.38487026+ul 
.  3n.,li5b94U  +  ti  1 
Ob22o476+01 
.5809o116+01 
.37966395+01 
.37837891+01 
.57711204+01 
. 3  7o6b945+Ql 
•37465703+01 


.57346039+01 
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Table  D-8a  (Cont^d) 
THE  ROOTS  t^[Qexp(iO°)] 


A 


* 


♦ 


Q 


2.00 

2.05 

2.10 

2.15 

2.20 

2.25 

2.30 

2.35 
2.1*0 
2.1*5 

2.50 

2.55 

2.60 

2.65 
-2.70 

2.75 

2.80 

2.85 

2.90 

2.95 
3.00 
3.05 
3.10 

3.15 

3.20 

3.25 
3.30 

3.35 
3.10 

3.15 

3.50 

3.55 

3.60 

3.65 
3.70 

3.75 

3.80 

3.85 

3.90 

3.95 
i*.00 


Real 

Imag 

.25l9946b+0l 

.37348039+01 

•  tt>l5U:7+01 

.37234449+01 

_ t32l2n356+Ul 

.25042193+01 

.3702x1014-01 

•  c.4962<*l2+iil 

.369219264-01 

•  3hM279Ql +0  1 

*24835166+01 

.36739352+01 

•  *:47bc77b  +  0l 

.36655996+01 

•  <.4?«Lli^7  +  ul 

.665 77635+01 

•  24652'3'-j6+ o  1 

.36504726+01 

. c.<:  5o4+i  4*  ui 

•  3643t>462+Ul 

•  /uMh'ivl  +  ii  t 

.3b^.7>  AAl  +  fi  1 

•24447o;b+01 

.363106814-01 

.c:43bU  +  t  5  +  *Jl 

.3o25o629+01 

•  _ 

Oo2Q7464+ul 

*  c424t i „  6+01 

.^6159929+01 

««:4lb6c  ,6+ui 

»-*ol  137714-01 

.  r  4  1  2  1 !  it  1  4  1  i  1 

.  3ti*i7»»746+il  ] 

•240364S 4+ol 

•  j603o624  +  01 

*2399  /  T/'O+ui 

.5600ll6b+01 

.  4_696ub7  3  t  61 

.  o396o2254-01 

•  c-bt  b  1 .,  6  +  3 i 

.  J59375514-01 

»£.Jf  ibUvttJl 

.  3b90c9d6+0 1 

•  /..i/  7u^t.bi  +  'il 

.  jSi^b+0 1 

•  fc67lc^xb+  jl 

•  35657537  +  01 

*  <_  or;  O  L  U  . ;  1  +  u  1 

.  J8b3+3o24’01 

«4.0l  l-t+7  /  +xLl _ 

•  obf 1^712  +  01 

•  tL  Sjc  3  i  *+  -t  :j  i 

.3879t.4b8+0i 

.  £  0  b  1  /  "t ;  1  +  l  >  i 

.  -*5776523+01 

.  i  J1*  1  J  j+;l  1 

.  ->b75b7{<fl  +  U  1 

*  ^ 64 -  :>ij  l L  +  (j  1 

.5b739l4b+0i 

•  i  +  ji 

.30723536+01 

* c.323i.7 _____ 

•  v  5.7  QoiJ  7.7+01 

•  662970;.  u  +  ji 

.  jjt9o096+0l 

•  t_  6  c  o’oH  ..  o+  J  1 

.u5*,6_l  35+01 

•  u  9  ^  u  +  c  I _ 

.  J’3i  69930  +  01 

*  {.  3  1 7tv+  .1 1 

•  cbi  5o427+01 

•  «.ol4it]C.-4+>il 

.  ->56^75804-01 

*  ^6104  olb+  jl 

.63^,37  3414-01 

•  •.ol-Od^i.-V+ui 

»3bc>2  7666+01 

»  c3o3*+0-;  1  ♦  u  1 

. ->3-  lo524  +  ui 
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JMAKm&^v*****  &*****& 


Table  D-Qb 


THE  ROOTS  t3[Qexp(iO°)] 


i/q 

Real 

Imag 

0.00 

.27602798+01 

.47809450+01 

0.01 

.27702808+01 

•47809466+01 

0.02 

•27802873+01 

.47809578+01 

0.03 

•27903048+01 

•47809882+01 

O.ou 

•28003391+01 

♦4761U475+01 

0.05 

•281G3955+U1 

•47811458+01 

0.06 

•28204795+01 

•47812934+01 

0.07 

•28305963+01 

.47815008+01 

0.08 

•28407510+01 

•47817788+01 

0.09 

•28509484+01 

•47821390+01 

0.10 

•28611930+01 

•47825933+01 

0.11 

•28714890+01 

•47831545+01 

0.12 

•28818399+01 

•47636358+01 

0.13 

•28922486+01 

•47846512+01 

o.iU 

.29027174+01 

•4785fal58+01 

0.15 

•29132476+01 

.47867452+01 

0.16 

•29238396+01 

.47680560+01 

0.17 

.293449^2+01 

•47895660+01 

0.18 

•29452030+01 

•47912937+01 

0.19 

•29559677+01 

•47932585+01 

0.20 

•29667800+01 

.47954807+01 

0.21 

•29776310+01 

•47979812+01 

0.22 

•29885095+01 

•48007817+01 

0.23 

•29994009+01 

•48039038+01 

0.21* 

•30102872+01 

•48073689+01 

0.25 

•30211471+01 

•48111980+01 

0.26 

•30319546+01 

•48154106+01 

0.27 

•30426807+01 

•48200244+01 

0.28 

•30532909+01 

•48250545+01 

0.29 

•30637477+01 

•48305114+01 

0.30 

•30740093+01 

.48364016+01 

0.31 

•30840313+01 

•48427255+01 

0.3 2 

•30937674+01 

•48494770+01 

0.33 

•31031700+01 

•48566422+01 

o.3U 

•31121927+01 

•48641996+01 

0.35 

•31207911+01 

•48721197+01 

0.36 

•31289253+01 

•48803654+01 

0.37 

•31365609+01 

•48686928+01 

0.38 

•31436708+01 

•48976528+01 

0.39 

•31502359+01 

•49065921+01 

o.ao 

•31562462+01 

•49156556+01 
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Table  D-9a 


THE  HOOTS  tjjQexp(iO°)] 


Q 


0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.1*0 

0.1*5 

o.5o 

o.55 

o.6o 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

l.Uo 

1.1*5 

i.5o 

1.55 

i.6o 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.95 

2.00 


Real 

.40816536+01 

•30857147+01 

•30897832+01 

•30938558+01 

•30979293+01 

•31020003+01 

•31060653+01 

•31101207+01 

•31141628+01 

•31181876+01 

•31221908+01 

•31261679+01 

•31301140+01 

•31340239+01 

•31378919+01 

•31417118+01 

•31454769+01 

•31491798+01 

•31528126+01 

•31563666+01 

.31598324+01 

>31631996+01 

>31664570+01 

>31695927+01 

>31725933+01 

>31754452+01 

•31781331+01 

•31806412+01 

>31829525+01 

>31850494+01 

31869137+01 

31885267+01 

31898693+01 

31909228+01 

31916689+01 

319209Q4+01 

31921714+01 

31918981+01 

31912594+01 

31902475+01 

31888577+01 


Imag 

.53375807+01 

•53305541+01 

•53235219+01 

•53164781+01 

•53094171+01 

•53023331+01 

•52952201+01 

•52880721+01 

•52608832+01 

•52736473+01 

•52663583+01 

•52590100+01 

•52515963+01 

•52441109+01 

•52365478+01 

•52289008+01 

•52211639+01 

•52133310+01 

•52053963+01 

•51973543+01 

•51891996+01 

•51809274+01 

•51725331+01 

•51640130+01 

•51553639+01 

•51465837+01 

•51376711+01 

•51286265+01 

•51194513+01 

•51101491+01 

•51007251+01 

•50911868+01 

•50815443+01 

•50718102+01 

•50619999+01 

•50521316+01 

•50422268+01 

•50323094+01 

•50224061+01 

•50125460+01 

•50027600+01 
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LOCKHEED  MISSILES  &  SPACE  COMPANY 


T’able  D-9a  (Cont’d) 
THE  ROOTS  t^[Qexp (10°) ] 


Q  Real  Imag 


2.00 

.31888577+01 

.50027600+01 

2.05 

.31870901+01 

.49930800+01 

2.10 

.31849487+01 

.49835385+01 

2.15 

*31824422+01 

.49741680+01 

2.2C 

.31795837+01 

.49649996+01 

2.25 

.31763905+01 

.49560624+01 

2.30 

.31728840+01 

.49473832+01 

2.35 

.31690864+01 

.49389853+01 

2.  h0 

•31650309+01 

.49308885+01 

2.h5 

.31607402+01 

.49231081+01 

2.50 

.31562463+01 

.49156556+01 

2.55 

.31515795+01 

.49085385+01 

2.60 

.31467695+01 

.49017597+01 

2.65 

.31418452*01 

.48953193+01 

2.70 

.31368340+01 

.48892136+01 

2.75 

.31317614+01 

.48834363+01 

2.80 

.31266510+01 

.48779788+01 

2.85 

.31215240+01 

.48726306+01 

2.90 

.31163994+01 

.48679800+01 

2.95 

.31112940+01 

.48634139+01 

3.00 

.31062222+01 

.48591190+01 

3.05 

.31011967+01 

.48550814+01 

3.10 

.30962279+01 

.48512871+01 

3.15 

.30913246+01 

.48477224+01 

3.20 

•30864942+01 

.48443736+01 

3.25 

.30817425+01 

.48412278+01 

3.30 

.30770738+01 

.48382722+01 

3.35 

.30724920+01 

.48354948+01 

3.  hO 

•30679993+01 

.48328840+01 

3.h5 

.30635975+01 

.48304290+01 

3.50 

.30592877+01 

•48281197+01 

3.55 

•30550703+01 

•48259464+01 

3.60 

.30509451+01 

.48238999+01 

3.65 

.30469117+01 

.48219720+01 

3.70 

.30429693+01 

•48201548+01 

3.75 

.30391166+01 

.48184408+01 

3.80 

.30353524+01 

.48168234+01 

3.85 

•30316751+01 

.48152960+01 

3.90 

*30280830+01 

•48138530+01 

3.95 

.30245743+01 

•48124886+01 

h.00 

•30211472+01 

.48111979+01 
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,V, .  ** }  . -x- ±^>ws.  - :JW.  •  ysKtJSit W’-J. » rix^  «a m^osbmmii 


.ViS^VU*  -I 


Table  D-9b 


THE  ROOTS  t^[Qexp(iO( 


^•/Q  Real 


0.00 
0.01 
0.02 
0.03 
O.Oii 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.1U 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.2U 
0.25 
0.26  . 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.3U 
0.35 
0.36 
0.37 
0.38 
0.39 
0.1*0 


•  334.33540+01 
•34033551+01 
•34133631+01 
•34233847+01 
•34334265+01 
•34434955+01 
•34535979+01 
•34637401+01 
•34739277+01 
•34641663+01 
•34944607+01 
•35048151+01 
•35152327+01 
•35257157+01 
•35362649+01 
•35468797+01 
•35575573+01 
•35682929+01 
•35790791+01 
•35899048+01 
•36007562+01 
•36116149+01 
•36224581+01 
•36332583+01 
•36439829+01 
•36545938+01 
•36650460+01 
•36752980+01 
•36852925+01 
•36949777+01 
•37042991+01 
•37132034+01 
•37216411+01 
•37295680+01 
•37369483+01 
•37437554+01 
•37499733+01 
•37555969+01 
•37606318+01 
•37650929+01 
•37690035+01 


D-3I 


)] 


Iraag 

.58774616+01 
•58774635+01 
•58774773+01 
•58775146+01 
•58775878+01 
•58777090+01 
•58778910+01 
•58781473+01 
•58784914+01 
•58789381+01 
•58795028+01 
•58802017+01 
•58810521+01 
•58820723+01 
•58832820+01 
•58847018+01 
•58863534+01 
•58882601+01 
.58904456+01 
•58929350+01 
•58957536+01 
•58989267+01 
•59024795+01 
•59064355+01 
•59108163+01 
•59156404+01 
•59209213+01 
•59266670+01 
•59328786+01 
•59395482+01 
•59466589+01 
< 59541842+01 
•59620877+01 
•59703237+01 
•59788392+01 
•59875751+01 
•59964689+01 
•60054573+01 
•60144786+01 
•60234742+01 
•60323913+01 
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Table  D-lOa 


THE  ROOTS  t^fQexp (10°)  ] 


Q 

Real 

Imag 

0.00 

.36860686+01 

.63844927+01 

0.05 

•36894825+01 

•63786186+01 

0.10 

•36926803+01 

•63727403+01 

0.15 

•36962797+01 

•63666540+01 

0.20 

.36996766+01 

•63609558+01 

0.25 

•37030749+01 

•63550414+01 

0.30 

•37064648+01 

•63491069+01 

0.35 

•37098473+01 

•63431481+01 

o.l*o 

•37132192+01 

•63371609+01 

o.U5 

•37165778+01 

•63311411+01 

0.50 

•37199203+01 

•63250846+01 

0.55 

•37232437+01 

•63189871+01 

0.60 

•37265446+01 

•63128444+01 

0.65 

•37298196+01 

.675066524+01 

0.70 

.37330651+01 

•63004069+01 

0.75 

•37362769+01 

•62941036+01 

0.80 

•37394509+01 

•62877384+01 

0.85 

•37425829+01 

•62813072+01 

0.90 

•37456669+01 

•62746061+01 

0.95 

•37486976+01 

•62682311+01 

1.00 

•37516701+01 

.62615784+01 

1.05 

•37545777+01 

•62548445+01 

1.10 

•37574136+01 

•62480260+01 

1.15 

•37601706+01 

•62411197+01 

1.20 

•37628408+01 

•62341232+01 

1.25 

•37654158+01 

•62270338+01 

1.30 

•37678869+01 

•62198499+01 

1.35 

•37702449+01 

•62125701+01 

1.1*0 

•37724763+01 

•62051939+01 

1.1*5 

.37745760+01 

.61977216+01 

l.5o 

•37765322+01 

•61901542+01 

1.55 

•37783295+01 

•61824939+01 

1.60 

•37799578+01 

•61747440+01 

1.65 

•37814049+01 

•61669091+01 

1.70 

•37826562+01 

•61589951+01 

1.75 

•37837055+01 

•61510096+01 

1.80 

•37845346+01 

.61429614+01 

1.85 

•37851334+01 

.61348616+01 

1.90 

•37854911+01 

•61267223+01 

1.95 

•37855974+01 

•61185579+01 

2.00 

•37854432+01 

•61103842+01 
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Table  D-lOa  (Gont*d) 
TH4  ROOTS  t^[  Qexp  (10°)  ] 


Q, 

Real 

Imag 

2.00 

..37854432+01 

.61103042+01 

2.05 

.37050212+01 

•61022105+01 

2.10 

.37843257+01 

.60940795+01 

2.15 

.37033533+01 

.60859871+01 

2.20 

.37021025+01 

.60779618+01 

2.25 

•37005746+01 

.60700251+01 

2.30 

.37787735+01 

.60621980+01 

2.35 

.37767056+01 

.60545015+01 

2.U0 

.37743800+01 

.60469557+01 

2.1*5 

.37718001+01 

.60395799+01 

2.50 

.37690035+01 

.60323914+01 

2.55 

.37659821+01 

•60254060+01 

2.60 

.37627609+01 

.60186370+01 

2.65 

.37593505+01 

.60120960+01 

2.70 

.37557939+01 

.60057914+01 

2.75 

.37520071+01 

.59997299+01 

2.80 

.37402575+01 

.59939155+01 

2.85 

.37443247+01 

.59083499+01 

2.90 

.37403075+01 

.59830329+01 

2.95 

.37362238+01 

.59779622+01 

3.00 

.37320907+01 

.59731340+01 

3.05 

.37279237+01 

.59685432+01 

3.10 

.37237375+01 

.59641034+01 

3.15 

.37195452+01 

.59600470+01 

3.20 

•37153507+01 

.59561263+01 

3.25 

.37111886+01 

.59524126+01 

3.30 

.37070441+01 

.59488970+01 

3.35 

.37029333+01 

.59455705+01 

3.1*0 

•36988633+01 

.59424239+01 

3.1*5 

•36948400+01 

.59394403+01 

3.5o 

•36908605+01 

.59366344+01 

3.55 

.36869528+01 

.59339739+01 

3.60 

•36030965+01 

.59314582+01 

3.65 

.36793022+01 

.59290790+01 

3.70 

•36755719+01 

.59268288+01 

3.75 

•36719073+Ql 

.59246998+01 

3.80 

•36683095+01 

.59226852+01 

3.85 

•36647790+01 

.59207701+01 

3.90 

*36613163+01 

.59189723+01 

3.95 

.36579213+01 

.59172615+01 

l*.00 

.36545939+01 

.59156403+01 
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Table  D-lOb 

THE  ROOTS  t^[Qexp (10°) ] 


i/q 

Real 

Imag 

0.00 

.39720668+01 

.68798215+01 

0.01 

•39620661+01 

.68798237+01 

0.02 

.39920773+01 

.68798398+01 

0.03 

•40021025+01 

.68796836+01 

o.ok 

.40121514+01 

.68799694+01 

0.05 

•4022231&+01 

.68801116+01 

0.06 

.40323509+01 

•  6&803255-+01 

0.07 

.40425156+01 

•68806268+01 

0.08 

.40527331+01 

•68810321+01 

0.09 

•40630064+01 

.68815593+01 

0.10 

.40733467+01 

•68822266+01 

0.11 

.40637520+01 

•68830542+01 

0.12 

•40942267+01 

•68840633+01 

0.13 

.41047717+01 

•68852763+01 

0.1k 

.41153859+01 

.68867172+01 

0.15 

.41260657+01 

•6888° 117+01 

0.16 

.41368047+01 

•68903863+01 

0.17 

.41475926+01 

.68926690+01 

0.18 

.41584157+01 

.68952884+01 

0.19 

.41692553+01 

.68982737+01 

0.20 

.41800872+01 

.69016535+01 

0.21 

.41908821+01 

.69054553+01 

0.22 

•42016040+01 

.69097043+01 

0.23 

•42122108+01 

.69144218+01 

0.2k 

.42226545+01 

.69196239+01 

0.25 

•42328812+01 

.69253198+01 

0.26 

.42428328+01 

•69315098+01 

0.27 

•42524485+01 

•69381841+01 

0.28 

•42616669+01 

.69453217+01 

0.29 

•42704288+01 

.69528897+01 

0.30 

.42786801+01 

.69608439+01 

0.31 

.42863745+01 

.69691294+01 

0.32 

.42934760+01 

.69776835+01 

0.33 

.42999607+01 

.69864375+01 

0.3k 

.43058176+01 

.69953205+01 

0.35 

.43110484+01 

•  70042621+01 

0.36 

•43156666+01 

.70131952+01 

0.37 

.43196961+01 

.70220589+01 

0.38 

•43231685+01 

.70307995+01 

0.39 

•43261217+01 

.70393718+01 

o.ko 

•43285970+01 

d-34 
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,/w<-  \YrtW&v  v.*s53.^ ,.  ....  .v<».v;  *,  .>*  .,* 


Table  D-lla 


THE  ROOTS  tifQexpO^O0)] 


Q  Real  Imag  t-j^ 


0.00 

.50939648-00 

•88230059-00 

0.05 

.55073144-00 

•90683108-00 

0.10 

.58978919-00 

.93131179-00 

0.15 

•62665622-00 

•95569418-00 

0.20 

•66141845-00 

.97993130-00 

0.25 

•69416117-00 

•10039782+01 

0.30 

.72496902-00 

.10277920+01 

0.35 

.75392590-00 

•10513325+01 

O.liO 

•78111483-00 

•10745620+01 

o.ii5 

•80661786-00 

.10974459+01 

0.50 

.83051591-00 

.11199524+01 

o.55 

.85288865-00 

•11420530+01 

0.60 

.87381428-00 

. 11637223+01 

o.65 

.89336942-00 

.11849383+01 

0.70 

.91162886-00 

.12056822+01 

b.75 

•92866546-00 

.12259381+01 

0.80 

.94454993-00 

.12456937+01 

0.85 

.95935072-00 

.12649392+01 

0.90 

.97313388-00 

.12836681+01 

0.95 

.98596291-00 

.13018763+01 

1.00 

.99789871-00 

.13195624+01 

1.05 

.10089994+01 

.13367270+01 

1.10 

•10193206+01 

.13533732+01 

1.15 

.10289147+01 

.13695059+01 

1.20 

.10378318+01 

.“13851314+01 

1.25 

.10461190+01 

.14002578+01 

1.30 

.10538206+01 

.14148943+01 

1.35 

.10609785+01 

.14290514+01 

l.ilO 

.10676316+01 

.14427401+01 

1.U5 

.10738168+01 

.14559724+01 

i.5o 

•10795682+01 

•14687608+01 

1.55 

.10849177+01 

•14811183+01 

1.60 

.10898950+01 

•14930580+01 

1.65 

•10945276+01 

.15045933+01 

1.70 

.10988413+01 

.15157377+01 

1.75 

•11028597+01 

•15265045+01 

1.80 

.11066048+01 

.15369071+01 

1.85 

.11100970+01 

•15469586+01 

1.90 

.11133550+01 

.15566720+01 

1.95 

•11163964+01 

•15660599+01 

2.00 

•11192370+01 

.15751348+01 
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Table  D-lla  (Cont1*!) 
THE  ROOTS  t^QexpUSO0)] 


Q  Real  Iraag 


2.00 

•11192370+01 

.15751348+01 

2.05 

.11218918+01 

.15839086+01 

2.10 

.11243743+01 

•15923932+01 

2.15 

•11266972+01 

.16005997+01 

2.20 

•11288721+01 

•16085393+01 

2.25 

•11309098+01 

.16162225+01 

2.30 

•11328202+01 

•16236594+01 

2.35 

•11346122+01 

•16308599+01 

2.U0 

•11362945+01 

•16378335+01 

2.15 

.11378746+01 

.16445892+01 

2.50 

.11393599+01 

.16511357+01 

2.55 

.11407569+01 

•16574814+01 

2.60 

.11420716+01 

•16636341+61 

2.65 

•11433099+01 

.16696017+01 

2.70 

.11444767+01 

.16753913+01 

2.75 

.11455770+01 

.16810100+01 

2.60 

.11466153+01 

.16864645+01 

2.85 

.11475956+01 

.16917612+01 

2.90 

.11485217+01 

.16969062+01 

2.95 

.11493973+01 

.17019053+01 

3.00 

.11502254+01 

.17067642+01 

3.05 

.11510093+01 

.17114882+01 

3.10 

.11517517+01 

.17160823+01 

3.15 

.11524551+01 

.17205515+01 

3.20 

.11531221+01 

.17249004+01 

3.25 

.11537549+01 

.17291335+01 

3.30 

•11543556+01 

•17332550+01 

3.35 

.11549261+01 

.17372690+01 

3.1*0 

•11554683+01 

.17411794+01 

3.1*5 

.11559837+01 

.17449899+01 

3.50 

•11564741+01 

.17487041+01 

3.55 

•11569409+01 

•17523253+01 

3.60 

•11573854+01 

•17558569+01 

3.65 

.11578089+01 

.17593019+01 

3.70 

•11582126+01 

•17626633+01 

3.75 

•11585976+01 

.17659440+01 

3.80 

•11589651+01 

•17691468+01 

3.85 

.11593158+01 

.17722742+01 

3.90 

•11596508+01 

.17753287+01 

3.95 

.11599709+01 

.17783128+01 

1*.00 

•11602769+01 

.17812288+01 
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Table  D-llb 


\ 


THE  ROOTS  t1[Qexp(190°)] 


0 


1/Q 

Real 

Imag 

0.00 

.11690537+01 

.20248604+01 

0.01 

•11690530+01 

•20148608+01 

0.02 

.11690484+01 

.20048635+01 

0.03 

•11690357+01 

•19948709+01 

O.Ol* 

•11690112+01 

.19848854+01 

0.05 

.11689712+01 

.19749093+01 

0.06 

.11689119+01 

.19649450+01 

0.07 

.11688297+01 

.19549949+01 

0.08 

•11687213+01 

.19450615+01 

0.09 

•11685834+01 

.19351472+01 

0.10 

.11684127+01 

.19252546+01 

0.11 

•11682063+01 

.19153862+01 

0.12 

•11679614+01 

.19055446+01 

0.13 

.11676751+01 

.18957322+01 

0.11* 

.11673449+01 

•18859518+01 

0.15 

.11669686+01 

.18762060+01 

0.16 

•11665440+01 

.18664973+01 

0.17 

.11660669+01 

•18568285+01 

0.18 

.11655417+01 

TI8472022+0I 

0.19 

.11649606+01 

.18376211+01 

0.20 

.11643243+01 

.18280877+01 

0.21 

.11636315+01 

.18186048+01 

0.22 

.11628812+01 

.18091749+01 

0.23 

.11620723+01 

.17998006+01 

0.2U 

.11612044+01 

.1791*4844+7*1— 

0.25 

•11602769+01 

.17812288+01 

0.26 

.11592893+01 

•17720362+01 

0.27 

•11582417+01 

.17629091+01 

0.28 

•11571340+01 

•17538497+01 

0.29 

.11559664+01 

.17448602+01 

0.30 

.11547391+01" 

717359427+ Ol- 

0.31 

•11534528+01 

•17270994+01 

0.32 

•11521081+01 

.17183322+01 

0.33 

•11507056+01 

.17096430+01 

0.31* 

•11492462+01 

,17010335+01 

0.3$ 

.11477311+01 

.16925054+01 

0.36 

•11461612+01 

.16840602+01 

0.37 

•11445378+01 

•16756993+01 

0.38 

.11428622+01 

•16674242+01 

0.39 

•11411357+01 

•16592360+01 

0.1*0 

•11393599+01 

•16511358+01 
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Table  D-I2a 


THE  ROOTS  t2[Qexp(i90°J] 


Q 


Real  t2 


Imag  t2 


0.00 

.16240908+01 

.28130215+01 

0.05 

.16373899+01 

.28207200+01 

0.10 

.16505687+01 

.28284293+01 

0.15 

.16636761+01 

.28361597+01 

0.20 

.16766335+01 

.28439202+01 

0.25 

.16894426+01 

.28517189+01 

0.30 

.17020858+01 

.28595623+01 

0.35 

.17145458+01 

.28674561+01 

0.U0 

.17268061+01 

.28754041+01 

o.i*5 

.17388508+01 

.28834087+01 

0.50 

.17506648+01 

.28914711+01 

0.55 

.17622338+01 

.28995907+01 

0.60 

.17735447+01 

.29077655+01 

0.65 

.17845851+01 

.29159922+01 

0.70 

.17953442+01 

.29242662+01 

0.75 

.18058122+01 

.29325817+01 

0.80 

.18159807+01 

.29409315+01 

0.85 

.18258424+01 

.29493079+01 

0.90 

.18353920+01 

.29577022+01 

0.95 

.18446250+01 

.29661050+01 

1.00 

.18535387+01 

.29745065+01 

1.05 

.18621318+01 

.29828966+01 

1.10 

.18704041+01 

.29912650+01 

1.15 

.18783571+01 

.29996014+01 

1.20 

.18859931+01 

.30078954+01 

1.25 

.18933159+01 

.30161373+01 

1.30 

.19003303+01 

.30243175+01 

1.35 

.19070418+01 

.30324267+01 

1.1*0 

.19134571+01 

.30404563+01 

1.1*5 

.19195833+01 

.30483984+01 

i.5o 

.19254284+01 

.30562455+01 

1.55 

.19310008+01 

.30639908+01 

1.60 

.19363393+01 

.30716285+01 

1.65 

.19413629+01 

.30791529+01 

1.70 

.19461711+01 

.30865596+01 

1.75 

.19507433+01 

.30938444+01 

1.80 

.19550891+01 

.31010041+01 

1.85 

.19592160+01 

.31080358+01 

1.90 

.19631394+01 

.31149375+01 

1.95 

.19668627+01 

.31217076+01 

2.00 

.19703971+01 

.31283449+01 

¥ 


•« 
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Table  D-l2a  (Cont'd) 
THE  ROOTS  t2[Qexp(i90°)] 


Q 


Real  t2 


Imag  t2 


0 


4 


♦ 


2.00 

.19703971+01 

.31283449+01 

2.05 

.19737514+01 

.31348488+01 

2.10 

.19769345+01 

.31412192+01 

2.15 

.19799548+01 

.31474563+01 

2.20 

.19828204+01 

.31535608+01 

2.25 

.19855393+01 

.31595334+01 

2.30 

.19881190+01 

.31653754+01 

2.35 

.19905668+01 

.31710882+01 

2,  h0 

.19928897+01 

.31766734+01 

2.U5 

.19950942+01 

.31821331+01 

2.50 

.19971868+01 

.31*74689+01 

2.55 

.19991735+01 

.31926833+01 

2.60 

.20010599+01 

.31977783+01 

2.65 

.20028516+01 

.32027563+01 

2.70 

.20045537+01 

.32076198+01 

'2.75 

.20061710+01 

.32123711+01 

2.80 

.20077083+01 

.32170129+01 

2.85 

.20091698+01 

.32215475+01 

2.90 

.20105598+01 

.32259775+01 

2.95 

.20118821+01 

.32303054+01 

3.00 

.20131405+01 

.32345339+01 

3.05 

.20143383+01 

.32386653+01 

3.10 

.20154789+01 

.32427022+01 

3.15 

.20165654+01 

.32466470+01 

3.20 

.20176007+01 

.32505021+01 

3.25 

.20185876+01 

.32542700+01 

3.30 

.20195286+01 

.32579529+01 

3.35 

.20204262+01 

.32615531+01 

3.  U0 

.20212828+01 

.32650730+01 

3.  US 

.20221003+01 

.32685146+01 

3.50 

.20228811+01 

.32718801+01 

3.55 

.20236269+01 

.32751718+01 

3.60 

.20243396+01 

.32783915+01 

3.65 

.20250209+01 

.32615412+01 

3.70 

.20256723+01 

.32846230+01 

3.75 

.20262956+01 

.32876386+01 

3.80 

.20268920+01 

.32905900+01 

3.85 

.20274629+01 

.32934788+01 

3.90 

.20280097+01 

.32963068+01 

3.95 

.20285335+01 

.32990758+01 

U.oo 

.20290355+01 

.33017873+01 
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Table  D-l2b 


THE  ROOTS  t2[Qexp(i90°)] 


1/Q 

Real  t2 

Ixnag  t2 

0.00 

.20439747+01 

.35402680+01 

0.01 

.20439735+01 

.35302687+01 

0.02 

.20439653+01 

.35202735+01 

0.03 

.20439431+01 

.35102864+01 

o.oU 

.20439000+01 

.35003117+01 

0.05 

.20436296+01 

.34903537+01 

0.06 

.20437253+01 

.34804164+01 

0.07 

.20435807+01 

.34705043+01 

0.08 

.20433900+01 

.34606218+01 

0.09 

.20431474+01 

.34507734+01 

0.10 

.20426476+01 

.34409638+01 

0.11 

.20424856+01 

.34311976+01 

0.12 

.20420567+01 

.34214798+01 

0.13 

.20415565+01 

.34118150+01 

0.1U 

.20409812+01 

.34022083+01 

0.15 

.20403274+01 

.33926647+01 

0.16 

.2U395921+01 

.33831892+01 

0.17 

.20387726+01 

.33737867+01 

0.18 

.20378670+01 

.33644625+01 

0.19 

.20368735+01 

.33552213+01 

0.20 

.20357911+01 

.33460682+01 

0.21 

.20346190+01 

.33370079+01 

0.22 

.20333570+01 

.33280452+01 

0.23 

.20320053+01 

.33191847+01 

0.2U 

.20305644+01 

.33104306+01 

0.2? 

.20290355+01 

.33017874+01 

0.26 

.20274199+01 

.32932588+01 

0.27 

.20257194+01 

.32848486+01 

0.28 

.20239362+01 

.32765604+01 

0.29 

.20220727+01 

.32683972+01 

0.30 

.20201316+01 

.32603621+01 

0.31 

.20181160+01 

.32524576+01 

0.32 

.20160288+01 

.32446860+01 

0.33 

.20138735+01 

.32370492+01 

0.3U 

.20116536+01 

.32295490+01 

0.35 

.20093727+01 

.32221867+01 

0.36 

.20070346+01 

.32149633+01 

0.37 

.20046432+01 

.32078795+01 

0.38 

.20022022+01 

.32009358+01 

0.39 

.19997155+01 

.31941324+01 

O.liO 

.19971868+01 

.31874690+01 
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Table  D«l3a 

THE  ROOTS  t3[Qexp(i90°)] 


Q  Real  Imag 


0.00 

•24100496+01 

.41743283+01 

0.05 

•24190204+01 

.41795158+01 

0.10 

.24279597+01 

.41847085+01 

0.15 

•24368585+01 

•41899115+01 

0.20 

.24457077+01 

.41951293+01 

0.25 

.24544986+01 

.42003668+01 

0.30 

.24632221+01 

•42056277+01 

0.35 

•24718698+01 

.42109157+01 

0.1*0 

.24804330+01 

.42162342+01 

0.1*5 

.24889033+01 

.42215855+01 

0.50 

.24972726+01 

.42269722+01 

o.55 

.25055327+01 

.42323957+01 

0.60 

.25136758+01 

.42378571+01 

o.65 

.25216945+01 

.42433567+01 

0.70 

.25295814+01 

.42488945+01 

0.75 

.25373298+01 

.42544696+01 

0.80 

.25449331+01 

.42600808+01 

0.85 

.25523853+01 

.42657263+01 

0.90 

.25596808+01  ' 

.42714034+01 

0.95 

.25668143+01 

.42771094+01 

1.00 

.25737813+01 

.42828409+01 

1.05 

.25805777+01 

.42885939+01 

1.10 

.25872001+01 

.42943645+01 

1.15 

.25936455+01 

.4.3001480+01 

1.20 

. 259991 14+01 

- . 43059397+01 ~ 

1.25 

•26059964+01 

.43117345+01 

1.30 

.26118991+01 

.43175276+01 

1.35 

.26176190+01 

.43233135+01 

1.1*0 

•26231561+01 

.43290869+01 

1.U5 

•26285110+01 

.43348427+01 

1.50 

•26336848+01 

.43405757+01 

1.55 

•26386791+01 

.43462807+01 

1.60 

•26434958+01 

.43519527+01 

1.65 

•26481374+01 

.43575872+01 

1.70 

•26526069+01 

.43631793+01 

1.75 

•26569074+01 

.43687249+01 

1.80 

•26610424+01 

.43742198+01 

1.85 

•26650157+01 

•43796605+01 

1.90 

•26688313+01 

•43850431+01 

1.95 

•26724935+01 

•43903647+01 

2.00 

•26760065+01 

•43956221+01 
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Table  D-l3a  (Cont'd) 
THE  ROOTS  t3[Qexp(l90°)] 


Q  Real  Imag 


2.00 

.26760065+01 

.43956221+01 

2.05 

.26793749+01 

•44008129+01 

2.10 

.26826032+01 

•44059348+01 

2.15 

.26856962+01 

•44109857+01 

2.20 

•26886583+01 

•44159638+01 

2.25 

•26914944+01 

•44208678+01 

2.30 

•26942090+01 

•44256963+01 

2.35 

•26968066+01 

•44304484+01 

2.U0 

•26992921+01 

.44351234+01 

2.16 

.27016696+01 

.44397208+01 

2.50 

.27039438+01 

.44442401+01 

2.55 

.27061187+01 

.44486815+01 

2.60 

.27081986+01 

•44530447+01 

2.65 

.27101876+01 

.44573302+01 

2.70 

.27120896+01 

•44615381+01 

2.75 

.27139084+01 

.44656691+01 

2.80 

.27156477+01 

•44697236+01 

2.85 

.27173112+01 

.44737026+01 

2.90 

.27189021+01 

- .44776066+81 

2.95 

.27204239+01 

.44814365+01 

3.00 

.27218796+01 

.44851935+01 

3.05 

•27232722+01 

.44888784+01 

3.10 

•27246048+01 

.44924925+01 

3.15 

•27258801+01 

.44960366+01 

3.20 

.27271008+01 

- .44995121+01“ 

3. 25 

•27282693+01 

•45029200+01 

3.30 

•27293883+01 

•45062618+01 

3.35 

•27304598+01 

.45095385+01 

3.U0 

•27314862+01 

•45127513+01 

3.16 

•27324696+01 

•45159016+01 

3.50 

•27334120+01  “ 

~  “•43159906+01“ 

3.55 

.27343153+01 

•45220196+01 

3.60 

•27351813+01 

•45249898+01 

3.65 

•27360117+01 

•45279025+51 

3.70 

•27368084+01 

•45307586+01 

3.75 

.27375726+01 

•45335601+01 

3.80 

•27383061+01 

- 743353075+01 

3.85 

•27390102+01 

•45390023+01 

3.90 

•27396861+01 

.45416456+01 

3.95 

•27403353+01 

,45442387+01 

U.00 

•27409590+01 

•45467824+01 
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Table  D—lJb 

THE  ROOTS  t3[Qexp(i90°)] 


i/q 

Real 

Imag 

0.00 

•27602798+61 

.47809450+01 

0.01 

.27602783+01 

.47709460+01 

o.oe 

.27602672+01 

•47609524+01 

0.03 

•27602372+01 

.47509699+01 

o.oa 

.27601791+01 

•47410042+01 

0.05 

•27600839+01 

.47310609+01 

0.06 

.27599429+01 

.4721X460+01 

0.07 

.27597480+01 

.47112653+01 

0.08 

.27594912+01 

.47014252+01 

0.09 

.27591651+01 

.46916317+01 

0.10 

.27587628+01 

•46818916+01 

0.11 

.27582781+01 

.46722112+01 

0.12 

T27577054+01 

—  .46625976+01 

0.13 

.27570396+01 

.46530573+01 

O.lii 

.27562764+01 

.46435975+01 

0.15 

•27554122+01 

.46342251+01 

0.16 

.27544441+01 

.46249472+01 

0.17 

.27533703+01 

.46157707+01 

0.18 

.27521891+01 

.46067023+01 

0.19 

.27509002+01 

.45977487+01 

0.20 

.27495036+01 

.45889166+01 

0.21 

•27480002+01 

.45802120+01 

0.22 

.27463916+01 

.45716410+01 

0.23 

.27446799+01 

.45632090+01 

0.21* 

.27428679+01 

- .45549213+01 

0.25 

•27409590+01 

.45467825+01 

0.26 

.27389570+01 

.45387969+01 

0.27 

•27368661+01 

.45309682+01 

0.28 

.27346909+01 

.45232997+01 

0.29 

.27324364+01 

.45157941+01 

0.30 

.27301078+01 

•45084534+01 

0.31 

.27277102+01 

.45012794+01 

0.32 

.27252495+01 

.44942732+01 

0.33 

.27227309+01 

.44874354+01 

0.3U 

.27201603+01 

.44807661+01 

0.35 

.27175429+01 

•44742649+01 

0.36 

.27148844+01 

.44679311+01 

0.37 

•27121900+01 

.44617635+01 

0.38 

.27094651+01 

.44557604+01 

0.39 

•27067148+01 

•44499201+01 

0.1*0 

.27039438+01 

•44442402+01 
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LOCKHEED  MISSILES  &  SPACE  COMPANY 


Table  D-ll^a 

THE  ROOTS  t^[Qexp(i90°)] 


Q 

Real 

Imag 

0.00 

.30816536+01 

.53375807+01 

0.05 

.30886730+01 

.53416375+01 

0.10 

.30956761+01 

.53456976+01 

0.15 

.31026572+01 

.53497639+01 

0.20 

.31096108+01 

.53536398+01 

0.25 

.31165313+01 

.53579280+01 

0.30 

.31234132+01 

.53620312+01 

0.35 

.31302510+01 

.53661520+01 

0.1*0 

.31370393+01 

.53702927+01 

o.U5 

.31437729+01 

.53744553+01 

o.5o 

.31504462+01 

.53786417+01 

o.55 

.31570540+01 

.53828534+01 

0.60 

.31635914+01 

.53870916+01 

o.65 

.31700533+01 

.53913572+01 

0.70 

.31764346+01 

.53956509+01 

0.75 

.31827307+01 

.53999729+01 

0.80 

.31889369+01 

.54043232+01 

o.85 

.31950489+01 

.54087012+01 

0.90 

.32010623+01 

.54131063+01 

0.95 

.32069733+01 

.54175375+01 

1.00 

.32127779+01 

.54219936+01 

1.05 

.32184727+01 

.54264727+01 

1.10 

.32240544+01 

.54309730+01 

1.15 

.32295202+01 

.54354922+01 

1.20 

.32346672+01 

.54400281+01 

1.25 

.32400932+01 

.54445779+01 

1.30 

.32451962+01 

.54491387+01 

1.35 

.32501744+01 

.54537077+01 

1.1*0 

.32550267+01 

.54582618+01 

1.U5 

.32597519+01 

.54628575+01 

1.50 

.32643494+01 

.54674318+01 

1.55 

.32686188+01 

.54720011+01 

1.60 

.32731601+01 

.54765622+01 

1.65 

.32773736+01 

.54811117+01 

1.70 

.32814599+01 

.54856462+01 

1.75 

.32854199+01 

.54901624+01 

1.80 

.32892546+01 

.54946572+01 

1.85 

.32929657+01 

.54991274+01 

1.90 

.32965545+01 

.55035700+01 

1.95 

.33000231+01 

.55079822+01 

2.00 

.33033734+01 

.55123612+01 
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LOCKHEED  MISSILES  &  SPACE  COMPANY 


Table  D-llj.a  (Cont'd) 
THE  ROOTS  t^[Qexp(i90°)] 


Q  Real  Imag 


2.00 

.33033734+01 

.55123612+01 

2.05 

.33066077+01 

.55167043+01 

2.10 

.33097284+01 

.55210094+01 

2.15 

.33127379+01 

.55252739+01 

2.20 

.33156388+01 

.55294959+01 

2.25 

.33184340+01 

.55336734+01 

2.30 

.33211262+01 

.55378047+01 

2.35 

.33237182+01 

.55418881+01 

2. U0 

.33262130+01 

.55459224+01 

2.U5 

.33286133+01 

.55499062+01 

2.50 

.33309224+01 

.55538385+01 

2.55 

.33331429+01 

.55577182+01 

2.60 

.33352780+01 

.55615447+01 

2.65 

.33373304+01 

.55653173+01 

2.70 

.33393031+01 

.55690355+01 

2.75 

.33411988+01 

.55726989+01 

2.80 

.33430205+01 

.55763072+01 

2.85 

.33447707+01 

.55796603+01 

2.90 

.33464523+01 

.55833582+01 

2.95 

.33480678+01 

.55868008+01 

3.00 

.33496197+01 

.55901884+01 

3.05 

.33511106+01 

.55935213+01 

3.10 

.33525429+01 

.55967996+01 

3.15 

.33539189+01 

.56000238+01 

3.20 

.33552409+01 

.56031942+01 

3.25 

.33565110+01 

.56063114+01 

3.30 

.33577313+01 

.56093760+01 

3.35 

.33589041+01 

.56123684+01 

3.1*0 

.33600311+01 

.56153493+01 

3.  U5 

.33611143+01 

.56182595+01 

3.50 

.33621554+01 

.56211194+01 

3.55 

.33631564+01 

.56239299+01 

3.60 

.33641188+01 

.56266917+01 

3.65 

.33650442+01 

.56294055+01 

3.70 

.33659343+01 

.56320722+01 

3.75 

.33667904+01 

.56346925+01 

3.80 

.33676141+01 

.56372671+01 

3.85 

.33684066+01 

.56397968+01 

3.90 

.33691694+01 

.56422825+01 

3.95 

.33699036+01 

.56447249+01 

1.00 

.33706104+01 

.56471249+01 

D-45 


LOCKHEED  MISSILES  ft  SPACE  COMPANY 


Table  D-li^b 
THE  ROOTS  t^[Qexp(i90' 


Q 

Real 

0.00 

.33933540+01 

0.01 

.33933521+01 

0.02 

.33933384+01 

0.03 

.33933015+01 

o.oli 

.33932301+01 

0.05 

.33931132+01 

0.06 

.33929402+01 

0.07 

.33927012+01 

0.08 

.33923870+01 

0.09 

.33919885+01 

0.10 

.33914980+01 

0.11 

.33909085+01 

0.12 

.33902137+01 

0.13 

.33894084+01 

O.lli 

.33884884+01 

0.15 

.33874505+01 

0.16 

.33862925+01 

0.17 

.33850135+01 

0.18 

.33836132+01 

0.19 

.33820928+01 

0.20 

.33804540+01 

0.21 

.33786996+01 

0.22 

.33768333+01 

0.23 

.33748596+01 

0,2k 

.33727834+01 

0.25 

.33706104+01 

0.26 

.33663468+01 

0.27 

.33659989+01 

0.28 

.33635735+01 

0.29 

.33610777+01 

0.30 

.33585184+01 

0.31 

.33559028+01 

0.32 

.33532379+01 

0.33 

.33505305+01 

0,3k 

.33477874+01 

0.35 

.33450151+01 

0.36 

.33422198+01 

0.37 

.33394075+01 

0.38 

•33365837+01 

0.39 

.33337537+01 

0.1*0 

.33309224+01 
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)] 


Imag 

58774616+01 

58674627+01 

58574706+01 

5P474922+01 

58375344+01 

58276044+01 

.58177093+01 

.58076567+01 

.57980543+01 

.57683102+01 

.57786323+01 

.57690293+01 

.57595095+01 

.57500817+01 

.57407545+01 

.57315366+01 

.57224368+01 

.57134634+01 

.57046246+01 

.56959285+01 

.56873823+01 

.56789931+01 

.56707674+01 

.56627108+01 

.56548285+01 

.56471250+01 

.56396038+01 

.56322680+01 

.56251196+01 

.56181600+01 

.56113901+01 

.56048098+01 

.55984186+01 

.55922150+01 

.55861974+01 

.55803634+01 

.55747103+01 

.55692349+01 

.55639337+01 

.55588029+01 

.55538385+01 


LOCKHEED  MISSILES  ft  SPACE  COMPANY 


Table  D-15a 

THE  ROOTS  t^[Qexp(l90°)] 


Q  Real  Imag 


0.00 

•36860866+01 

.63844927+01 

0.05 

.36919584+01 

•63878842+01 

0.10 

•36978181+01 

•63912781+01 

0.15 

.37036636+01 

.63946763+01 

0.20 

•37094910+01 

•63980813+01 

0.25 

.37152964+01 

•64014950+01 

0.30 

.37210759+01" 

•64049195+01 

0.35 

•37268256+01 

•64083566+01 

o.l*o 

.37325418+01 

•64118081+01 

o.U5 

.37382205+01 

.64152755+01 

o.5o 

.37438580+01 

.64187605+01 

o.55 

.37494504+01 

.64222641+01 

o.6o 

.37549941+01 

.64257877+01 

o.65 

•37604855+01 

.64293320+01 

0.70 

.37659209+01 

.64328977+01 

0.75 

.37712968+01 

.64364855+01 

0.80 

.37766098+01 

.64400955+01 

o.85 

.37818565+01 

•64437281+01 

0.90 

.37870337+01 

.64473829+01 

0.95 

.37921382+01 

.64510596+01 

1.00 

.37971670+01 

.64547577+01 

1.05 

.38021173+01 

.64584764+01 

1.10 

.38069863+01 

.64622149+01 

1.15 

.38117716+01 

.64659718+01 

1.20 

.38164707+01 

.64697460+01 

1.25 

.38210814+01 

.64735358+01 

1.30 

•38256019+01 

.64773397+01 

1.35 

•38300303+01 

.64811558+01 

1.1*0 

•38343649+01 

•64849821+01 

1.1*5 

.38386045+01 

•64888166+01 

i.5o 

.38427479+01 

.64926571+01 

1.55 

.38467941+01 

•64965013+01 

1.60 

•38507426+01 

•65003470+01 

1.65 

.38545927+01 

•65041917+01 

1.70 

•38583442+01 

>65080331+01 

1.75 

•38619971+01 

.65118687+01 

1.80 

.38655514+01 

•65156960+01 

1.85 

•38690076+01 

•65195129+01 

1.90 

•38723662+01 

•65233168+01 

1.95 

.38756279+01 

•65271054+01 

2.00 

•38787936+01 

•65308765+01 

f 
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LOCKHEED  MISSILES  &  SPACE  COMPANY 


Table  D-l£a  (Cont'd) 
THE  HOOTS  t^[Qexp(i90°)] 


Q 

Real 

Imag  tg 

2.00 

.38787936*01 

.65308765*01 

2.05 

•38818643*01 

•65346278*01 

2.10 

.38848413*01 

.65383573*01 

2.15 

•38877258*01 

.65420628*01 

2.20 

•38905195*01 

.65457425*01 

2.25 

.38932239*01 

.65493946*01 

2.30 

.38958906*01 

.65530171*01 

2.35 

.38983713*01 

•65566087*01 

2.U0 

•39008180*01 

.65601676*01 

2.1i5 

.39031826*01 

.65636926*01 

2.50 

.39054671*01 

•65671824*01 

2.55 

.39076734*01 

.65706357*01 

2.60 

.39098036*01 

.65740515*01 

2.65 

.39118596*01 

.65774287*01 

2.70 

.39138439*01 

•65807666*01 

2.75 

.39157581*01 

.65840645*01 

2.80 

.39176047*01 

.65873217*01 

2.85 

.39193855*01 

.65905376*01 

2.90 

~ .39211027*01 

“".65937118*01 

2.95 

.39227584*01 

.65968439*01 

3.00 

.39243545*01 

.65999337*01 

3.05 

•39258929*01 

.66029808*01 

3.10 

.39273758*01 

•66059853*01 

3.15 

.39288050*01 

.66089471*01 

3.20 

.39301823*01 

.66118661*01 

3.25 

.39315097*01 

•66147424*01 

3.30 

•39327889*01 

•66175762*01 

3.35 

.39340217*01 

•66203676*01 

3.Uo 

•39352096*01 

.66231169*01 

3.U5 

.39363545*01 

.66258244*01 

3.50 

.39374579*01 

.66284903*01 

3.55 

•39385214*01 

.66311151*01 

3.60 

•39395465*01 

•66336990*01 

3.65 

•39405345*01 

•66362425*01 

3.70 

•39414871*01 

•66387460*01 

3.75 

•39424054*01 

•66412100*01 

3.80 

•39432908*01 

•66436350*01 

3.85 

•39441445*01 

.66460215*01 

3.90 

.39449679*01 

.66483700*01 

3.95 

.39457621*01 

.66506810*01 

li.OO 

.39465282*01 

.66529550*01 
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LOCKHEED  MISSILES  &  SPACE  COMPANY 


Table  D-l£b 

THE  ROOTS  t^[Qexp(!90°) ] 


1/Q 


Real 


Imag 


0.00 

0.01 

0.02 

0.03 

O.Oii 

0.05 

0.06 

0.07 

0.08 

0.09 

0.10 

0.11 

0.12 

0.13 

o.iU 

0.15 

0.16 

0.17 

0.18 

0.19 

0.20 

0.21 

0.22 

0.23 

0.2U 

0.25 

0.26 

0.27 

0.28 

0.29 

o.30 

0.31 

0.32 

0.33 

0.3U 

0.35 

0.36 

0.37 

0.38 

0.39 

0.1*0 


.39720668+01 

•39720645+01 

•39720485+01 

.39720053+01 

.39719217+01 

.39717851+01 

.39715831+01 

.39713044+01 

.39709383+01 

.39704749+01 

•39699058+01 

.39692233+01 

•39684210+01 

.39674938+01 

.39664380+01 

.39652510+01 

.39639319+01 

.39624807+01 

•39608990+01 

•39591896+01 

.39573561+01 

•39554036+01 

.39533377+01 

•39511649+01 

•39488925+01 

.39465282+01 

.39440800+01 

.39415563+01 

.39389654+01 

.39363156+01 

•39336156+01 

•39308736+01 

.39280970+01 

•39252937+01 

.39224707+01 

.39196347+01 

.39167923*01 

•39139491+01 

•39111106+01 

•39082818+01 

•39054671+01 


.68798215+01 

.68698228+01 

.68598321+01 

•68498574+01 

•68399069+01 

•68299889+01 

.68201120+01 

•68102854+01 

•68005180+01 

.67908193+01 

.67811994+01 

.67716679+01 

.67622352+01 

.67529117+01 

.67437074+01 

.67346327+01 

.67256975+01 

.67169115+01 

.67082839+01 

.66998232+01 

.66915375+01 

.66834339+01 

.66755190+01 

.66677980+01 

•  66602755+01- 

.66529551+01 

•66458394+01 

•66389300+01 

.66322275+01 

•66257318+01 

•66194420+01 

•66133560+01 

•66074716+01 

•66017856+01 

•65962943+01 

•65909936+01 

•65858792+01 

•65809460+01 

•65761890+01 

•65716030+01 

•65671824+01 


D-lj.9 


LOCKHEED  MISSILES  ft  SPACE  COMPANY 


Table  D-16a 


THE  ROOTS  ^[QexpdaO0)] 


Q  Real  Imag  tj. 


0.00 

.50939648-00 

.88230058-00 

0.05 

.56247547-00 

.85879382-00 

0.10 

.59664887-00 

.83738442-00 

0.15 

.64182816-00 

.81812159-00 

0.20 

.68792360-00 

.80105397-00 

0.25 

.73484389-00 

.78622971-00 

0.30 

.78249577-00 

.77369668-00 

0.35 

.83078354-00 

.76350248-00 

o.ho 

.87960867-00 

.75569461-00 

o.U5 

.92886920-00 

.75032056-00 

o.5o 

.97845920-00 

.74742780-00 

o.55 

. 10282681+01 

.74706384-00 

0.60 

.10781797+01 

.74927623-00 

o.65 

.11280719+01 

.754)1252-00 

0.70 

.11778149+01 

.76162010-00 

0.75 

.12272703+01 

.77184601-00 

0.80 

.12762901+01 

.78483663-00 

0.85 

.13247144+01 

.80063715-00 

0.90 

.13723696+01 

.81929082-00 

0.95 

.14190663+01 

.64083785-00 

1.00 

.14645960+01 

.86531381-00 

1.05 

.15087282+01 

.89274730-00 

1.10 

.15512062+01 

.92315654-00 

1.15 

.15917425+01 

.95654450-00 

1.20 

.16300139+01 

.99289173-00 

1.25 

.16656562+01 

.10321461+01 

1.30 

.16982596+01 

.10742079+01 

1.35 

.17273668+01 

.11189089+01 

1.1*0 

.17524767+01 

.11659839+01 

1.1*5 

.17730599+01 

.12150335+01 

1.50 

.17885961+01 

.12654821+01 

1.55 

.17986419+01 

.13165425+01 

i.6o 

.16029370+01 

.13672092+01 

1.65 

.18015315+01 

.14163190+01 

1.70 

.17948830+01 

.14626985+01 

1.75 

.17838520+01 

.15053746+01 

1.80 

.17695618+01 

.15437548+01 

1.85 

.17531776+01 

.15776854+01 

1.90 

.17357157+01 

.16073740+01 

1.95 

.17179481+01 

.16332454+01 

2.00 

.17003997+01 

.16558069+01 
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Table  D-16a  (Cont‘d) 
THE  ROOTS  tjjQexpdBO0)] 


Q 

Real 

Imag 

2.00 

.17003997+01 

.16558069+01 

2.05 

.16833934+01 

.16755590+01 

2.10 

.16671073+01 

.16929507+01 

2.15 

.16516230+01 

.17083649+01 

2.20 

.16369626+01 

.17221196+01 

2.25 

.16231125+01 

.17344751+01 

2.30 

•16100395+01 

.17456437+01 

2.35 

.15977006+01 

.17557986+01 

2.U0 

.15660488+01 

.17650818+01 

2.1*5 

.15750364+01 

.17736100+01 

2.50 

.15646173+01 

.17814799+01 

2.55 

.15547478+01 

.17887720+01 

2.60 

.15453874+01 

.17955540+01 

2.65 

.15364984+01 

.18018830+01 

2.70 

.15280464+01 

.18078078+01 

2.75 

.15199997+01 

.18133700+01 

2.80 

.15123295+01 

.18186053+01 

2.85 

.15050096+01 

.18235448+01 

2.90 

.14980159+01 

.18282156+01 

2.95 

.14913265+01 

.18326413+01 

3.00 

.14849214+01 

.18368427+01 

3.05 

.14787821+01 

.18408382+01 

3.10 

.14728920+01 

.18446441+01 

3.15 

.14672356+01 

.18482750+01 

3.20 

.14617988+01 

.18517437+01 

3.25 

.14565684+01 

.18550621+01 

3.30 

.14515327+01 

.18582406+01 

3.35 

.14466804+01 

.18612886+01 

3.1*0 

.14420013+01 

.18642148+01 

3.1*5 

.14374860+01 

.18670270+01 

3.50 

.14331257+01 

.18697322+01 

3.55 

.14289121+01 

.18723371+01 

3.60 

.14248379+01 

.18748475+01 

3.65 

.14208958+01 

.18772689+01 

3.70 

.14170794+01 

18796063+01 

3.75 

.14133824+01 

.18818644+01 

3.60 

.14097993+01 

.18840474+01 

3.85 

.14063245+01 

.18861593+01 

3.90 

.14029530+01 

.18882037+01 

3.95 

.13996803+01 

.18901842+01 

1*.00 

.13965018+01 

.18921037+01 
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Table  D**l 6b 


THE  ROOTS  tjJQexpCiJO0)] 


i/q 

Real 

Imag 

0.00 

.11690537+01 

.20248604+01 

0.01 

.11777146+01 

.20198600+01 

0.02 

.11863796+01 

.20148572+01 

0.03 

.11950526+01 

.20098497+01 

o.oli 

.12037377+01 

.20048349+01 

0.05 

.12124389+01 

.19998102+01 

0.06 

.12211601+01 

.19947730+01 

0.07 

.12299055+01 

.19897205+01 

0.08 

.12386792+01 

.19846500+01 

0.09 

.12474853+01 

.19795584+01 

0.10 

.12563279+01 

.19744427+01 

0.11 

.12652113+01 

.19692996+01 

0.12 

.12741398+01 

.19641258+01 

0.13 

.12831180+01 

.19589176+01 

0.1U 

.12921502+01 

.19536714+01 

0.15 

.13012411+01 

.19483831+01 

0.16 

.13103955+01 

.19430485+01 

0.17 

.13196183+01 

.19376632+01 

0.18 

.13289144+01 

.19322224+01 

0.19 

.13382891+01 

.19267210+01 

0.20 

.13477478+01 

.19211536+01 

0.21 

.13572960+01 

.19155142+01 

0.22 

.13669394+01 

.19097967+01 

0.23 

.13766841+01 

.19039941+01 

0. 2k 

.13865361+01 

.18980991+01 

0.25 

.13965019+01 

.18921037+01 

0.26 

.14065881+01 

.18859993+01 

0.27 

.14168016+01 

.18797762+01 

0.28 

.14271495+01 

.18734242+01 

0.29 

.14376391+01 

.18669318+01 

0.30 

.14482782+01 

.18602865+01 

0.31 

.14590743+01 

.18534745+01 

0.32 

.14700356+01 

.18464606+01 

0.33 

.14811701+01 

.18392877+01 

0.3U 

.14924859+01 

.18318771+01 

0.35 

.15039912+01 

.18242279+01 

0.36 

.15156939+01 

.18163167+01 

0.37 

.15276014+01 

.18081174+01 

0.38 

.15397208+01 

.17996007+01 

0.39 

.15520580+01 

.17907338+01 

0.1*0 

.15646174+01 

.17814798+01 
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Table  D-17a 


THE  ROOTS  t2[Qexp(i30°)] 


Q 


Real  t2 


Imag  t2 


4 


i 


► 


0.00 

*  16240988+01 

.28130215+01 

0.05 

.16374512+01 

.28053547+01 

0.10 

.16508599+01 

.27977401+01 

o.i5 

.16643454+01 

.27901672+01 

0.20 

.16779288+01 

.27826262+01 

0.25 

.16916322+01 

.27751074+01 

0.30 

.17054787+01 

.27676020+01 

0.35 

.17194929+01 

.27601010+01 

0.1*0 

.17337010+01 

.27525963+01 

0.1*5 

.17481313+01 

.27450798+01 

0.50 

.17628143+01 

.27375440+01 

o.55 

.17777832+01 

.27299816+01 

o.6o 

.17930745+01 

.27223863+01 

0.65 

.16087266+01 

.27147522+01 

0.70 

.18247902+01 

.27070741+01 

0.75 

.18413094+01 

.26993487+01 

0.80 

.18583428+01 

.26915736+01 

o.85 

.16759541+01 

.26837492+01 

0.90 

.18942161+01 

.26758788+01 

0.95 

.19132123+01 

.26679699+01 

1.00 

.19330387+01 

.26600364+01 

1.05 

.19538065+01 

.26521003+01 

1.10 

.19756448+01 

.26441956+01 

1.15 

.19987042+01 

.26363732+01 

1.20 

.20231599+01 

.26287080+01 

1.25 

.20492156+01 

.26213090+01 

1.30 

.20771051+01 

.26143342+01 

1.35 

.21070924+01 

.26080109+01 

1.1*0 

.21394638+01 

.26026639+01 

1.1*5 

.21745084+01 

.25987510+01 

i.5o 

.22124757+01 

.25969035+01 

1.55 

.22535001+01 

.25979593+01 

l.6o 

.22974873+01 

.26029634+01 

1.65 

.23439753+01 

.26131012+01 

1.70 

.23920241+01 

.25295376+01 

1.75 

.24402045+01 

.26531870+01 

l.8o 

.24867206+01 

.26845004+01 

1.85 

.25296171+01 

.27233545+01 

1.90 

.25669681+01 

.27690477+01 

1.95 

.25970158+01 

.28203254+01 

2.00 

•26183032+01 

.28753721+01 
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Table  D-17a  (Cont‘d) 


THE  ROOTS  t2[Qexp(l30°)] 


Q 

Real  t2 

Imag  t2 

I 

[ 

p 

2.00 

.26183032+01 

.28753721+01 

2.05 

.26299094+01 

.29318044+01 

2.10 

.26318134+01 

.29866337+01 

* 

2.15 

.26251809+01 

.30377754+01 

j 

2.20 

.26121923+01 

.30827685+01 

2.25 

.25953516+01 

.31211828+01 

2.30 

.25767729+01 

.31534132+01 

2.35 

.25578839+01 

.31803638+01 

2.1*0 

.25394989+01 

.32030272+01 

| 

2.1*5 

.25220152+01 

.32222806+01 

! 

2.50 

.25055866+01 

.32388306+01 

i 

2.55 

.24902362+01 

.32532249+01 

| 

2.60 

.24759234+01 

.32658826+01 

i 

< 

2.65 

.24625793+01 

.32771245+01 

i 

2.70 

.24501255+01 

.32871978+01 

2.75 

.24384837+01 

.32962952+01 

2.80 

.24275799+01 

.33045684+01 

2.85 

.24173462+01 

.33121382+01 

2.90 

.24077214+01 

.33191023+01 

_  j 

2.95 

.23986506+01 

.33255401+01 

3.00 

.23900852+01 

.33315171+01 

3.C5 

.23619812+01 

.33370679+01 

3.10 

.23743003+01 

.33422980+01 

3.15 

.23670077+01 

.33471862+01 

3.20 

.23600727+01 

.33517855+01 

3.25 

.23534675+01 

.33561242+01 

3.30 

.23471674+01 

.33602268+01 

3.35 

.23411503+01 

.33641146+01 

3.U0 

.23353959+01 

.33678062+01 

3.1*5 

.23298860+01 

.33713181+01 

i 

3.50 

.23246043+01 

.33746646+01 

i 

3.55 

.23195358+01 

.33778585+01 

! 

3.60 

.23146667+01 

.33809114+01 

3.65 

.23099848+01 

.33838336+01 

1 

3.70 

.23054786+01 

.33866342+01 

3.75 

.23011377+01 

.33893215+01 

3.80 

.22969525+01 

.33919030+01 

3.85 

.22929141+01 

.33943855+01 

0 

3.90 

.22890145+01 

.33967753+01 

3.95 

.22852461+01 

.33990779+01 

l*.oo 

.22816020+01 

.34012985+01 

3  l 

Table  D-17b 


THE  ROOTS  t2[Qexp(i30°)J 


1/Q 

Real  t2 

I mag  t2 

0.00 

.20439747+01 

.35402680+01 

0.01 

.20526361+01 

.35352673+01 

0.02 

.20613046+01 

.35302626+01 

0.03 

.20699873+01 

.35252494+01 

o.oU 

.20786912+01 

.35202237+01 

0.05 

.20874236+01 

.35151809+01 

0.06 

.20961917+01 

.35101167+01 

0.07 

.21050031+01 

.35050261+01 

0.08 

.21138652+01 

.34999043+01 

0.09 

.21227861+01 

.34947462+01 

0.10 

.21317738+01 

.34895464+01 

0.11 

.21408367+01 

.34842990+01 

0.12 

.21499836+01 

.34789980+01 

0.13 

.21592237+01 

.34736368+01 

0.1U 

.21&85667+01 

.34682085+01 

0.15 

.21780229+01 

.34627055+01 

0.16 

.21876028+01 

.34571197+01 

0.17 

.21973182+01 

.34514421+01 

0.18 

.22071813+01 

.34456631+01 

0.19 

.22172052+01 

.34397718+01 

0.20 

.22274040+01 

.34337564+01 

0.21 

.22377930+01 

.34276038+01 

0.22 

.22483885+01 

.34212994+01 

0.23 

.22592087+01 

.34148265+01 

0.2U 

.22702727+01 

.34081665+01 

0.25 

.22816020+01 

.34012984+01 

0.26 

.22932199+01 

.33941978+01 

0.27 

.23051517+01 

.33868369+01 

0.28 

.23174255+01 

.33791834+01 

0.29 

.23300723+01 

.33711996+01 

0.30 

.23431260+01 

.33628412+01 

0.31 

.23566242+01 

.33540556+01 

0.32 

.23706077+01 

.33447800+01 

0.33 

.23851214+01 

.33349385+01 

0.31a 

.24002136+01 

.33244389+01 

0.35 

.24159356+01 

.33131678+01 

0.36 

.24323398+01 

.33009843+01 

0.37 

.24494766+01 

.32877123+01 

0.38 

.24673882+01 

.32731295+01 

0.39 

.24860974+01 

.32569542+01 

0.1*0 

.25055870+01 

.32388290+01 
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Table  D-l8a 


THE  ROOTS  t3[Qexp(l30°)] 


Q  Real  Iraag 


0.00 

.24100496+01 

.41743283+01 

0.05 

.24190401+01 

.41691505+01 

0.10 

.24280512+01 

.41639868+01 

o.i5 

.24370920+01 

.41586320+01 

0.20 

.24461722+01 

.41536812+01 

0.25 

.24553016+01 

.41485292+01 

0.30 

.24644904+01 

.41433711+01 

0.35 

.24737491+01 

.41382020+01 

o.Uo 

.24630888+01 

.41330168+01 

o.U5 

.24925210+01 

.41276105+01 

0.50 

.25020580+01 

.41225780+01 

o.55 

.25117127+01 

.41173140+01 

0.60 

.25214990+01 

.41120132+01 

0.65 

.25314319+01 

.41066701+01 

0.70 

.25415273+01 

.41012792+01 

0.75 

.25518027+01 

.40956346+01 

0.80 

.25622770+01 

.40903302+01 

o.85 

.25729711+01 

.40847600+01 

0.90 

,25839080+01 

.40791173+01 

0.95 

.25951130+01 

.40733957+01 

1.00 

.26066144+01 

.40675880+01 

1.05 

.26184440+01 

.40616874+01 

1.10 

.26306373+01 

.40556867+01 

1.15 

.26432350+01 

.40495785+01 

1.20 

.26562833+01 

.40433559+01 

1.25 

.26696352+01 

.40370119+01 

1.30 

.26839520+01 

.40305404+01 

1.35 

.26967051+01 

.40239369+01 

1.1*0 

.27141783+01 

.40171964+01 

1.1*5 

.27304707+01 

.40103255+01 

1.50 

.27477003+01 

.40033245+01 

1.55 

.27660090+01 

.39962097+01 

l.6o 

.27855688+01 

.39890088+01 

1.65 

.26065889+01 

.39817704+01 

1.70 

.26293265+01 

.39745761+01 

1.75 

.28540967+01 

.39675600+01 

1.80 

.28612850+01 

.39609402+01 

1.85 

.29113527+01 

.39550694+01 

1.90 

.29446268+01 

.39505135+01 

1.95 

.29822454+01 

.39481645+01 

2.00 

.30240083+01 

.39493725+01 
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Table  D-l8a  (Cont'd) 
THE  ROOTS  t3[Qexp(i30°)] 


Q 


Real 


Imag 


4 


> 


> 


2.00 

.30240083+01 

.39493725+01 

2.05 

.30700730+01 

.39560249+01 

2.10 

.31195027+01 

.39703957+01 

2.15 

.31700949+01 

.39945961+01 

2.20 

.32184828+01 

.40297535+01 

2.25 

.32607992+01 

.40754271+01 

2.30 

.32934771+01 

.41295420+01 

2.35 

.33139005+01 

.41885970+01 

2.U0 

.33210863+01 

.42480398+01 

2.1*5 

.33163414+01 

.43032195+01 

2.50 

.33030265+01 

.43509350+01 

2.55 

.32850573+01 

.43903140+01 

2.60 

.32654504+01 

.44222204+01 

2.65 

.32459583+01 

.44481330+01 

2.70 

.32274046+01 

.44694521+01 

2.75 

.32100924+01 

.44872850+01 

2.80 

.31940723+01 

.45024518+01 

2.85 

.31792845+01 

.45155488+01 

2.90 

.31656281+01 

.45270112+01 

2.95 

.31529924+01 

.45371602+01 

3.00 

.31412712+01 

.45462369+01 

3.05 

.31303676+01 

.45544253+01 

3.10 

.31201953+01 

.45618679+01 

3.15 

.31106785+01 

.45686768+01 

3.20 

.31017511+01 

.45749419+01 

3.25 

.30933554+01 

.45807356+01 

3.30 

.30854409+01 

.45861172+01 

3.35 

.30779635+01 

.45911361+01 

3.U0 

.30708844+01 

.45958332+01 

3.1*5 

.30641694+01 

.46002432+01 

3.50 

.30577881+01 

.46043957+01 

3.55 

.30517139+01 

.46083159+01 

3.60 

.30459229+01 

.46120257+01 

3.65 

.30403937+01 

.46155441+01 

3.70 

.30351070+01 

.45186875+01 

3.75 

.30300458+01 

.46220706+01 

3.80 

.30251945+01 

.46251060+01 

3.85 

.30205390+01 

.46280056+01 

3.90 

.30160666+01 

.46307792+01 

3.95 

.30117656+01 

.46334360+01 

1*.  00 

.30076254+01 

.46359841+01 
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Table  D-l8b 


fi 


THE  ROOTS  t3[Qexp(l30°)] 


1/Q 

Real 

Imag 

0.00 

.27602798+01 

.47809450+01 

0.01 

.27689417+01 

.47759441+01 

0.02 

.27776131+01 

.47709376+01 

0.03 

.27863037+01 

.47659199+01 

o.oU 

.27950231+01 

.47608853+01 

0.0$ 

.28037813+01 

.47558276+01 

0.  j6 

.28125881+01 

.47507410+01 

0.07 

.28214542+01 

.47456188+01 

0.08 

.28303902+01 

.47404543+01 

0.09 

.28394073+01 

.47352404+01 

0.10 

.28485174+01 

.47299696+01 

0.11 

.26577327+01 

.47246335+01 

0.12 

.28670666+01 

.47192237+01 

0.13 

.26765329+01 

.47137304+01 

O.lii 

.26861468+01 

.47081433+01 

0.15 

.28959244+01 

.47024512+01 

0.16 

.29058836+01 

.46966412+01 

0.17 

.29160433+01 

.46906995+01 

0.18 

.29264248+01 

.46846104+01 

0.19 

.29370511+01 

.46783560+01 

0.20 

.29479480+01 

.46719162+01 

0.21 

.29591440+01 

.46652680+01 

0.22 

.29706713+01 

.46583846+01 

0.23 

.29825658+01 

.46512350+01 

0.2U 

.29948684+01 

.46437825+01 

0.25 

.30076256+01 

.46359839+01 

0.26 

.30208907+01 

.46277869+01 

0.27 

.30347248+01 

.46191283+01 

0.28 

.30491990+01 

.46099301+01 

0.29 

.30643955-*  01 

.46000952+01 

0.30 

.30804104+01 

.45895003+01 

0.31 

.30973553+01 

.45779864+01 

0.32 

.31153598+01 

.45653447+01 

0.33 

.31345718+01 

.45512947+01 

0.3U 

.31551537+01 

.45354516+01 

0.35 

.31772678+01 

.45172755+01 

0.36 

.32010361+01 

.44959942+01 

0.37 

.32264362+01 

,44704911+01 

0.38 

,32530577+01 

.44391806+01 

0.39 

.32795877+01 

.43999964+01 

o.Uo 

.33030050+01 

.43509232+01 
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Table  D-l9a 

THE  ROOTS  t^[Qexp(i30°)] 


Q 

Real 

I  mag  t  ^ 

0.00 

.30816536+01 

.53375807+01 

0.05 

.30886829+01 

.53335285+01 

0.10 

.30957232+01 

.53294823+01 

o.i5 

.31027803+01 

.53254390+01 

0.20 

.31098599+01 

.53213952+01 

0.25 

.31169681+01 

.53173479+01 

0.30 

.31241109+01 

.53132937+01 

0.35 

.31312947+01 

.53092296+01 

o.Uo 

.31365258+01 

.53051523+01 

o.U5 

.31458110+01 

.53010586+01 

o.5o 

.31531574+01 

.52969449+01 

o.55 

.31605723+01 

.52928079+01 

0.60 

.31680634+01 

.52886441+01 

o.65 

.31756388+01 

.52844498+01 

.0.70 

.31833076+01 

.52802213+01 

0.75 

.31910786+01 

.52759547+01 

0.80 

.31989620+01 

.52716456+01 

0.85 

.32069683+01 

.52672900+01 

0.90 

,32151092+01 

.52626834+01 

0.95 

.32233971+01 

.52584210+01 

1.00 

.32318456+01 

.52538977+01 

1.05 

.32404697+01 

.52493083+01 

1.10 

.32492856+01 

.52446472+01 

1.15 

.32583114+01 

.52399084+01 

1.20 

.32675672+01 

.52350855+01 

1.25 

.32770752+01 

.52301718+01 

1.30 

.32668605+01 

.52251599+01 

1.35 

.32969513+01 

.52200425+01 

I.I4O 

.33073794+01 

.52148110+01 

1.1*5 

.33181813+01 

.52094571+01 

1.50 

.33293987+01 

.52039717+01 

1.55 

.33410798+01 

.51983453+01 

1.60 

.33532806+01 

.51925684+01 

1.65 

.33660670+01 

.51866313+01 

1.70 

,33795167+01 

.51805252+01 

1.75 

.33937223+01 

.51742423+01 

1.80 

.34087958+01 

.51677776+01 

1.65 

.34248731+01 

.51611308+01 

1.90 

.34421217+01 

.51543099+01 

1.95 

.34607498+01 

.51473370+01 

2.00 

.34810195+01 

.51402584+01 
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Table  D-l9a  (Cont'd) 
THE  ROOTS  t^[Qexp(i30°)] 


Real  t. 


Iraag  t. 


2.00 

.34810195+01 

.51402584+01 

2.05 

.35032633+01 

.51331623+01 

2.10 

.35279060+01 

.51262084+01 

2.15 

.35554887+01 

.51196823+01 

2.20 

.35866860+01 

.51140899+01 

2.25 

.36222872+01 

.51103179+01 

2.30 

.36630611+01 

.51098797+01 

2.35 

.37093508+01 

.51151808+01 

2.U0 

.37602566+01 

.51294973+01 

2.U5 

.38127143+01 

.51561013+01 

2.50 

.38615120+01 

.51965401+01 

2.55 

.39007554+01 

.52493513+01 

2.60 

.39257294+01 

.53100950+01 

2.65 

.39344409+01 

.53722598+01 

2.70 

.39287383+01 

.54291839+01 

2.75 

.39135679+01 

•  54766170+01 

2.80 

.38941148+01 

.55147400+01 

2.85 

.36737795+01 

.55446123+01 

2.90 

.38541975+01 

.55684316+01 

2.95 

.38359728+01 

.55876211+01 

3.00 

.38192324+01 

.56039493+01 

3.05 

.36039112+01 

.56176317+01 

3.10 

.37898793+01 

.56294383+01 

3.15 

.37769945+01 

.56397747+01 

3.20 

.37651225+01 

.56489351+01 

3.25 

.37541439+01 

.56571379+01 

3.30 

.37439546+01 

.56645481+01 

3.35 

.37344652+01 

.56712933+01 

3.U0 

.37255989+01 

.56774732+01 

3.U5 

.37172897+01 

.56631678+01 

3.50 

.37094810+01 

.56884414+01 

3.55 

.37021235+01 

.56933466+01 

3.6o 

.36951748+01 

.56979271+01 

3.65 

.36885975+01 

.57022194+01 

3.70 

.36823591+01 

.57062541+01 

3.75 

.36764310+01 

.57100576+01 

3.80 

.36707878+01 

.57136523+01 

3.85 

.36654072+01 

.57170577+01 

3.50 

.36602689+01 

.57202904+01 

3.95 

.36553551+01 

.57233655+01 

U.  00 

.36506499+01 

.57262959+01 
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Table  D-l9b 


THE  ROOTS  t^[Qexp(i30°)] 


i/q 

Real 

Iraag 

0.00 

.33933540+01 

.58774616+01 

0.01 

.34020162+01 

.58724605+01 

0.02 

.34106902+01 

.58674525+01 

0.03 

.34193878+01 

.58624308+01 

o.ol* 

.34281209+01 

,58573882+01 

0.05 

.34369019+01 

.58523174+01 

0.06 

.34457434+01 

.58472107+01 

0.07 

.34546584+01 

.58420602+01 

0.08 

.34636606+01 

.58368574+01 

0.09 

.34727646+01 

.58315931+01 

0.10 

.34819856+01 

.58262579+01 

0.11 

.34913401+01 

.58206410+01 

0.12 

.35008456+01 

.58153311+01 

0.13 

.35105213+01 

.58097155+01 

O.lli 

.35203879+01 

.58039802+01 

0.15 

.35304687+01 

.57981095+01 

0.16 

.35407888+01 

.57920860+01 

0.17 

.35513766+01 

.57858895+01 

0.18 

.35622638+01 

.57794970+01 

0.19 

.35734862+01 

.57728823+01 

0.20 

.35850848+01 

.57660140+01 

0.21 

.35971060+01 

.57588558+01 

0.22 

.36096044+01 

.57513639+01 

0.23 

.36226428+01 

.57434857+01 

0.2h 

.36362953+01 

.57351564+01 

0.25 

.36506502+01 

.57262956+01 

0.26 

.36658125+01 

.57168016+01 

0.27 

.36819101+01 

.57065429+01 

0.28 

.36990982+01 

.56953464+01 

0.29 

.37175683+01 

.56829779+01 

0.30 

.37375564+01 

.56691108+01 

0.31 

.37593526+01 

.56532750+01 

0.32 

.37833036+01 

.56347667+01 

0.33 

.38097867+01 

.56124876+01 

0.3h 

.38390822+01 

.55846553+01 

0.35 

.38709112+01 

.55483254+01 

0.36 

.39030024+01 

.54989717+01 

0.37 

.39280373+01 

.54320033+01 

0.38 

.39330282+01 

.53497346+01 

0.39 

.39094511+01 

.52660362+01 

0.10 

.38616068+01 

.51965476+01 
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Table  D-20a 


THE  ROOTS  t^[Qexp(i30°)] 


Q 

Real 

Iraag 

0.00 

.30860886+01 

.63844927+01 

0.05 

.36919644+01 

.63811040+01 

0.10 

.36978474+01 

.63777183+01 

o.i5 

.37037414+01 

.63743335+01 

0.20 

.37096506+01 

.63709473+01 

0.25 

.37155791+01 

.63675574+01 

0.30 

.37215311+01 

.63641616+01 

0.35 

.37275109+01 

.63607576+01 

0.J4O 

.37335230+01 

.63573430+01 

o.U5 

.37395718+01 

.63539157+01 

0.50 

.37456621+01 

.63504730+01 

0.55 

.37517989+01 

.63470126+01 

0.60 

.37579873+01 

.63435320+01 

0.65 

.37642326+01 

.63400284+01 

0.70 

.37705406+01 

.63364994+01 

0.75 

.37769171+01 

.63329420+01 

0.80 

.37833685+01 

.63293534+01 

0.85 

.37899014+01 

.63257305+01 

0.90 

.37965231+01 

.63220702+01 

0.95 

.38032412+01 

.63183691+01 

1.00 

.38100639+01 

.63146237+01 

1.05 

.38170002+01 

.63108301+01 

1.10 

.38240594+01 

.63069846+01 

1.15 

.38312522+01 

.63030829+01 

1.20 

.36385899+01 

.62991205+01 

1.25 

.38460849+01 

.62950926+01 

1.30 

.38537509+01 

.62909941+01 

1.35 

.36616029+01 

.62868194+01 

l.lO 

.36696577+01 

.62825628+01 

1.15 

.36779338+01 

.62782176+01 

l.5o 

.38864522+01 

.62737771+01 

1.55 

.38952363+01 

.62692339+01 

1.60 

.39043125+01 

.62645797+01 

1.65 

.39137109+01 

.62598060+01 

1.70 

.39234661+01 

.62549033+01 

1.75 

.39336176+01 

.62498615+01 

1.80 

.39442117+01 

.62446697+01 

1.85 

.39553019+01 

.62393163+01 

1.90 

.39669520+01 

.62337892+01 

1.95 

.39792371+01 

.62280761+01 

2.00 

.39922481+01 

.62221648+01 
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Table  D-20a  (Cont'd) 
THE  ROOTS  t^[Qexp(i30°)J 


Q 


Real 


Imag 


2.00 

.39922481+01 

.62221648+01 

2.05 

.40060949+01 

.62160441+01 

2.10 

.40209129+01 

.62097059+01 

2.15 

.40368702+01 

.62031475+01 

2.20 

.40541793+01 

.61963770+01 

2.25 

.40731118+01 

.61894222+01 

2.30 

.40940199+01 

.61823474+01 

2.35 

.41173665+01 

.61752838+01 

2.U0 

.41437627+01 

.61684883+01 

2.U5 

.41740085+01 

.61624543+01 

2.50 

.42091029+01 

.61581213+01 

2.55 

.42501146+01 

.61572386+01 

2.60 

.42976388+01 

.61628367+01 

2.65 

.43504927+01 

.61792988+01 

2.70 

.44041432+01 

.62108760+01 

2.75 

.44510215+01 

.62586676+01 

2.80 

.44835041+01 

.63188283+01 

2.85 

.44972403+01 

.63834389+01 

2.90 

.44934171+01 

.64434163+01 

2.95 

.44781222+01 

.64929494+01 

3.00 

.44580112+01 

.65314188+01 

3.05 

.44371939+01 

.65610217+01 

3.10 

.44174349+01 

.65842213+01 

3.15 

.43992761+01 

.66028871+01 

3.20 

.43827611+01 

.66182957+01 

3.25 

.43677612+01 

.66313031+01 

3.30 

.43541038+01 

.66424917+01 

3.35 

.43416197+01 

.66522669+01 

3.1*0 

.43301578+01 

.66609187+01 

3.W 

.43195882+01 

.66686599+01 

3.50 

.43098007+01 

.66756499+01 

3.55 

.43007020+01 

.66820111+01 

3.60 

.42922134+01 

.66878391+01 

3.65 

.42842676+01 

.66932096+01 

3.70 

.42768078+01 

.66981839+01 

3.75 

.42697846+01 

.67028116+01 

3.80 

.42631559+01 

.67071340+01 

3.85 

.42568850+01 

.67111856+01 

3.90 

.42509397+01 

.67149952+01 

3.95 

.42452920+01 

.67185877+01 

U.00 

.42399172+01 

.67219841+01 
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Table  D-20b 


THE  ROOTS  t^[Qexp(l30°) ] 


1/Q 

Real 

Imag 

0.00 

. 39720666+01 

.68796215+01 

0.01 

.39807294+01 

.68748201+01 

0.02 

.39894056+01 

.68696109+01 

0.03 

.39981096+01 

.68647854+01 

O.Oli 

.40068553+01 

.68597355+01 

0.05 

.40156574+01 

.68546526+01 

0.06 

.40245306+01 

.68495275+01 

0.07 

.40334909+01 

.68443509+01 

0.08 

.40425546+01 

.68391125+01 

0.09 

.40517394+01 

.68338014+01 

0.10 

.40610643+01 

.68234059+01 

0.11 

.40705496+01 

.68229130+01 

0.12 

.40802177+01 

.68173083+01 

0.13 

.40900930+01 

.68115760+01 

o.il* 

.41002028+01 

.68056981+01 

0.15 

.41105775+01 

.67996541+01 

0.16 

.41212513+01 

.67934211+01 

0.17 

.41322633+01 

.67869715+01 

0.18 

.41436579+01 

.67802741+01 

0.19 

.41554870+01 

.67732913+01 

0.20 

.41678108+01 

.67659780+01 

0.21 

.41607006+01 

.67582797+01 

0.22 

.41942415+01 

.67501286+01 

0.23 

.42085360+01 

.67414402+01 

0.21; 

.42237096+01 

.67321059+01 

0.25 

.42399178+01 

.67219835+01 

0.26 

.42573560+01 

.67108820+01 

0.27 

.42762739+01 

.66985368+01 

0.28 

.42969945+01 

.66645676+01 

0.29 

.43199405+01 

.66684037+01 

0.30 

.43456624+01 

.66491415+01 

0.31 

.43748431+01 

.66252597+01 

0.32 

.44081480+01 

.65940139+01 

0.33 

.44453201+01 

.65502166+01 

0.3U 

.44612629+01 

.64849944+01 

0.35 

.44974878+01 

.63925967+01 

0.36 

.44713742+01 

.62912076+01 

0.37 

.44071042+01 

.62130000+01 

0.36 

.43306223+01 

.61715592+01 

0.39 

.42628334+01 

.61579540+01 

O.liQ 

.42090850+01 

.61581145+01 
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Table  D-21 


Q 


0 

o.5 

3.10 


U®  C\J 
0.2$ 
0.30 
0.35 
0.1<0 
o.U5 
0.50 
o.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 

l.liO 

1.U5 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.95 

2.00 


THE  ROOTS  t1[Qexp(l300°)] 

Real  tx  Imag 


0.50939649E  00 
0.484258 1 7E- 00 
0. 45788710E-00 
0.4302 322 9E-00 
0.40124264E-00 
0. 37086708E-00 
0. 33905483E-00 
0. 30575553E-00 
0.27091953E-00 
0. 23449 802 E- 00 
0. 196443 19E “00 
0.156708 46E- 00 
0. 11524856E-00 
0.72019693E-01 
0.26979624E-01 
-0.19912204E-01 
-0.68694678E-01 
-0. 11940488E-00 
**0.1 72078  llE-00 
-0.22674790E-00 
-0.28344598E-00 
-0. 3422022 9E- 00 
-0. 403045 10E -00 
-0.46600099E-00 
-0. 53109486E  00 
-0. 59835024E  00 
-0. 66778903E  00 
-0.73943189E  00 
-0.81329826E  00 
-0.88940658E  00 
-0.96777467E  00 
“0. 10484203E  01 
-0.11313625E  01 
-0. 12166236E  01 
-0. 13042349E  01 
-0. 13942472E  01 
-0.14867578E  01 
-0.15819736E  01 
*■0.  16803730E  01 
-0.17831670E  01 
~;0. 18938587E  01 


0.88230059E  00 
0. 83875976E  00 
0. 79308371E  00 
0.74518418E  00 
0.69497262E  00 
0.64236061E  00 
0.58726015E  00 
0. 52958407E  00 
0.46924635E-00 
0.40616243E-00 
0.34024952E-00 
0.27142695E-00 
0.19961629E-00 
0. 1 24741 69E -00 
0 • 4673000 IE-01 
-0. 34489032 E-0 l 
-0.11898274E-00 
-0.20681539E-00 
-0.29804809E-00 
-0. 39273890E-00 
-0. 490942 80E-00 
-0.59271164E  00 
-0.69809435E  00 
-0.80713695E  00 
-0.91988255E  00 
-0.10363717E  01 
-0.11566425E  01 
-0. 12807303E  01 
-0. 14086686E  01 
-0.15404887E  01 
-0.16*62204E  01 
-0.18158925E  01 
-0. 19595339E  01 
-0.21071758E  01 
-0.22588560E  01 
-0.24146291E  01 
-0.25745891E  01 
-0.27389237E  01 
-0.29080495E  01 
-0.30829714E  01 
-0.3266 3264E  01 
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Table 

D-22 

THE  ROOTS 

[Qexp(i305°)] 

Q 

Real  t i 

Imag  1 1 

0 

0.50939649E  00 

0. 88230059E  00 

o.5 

0.488246 7 IE-00 

0. 83669402E  00 

0.10 

0.466262 14E-00 

0.78876795E  00 

0.15 

0.44341645E-00 

0.73842390E  00 

0.20 

0. 419683 18E- 00 

0.68556309E  00 

0.25 

0. 395035 82 E-00 

0. 63008691E  00 

0.30 

0.36944775E-00 

0. 57189726E  00 

0.35 

0.34289240E-00 

0. 51089697E  00 

o.Uo 

0. 31 53431 7E- 00 

0. 4469902 IE-00 

o.U5 

0. 28677358E-00 

0. 38008288E-00 

0.50 

0.25715727E-00 

0. 3 1008293E-00 

0.55 

0. 22 6468 02 E- 00 

0. 2369007 IE-00 

o.6o 

0.19467987E-00 

0. 1604492  IE-00 

0.65 

0. 161767 15 E-00 

0. 80644389E-01 

0.70 

0. 12770452E-00 

-0. 25946805E-02 

0.75 

0. 92 46707 7E-01 

-0.89345606E-01 

0.80 

0. 56030356E-01 

-0. 17968255E-00 

0.85 

0.18370441E-01 

-0.27367620E-00 

0.90 

-0.20536020E-01 

-0.37139367E-00 

0.95 

-0.6071 17 14E-01 

-0.47289844E-00 

1.00 

-0.10217869E-00 

-0. 57825056E  00 

1.05 

-0. 14495825E-00 

-0. 68750644E  00 

1.10 

-0.18907097E-00 

-0.80071922E  00 

1.15 

-0. 23453663E-00 

-0.91 793869E  00 

1.20 

-0.2813 74 19E -00 

-0. 103921146  01 

1.25 

-0. 329601 81 E-00 

-0. 1 1645809E  01 

1.30 

-0. 37 92 367 7E- 00 

-0.12940878E  01 

1.35 

-0 • 430295 50E -00 

-0.14277703E  01 

l.Uo 

-0.48279350E-00 

-0.15656637E  01 

1.U5 

-0. 53674508E  00 

-0. 1 707801 IE  01 

1.50 

-0. 59216332E  00 

-0.18542141b  01 

1.55 

-0.64905923E  00 

-0.20049318E  01 

1.60 

-0.70744068E  00 

-0.21599827E  01 

1.65 

-0.76730975E  00 

“0.23193938E  01 

1.70 

-0.82865708E  00 

-0.24831901E  01 

1.75 

-0.89145035E  00 

-0.26513918E  01 

1.80 

-0. 95560941E  00 

-0. 28240015E  01 

1.85 

-0. 10209555E  01 

-0.30009662E  01 

1.90 

-0. 10871132E  01 

-0. 31820671E  01 

1.95 

-0. 11533467E  01 

-0. 33666115E  01 

2.00 

-0. 12184072E  01 

-0. 35526696E  01 
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Table  D-23 

THlii  ROOTS  t1[Qexp(1310°)  ] 


4 


0 


Q 

o 

o.5 

o.io 

0.15 

0.20 

0.25 

0.30 

0.35 

o.Uo 

o.U5 

0.50 

o.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.U0 

1.1*5 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.55 

2.00 


Real 

0.50939649E  00 
0 • 492405 67E-00 
0.47500439E-00 
0. 457192 76E-00 
0. 438970 82E-00 
0. 420338 35E-00 
0.40129482E-00 
0.38183913E-00 
0.36196961E-00 
0.34168380E-00 
0.32097848E-00 
0. 2998494 8E-00 
0.27829172E-00 
0.256299 l 4E- 00 
0. 233864 72E-00 
0. 2 1098050E-00 
0. 18763766E-00 
0. 16382650E-00 
0.13953663E-00 
0.11475698E-00 
0.89475925E-01 
0.636814 16E- 01 
0.37361048E-01 
0. 10502201E-01 
-0.16907834E-01 
-0.448818 10E- 01 
-0. 73432 365E- 01 
-0. 10257192E-00 
-0. 13231253E-00 
-0. 16266576E-00 
-0. 193642 5 7E- 00 
-0.225253 04 E- 00 
-0.25750633E-00 
“0.29041 1 18E-00 
-0. 32 3977 3 IE- 00 
-0. 35822076E-00 
-0. 39317731E-00 
-0.42893478E-00 
-0 • 465704 64E- 00 
-0.50396582E  00 
-0.54473260E  00 


Imag 

0.88230059E  00 
0.83500167E  00 
0. 78527314E  00 
0. 73301307E  00 
0. 6781 1918E  00 
0. 62048927E  00 
0. 56002155E  00 
0.49661510E-00 
0. 4301 701 8E-00 
0. 36058863E-00 
0. 28777424E-00 
0. 2116330 6E -00 
0. 13207366E-00 
0.4900 7501 E-0 l 
“0. 376509 17E-01 
-0. 12798378E-00 
-0. 22206990E-00 
“0.31998455E-00 
“0.42179927E-00 
-0. 52758197E  00 
-0. 63739695E  00 
-0. 751304696  00 
“0. 86936221E  00 
-0. 99162298E  00 
-0.111813696  01 
-0. 12489508E  01 
-0.138410816  01 
-0. 15236495E  01 
-0. 16676124E  01 
-0. 1 8160316E  01 
-0. 19689389E  01 
-0. 21263628E  01 
-0. 22883283E  01 
-0.245485456  01 
-0.262595286  01 
-0.280162096  01 
-0.298183706  01 
-0. 31665549E  01 
-0. 33557170E  01 
-0.354933496  01 
-0. 37477726E  01 


* 


D—67 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


Table 

D-2k 

THE  ROOTS  t± 

[Qexp(i3l5°)  ] 

Q 

Real 

Iraag 

0 

0.50939649E  00 

0. 88230059E  00 

0.5 

0.49669862E-00 

0. 83369682E  00 

0.10 

0.48402 708 E- 00 

0.78263102k  00 

0.1$ 

0.47140844E-00 

0.72900476E  00 

0.20 

0 .458869236- 00 

0.672719216  00 

0.25 

0.44643567E-00 

0.61367548k  00 

0.30 

0.43413338E-00 

0. 551 77484E  00 

0.35 

0.42198709E-00 

0.48691906E-00 

O.liO 

0. 410020 37E-00 

0. 4 190 107 3E -00 

o.U5 

0.39825537E-00 

0. 34795349E-00 

0.50 

0. 38671260E-00 

0.27365240E-00 

0.55 

0. 375410 74E-00 

0.196014106-00 

0.60 

0. 36436646E-00 

0. 1 1494756E-00 

0.65 

0.35359431E-00 

0. 30363480E-01 

0.70 

0. 34310667E-00 

-0. 5782 462 3E -01 

0.75 

0. 33291370E-00 

-0. 14970052E-00 

0.80 

0. 32302330E-00 

-0. 245345 16E-00 

0.85 

0.31344124E-00 

-0.344836286-00 

o.  90 

0.30417116E-00 

-0. 4482 483 OE-OO 

0.95 

0.2952 14736-00 

-0. 55565240E  00 

1.00 

0.28657177E-00 

-0.6671 16186  00 

1.05 

0. 27 824040 E-00 

-0. 78270371E  00 

1.10 

0.27021722E-00 

-0.90247561k  00 

1.15 

0.26249748E-00 

-0. 10264889E  01 

1.20 

0.25507531E-00 

-0. 1 1547971E  01 

1.25 

0 .247943786-00 

-0. 12874503E  01 

1.30 

0.24109524E-00 

-0. 14244954E  01 

1.35 

0.234521 32 E-00 

-0. 15659760E  01 

1.1*0 

0.22821315E-00 

-0. 17119323E  01 

1.1*5 

0.22216141E-00 

-0. 1862401 7E  01 

1.50 

0. 2 1635631E-00 

-0.20174186E  01 

1.55 

0.21078748E-00 

-0.21770147E  01 

1.60 

0. 205443 71E-00 

-0.23412193E  01 

1.65 

0.20031247E-00 

-0.25100598E  01 

1.70 

0.19537951E-00 

-0. 26835637E  01 

1.75 

0. 19062 9 09 E-00 

-0.28617609E  01 

1.80 

0. 18604647E-00 

-0.304468936  01 

1.85 

0.  18162673E-00 

-0. 32324005E  01 

1.90 

0.  17739627E-00 

-0.34249634E  01 

1.95 

0.17345548E-00 

-0. 36224477E  01 

2.00 

0. 17003874E-00 

-0.38248476k  01 
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Table  D-25 

THE  ROOTS  t1[Qexp(i330°)] 


Q 

Real 

Iraag  t1 

0 

0. 50939649E 

00 

0.882300596  00 

0.5 

0.510002 12E 

00 

0. 83219077E  00 

0.10 

0. 51 187769E 

00 

0.7 79983066  00 

0.15 

0.51511170E 

00 

0. 72562680E  00 

0.20 

0.51979306E 

00 

0. 66907095E  00 

0.25 

0. 52601074E 

00 

0.61026385E  00 

0.30 

0. 53385338E 

00 

0.54915298b  00 

0.35 

0. 54340898E 

00 

0. 4856848 IE-00 

o.uo 

0. 55476443E 

00 

0. 41980458E-00 

o.U5 

0.56800520E 

00 

0.3514561 IE- 00 

0.50 

0.58321481E 

00 

0. 280581676-00 

o.55 

0.60047454E 

00 

0.20712193E-00 

0.60 

0.61986291E 

00 

0.131015846-00 

0.65 

0.64145532E 

00 

0. 52200682E-01 

0.70 

0.66532360E 

00 

-0 .293879046-01 

0.75 

0.69153564E 

00 

-0.11381571E-00 

0.80 

0. 72015504E 

00 

-0. 201 14993E-00 

0.85 

0. 75124077E 

00 

-0. 29 1458 7 7E -00 

0.90 

0.78484690E 

00 

-0.384811116-00 

0.95 

0.821022416 

00 

-0.48127632E-00 

1.00 

0.859B1107E 

00 

-0. 58092370E  00 

1.05 

0.901251306 

00 

-0.68382210E  00 

1.10 

0.94537632E 

00 

-0. 79003951E  00 

1.15 

0.99221415E 

00 

-0. 89964259E  00 

1.20 

0.10417877E 

01 

-0. 10126961E  01 

1.25 

0. 109411 55E 

01 

-0. 112926306  01 

1.30 

0. 11492 1 12E 

01 

-0. 12494035E  01 

1.35 

0. 12070847E 

01 

-0. 13731752E  01 

1.1»0 

0. 12677421E 

01 

-0.150063276  01 

1.U5 

0. 133118646 

01 

-0. 163182736  01 

1.50 

0. 13974176E 

01 

-0. 17668073E  01 

1.55 

0.14664335E 

01 

-0.190561766  01 

1.60 

0.15382298E 

01 

-0.204829996  01 

1.65 

0. 16128006E 

01 

-0.21948925E  01 

1*70 

0.16901387E 

01 

-0. 23454308E  01 

1.75 

0.17702358E 

01 

-0.249994686  01 

1.80 

0.18530831E 

01 

-0.26584703E  01 

1.85 

0.19386708E 

01 

-0.282102826  01 

1.90 

0.20269890E 

01 

-0.298764486  01 

1.95 

0.21 160280E 

01 

-0.315834316  01 

2.00 

0.221 17778E 

01 

-0. 333314316  01 

Table  D-26 


THE  ROOTS  tx [ Qexp ( I3k5° ) ] 


Q 


Real  t ^ 


Imag 


0 

o.5 

o.io 

0.15 

0.20 

0.25 

0.30 

o.35 

o.uo 

o.U5 

0.50 

o.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.1*0 

1.1*5 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.65 

1.90 

1.95 

2.00 


0.50939649E  00 
0.52313869E  00 
0.53902606E  00 
0.55715689E  00 
0.57763024E  00 
0.600546106  00 
0.62600543E  00 
0.65411032E  00 
0.68496415E  00 
0. 71867163E  00 
0.75533883E  00 
0.79507322E  00 
0.83798364E  00 
0.88418011E  00 
0.93377370E  00 
0.98687612E  00 
0.  10435994E  01 
0.L1040553E  01 
0.U683545E  01 
0.12366059E  01 
0.  13089158E  01 
0.13853861E  01 
0. 14661144E  01 
0.1551 191 7E  01 
0.16407014E  01 
0. 17347192E  01 
0.  183331086  01 
0. 19365325E  01 
0.20444301E  01 
0.21570391E  01 
0.22743854E  01 
0.23964852E  01 
0.25233468E  01 
0.26549710E  01 
0.27913523E  01 
0.29324803E  01 
0.30783417E  01 
0.322B9194E  01 
0.33841958E  01 
0. 35441513E  01 
0.37087664E  01 


0.88230059E  00 
0.83430852E  00 
0.78516090E  00 
0.73488475E  00 
0.68350731E  00 
0.63105556E  00 
0.57755590E  00 
0.52303369E  00 
0.467512766-00 
0.411014966*00 
0.35355965E-00 
0. 295163126-00 
0.235838096-00 
0. 17559306E-00 
0. 1 14431 70E -00 
0. 52 352 32 6E- 01 
-0.10652851E-01 
-0.745981426-01 
-0.13950493E-00 
- 0. 20 54021 2E-00 
-0.27232634E-00 
-0. 34032205E-00 
- 0. 40944 146E -00 
-0.47974406E-00 
-0.55129609E  00 
-0.624169486  00 
-0.698440896  00 
-0.77419027E  00 
-0.851499216  00 
-0.93044962E  00 
-0.10111220E  01 
-0.109359446  01 
-0.117794076  01 
-0. 12642302E  01 
-0. 1 3525265E  01 
-0.144288766  01 
-0. 15353658E  01 
-0. 16300070E  01 
-0. 17268525E  01 
-0. 18259376E  01 
-0.19272934E  01 
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Table  D*»27 

THE  ROOTS  t^CQexpdaSO0)] 


Q 

Real 

Imag  t1 

0 

0.5C939649E  CO 

0.88230059E  00 

0.5 

0. 52730741 E  00 

0.83578679E  00 

0.10 

0. S4752740E  00 

0.78851534E  00 

0.35 

0.57014437E  00 

0. 74053787E  00 

0.20 

0. 59524691 E  CO 

0. 691 9065CE  0C 

0.25 

0.62292461 E  00 

0.64267351E  00 

0.30 

0.65326834E  00 

0.592891 10E  00 

0.35 

0.68637057E  00 

0.54261092E  00 

o.Uo 

0.72232564E  00 

0.49188385E-0C 

0.U5 

0.76123014E  00 

0.44075949E-00 

0.50 

0. 8031 83 1 1 E  00 

0.38928573E-00 

o.55 

0.84828637E  00 

0.33750825E-00 

0.60 

0. 89664481 E  00 

0.28546997E-00 

0.65 

0.94836644E  00 

0.2332 1 036E-00 

0.70 

0. 1 0035627E  01 

0. 18076472E-00 

0.75 

0.1C623483E  Cl 

0. 12816345E-0C 

0.80 

0. 1 1 2484 14E  01 

0.75431076t-01 

0.85 

0.1191 1 632E  01 

0. 22S85367E-01 

0.90 

0. 1261 4375E  01 

-0. 30363645E-01 

0.95 

0. 13357901 E  01 

-0. 834 14733E-01 

1.00 

0.14 143480E  01 

-0. 13657641E-00 

1.05 

0. 14972385E  01 

-0. 18986784 E-00 

1.10 

0. 1 5845870E  01 

-0.24331959E-0C 

1.15 

0.16765160E  01 

-0. 2 969 74 09 E-00 

1.20 

0. 1 7731 429E  01 

-0. 35088566E-00 

1.25 

0.18745777E  01 

-0 .4051 2038 E-0C 

1.30 

0. 198092 1 3E  01 

-0.45975504E-00 

1.35 

0.2G922633E  Cl 

-0. 5 1487599E  OC 

1.1*0 

0.22086799E  01 

-C. 57057687E  CC 

1.U5 

0.23 302338E  01 

-0.62695663E  00 

1.50 

0.24569722E  01 

-0. 684 1 1 651 E  00 

1.55 

0. 25889280E  01 

-0. 742 15757E  00 

1.60 

0.272611 98E  01 

-0.801 17789E  OC 

1.65 

0. 28685538E  01 

-0. 06127046E  OC 

1.70 

0.30 162253E  Cl 

-0.92252108E  00 

1.75 

0. 31 691208E  01 

-0. 98500760E  OC 

1.80 

0.33272206E  Cl 

-0 .  1 040799OE  01 

1.85 

0. 3490 500 1 E  01 

-G. 1 1 1 39555E  01 

1.90 

0. 36589321  £  01 

-0. 1 18C5287E  01 

1.95 

0.36324884E  01 

-0.12485625t  01 

2.00 

0.401  1  1 4  0 1 E  01 

-0.131B0937E  01 
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Table  D-27  (Cont!d) 

THE  ROOTS  t1[Qexp(l350°)] 


Q 

Real 

Imag  1 1 

2.05 

0. 4194859ft 

01 

-0. 13891532E 

Cl 

2.10 

0.43336205E 

Cl 

-0. 14617665E 

01 

2.15 

C. 45  77 3977 E 

01 

-0. 15359551 E 

01 

2.20 

0.4776 l680t 

01 

-0.  16U7364F 

01 

2.25 

0. 497991 C3L 

Cl 

-C. 16391254E 

01 

2.30 

0.51886C44L 

01 

-C.  17681344E 

01 

2.35 

C. 54022331b 

01 

-C. 18437737E 

01 

2.1(0 

0. 562C7791 L 

Cl 

-0.  1 93 1 052 1 F 

Cl 

2.1(5 

C • 554422  0 1  £ 

Cl 

-C.2014977CL 

Cl 

2.50 

C.6C725667L 

01 

-0. 2 10G555C  6 

01 

2.55 

C. 63057818b 

01 

-0.218779146 

01 

2.60 

0.654386246 

Cl 

-C.  •  227669 1 GE 

01 

2.65 

0. 67867981  £ 

01 

-0  • 2367257V6 

01 

2.70 

0.703457936 

Cl 

-0.24594960C 

01 

2.75 

0.72871969E 

01 

1  -0. 25534081 E 

31 

2.80 

0. 754464 32E 

01 

-0.26489973E 

Cl 

2.85 

0. 73C69 1 C6fc 

01 

-0.27462660L 

Cl 

2.90 

C • 8C  739926L 

Ci 

-0. 28452 166E 

Cl 

2.95 

0. 8^450821 t 

Cl 

-0.294585096 

Cl 

3.00 

0.862257386 

01 

-C. 304817086 

Cl 

3.05 

0.8904C617L 

Cl 

-C.31521779E 

Cl 

3.10 

0.91 9034 21 t 

01 

-C.3257874CE 

01 

3.15 

0. 948 1 4C83t 

01 

-0.336525996 

01 

3.20 

0.977725706 

01 

-C. 347433726 

01 

3.25 

C.  lC077085t 

02 

-0. 358510726 

Cl 

3.30 

0.  103832866 

02 

-0.36975702E 

01 

3.35 

0.  IC693458E 

02 

-0.381172776 

01 

3.U0 

0.110003986 

C2 

-C.392758G6E 

01 

3.U5 

0.113281036 

C2 

-0 .4 045 1295 E 

01 

3.50 

0. 116525686 

C2 

-0. 4 1643751 E 

31 

3.55 

0.  1  1981792E 

A? 

W  l_ 

-0. 428a3 1 846 

01 

3.60 

0.123157726 

C2 

-Q.44079597E 

01 

3.65 

0.  1 26545066 

02 

-0.453229976 

01 

3.70 

C. 12997991 E 

02 

-C. 46583391  £ 

01 

3.75 

0.  133462256 

02 

-C . 47860783E 

Cl 

3.80 

C. 136992066 

02 

-C.49155176E 

01 

3.85 

0. 14056V31E 

C2 

-0. 50466578E 

Cl 

3.90 

C.  144194C 16 

02 

-0.51794992E 

01 

3.95 

0.147866116 

02 

-C.53140417E 

01 

U.oo 

0.151 58561 t 

c? 

-C.54502864E 

C  1 
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Table  D-28 


THE  ROOTS  t1[Qexp(l355°)l 


Q 

Real 

Imag  t1 

0 

0.50939649E  00 

0. 88230059E  00 

o.5 

0.53131361k  00 

0.83762775E  00 

0.10 

0. 55563027E  00 

0.79261623E  0C 

0.15 

0.58241783E  00 

0. 74733871 E  CO 

0.20 

0.61 1 74843E  OC 

0.70186862E  OC 

0.25 

0. 64369476k  00 

0.65628002E  CC- 

0.30 

0. 678331 C8E  00 

0.61 064740 E  CO 

0.35 

0. 71 573333E  00 

0.56504557E  00 

o.Uo 

0.75597963E  CC 

0.51 954938E  00 

o.h5 

0. 7V91 5C 78k  00 

0. 47423360 E-OC 

0.50 

0. 84533C74E  00 

C.42917255E-0C 

o.55 

0. 894607 140  00 

0.38443977E-00 

0.60 

G. 947071 84E  GO 

C. 3401 C768E-0Q 

0.65 

0.10028214k  Cl 

0. 2962470C E-OC 

0.70 

0. 1061 9577E  01 

0.25292611 E-OC 

0.75 

0.  1  1245885E  Cl 

0.210210416-00 

0.60 

0.  11 9082 77E  01 

0. 168 16 122 E-OC 

0.85 

0. 12607960E  01 

0.12683485E-OC 

0.90 

0.133462C9E  01 

0.8628 1 236E-0 1 

0.95 

0.141243696  01 

0.46542361E-01 

1.00 

0.14943855t  01 

0. 76506638 E-02 

1.05 

0.158C6143E  01 

-0 . 30 372 903 E- Cl 

1.10 

0.16712762E  01 

-0. 67520928E-01 

1.15 

0. 1 7665277E  01 

-0. 10380143E-00 

1.20 

0. 1 8665268E  01 

-0.1 3923989E-00 

1.25 

0.19714298k  01 

-0. 17388061E-00 

1.30 

0.2081 3680E  Cl 

-0.20778771 E-00 

1.35 

0. 2 1 965434E  01 

-0.241C4501 E-00 

1.U0 

G.23170245E  01 

-0.27375481 E-00 

1.U5 

0.24429415 E  01 

-0. 3060 35 42 E-00 

1.50 

0. 25743841k  01 

-0. 33801 726E-0C 

1.55 

0.271 14173E  01 

-0.36983784 E-00 

1.60 

0.2854C824E  Cl 

-0.40163629E-00 

1.65 

0.30023966k  01 

-0.43354771  E-CO 

1.70 

0. 31563564E  01 

-0.465698326-00 

1.75 

0.331594106  01 

-0.49820174E-00 

1.80 

0.34811168k  01 

-0.531 15678E  00 

1.85 

0.365184 19E  01 

-0. 56464661 E  00 

1.90 

0.38280699E  01 

-0. 59873942E  00 

1.95 

0.4C097535E  01 

-0. 63348979E  00 

2.00 

0.41968466E  01 

-0.66894055E  00 
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Table  D-28  (Cont^d) 
THE  ROOTS  tjJQexpUSSS0)] 


Q 

Real 

Imag 

2.05 

C .  *(  38930556 

Cl 

-0.7C5124908 

00 

2.10 

0.453709098 

C  1 

-0. 742068508 

CO 

2.15 

0.479G1667E 

01 

-C . 77979091 E 

00 

2.20 

0.49935CG8t 

01 

-C  •  8 183C736L 

00 

2.25 

0.52120642L 

C  1 

-0.357629408 

00 

2.30 

0. 54  3GR3198 

01 

-0.897766436 

DC 

2.35 

C. 5654781 36 

01 

-0.938725698 

00 

2.U0 

C. 58838923c 

11 

-0.980513036 

oc 

2.1(5 

0.61 10 1 4  7 1 E 

01 

-0.102313328 

01 

2.50 

0. 635753C 1 6 

01 

-C. 10665905E 

01 

2.55 

C.6602C263L 

01 

-0. 1 11G3878E 

Cl 

2.60 

0. 685 1 62320 

01 

-0. 1156C282E 

01 

2.65 

0.71063:938 

Cl 

-0. 12020140E 

01 

2.70 

0.7566C733C 

01 

-0.124884738 

Cl 

2.75 

C. 763C9060C 

01 

-C. 129652988 

Cl 

2.80 

0. 790C  79858 

01 

-0 • 1 34506348 

01 

2.85 

0.817574268 

0! 

-0. 1 3944490E 

01 

2.90 

0. 84557310C 

01 

-0.144468828 

Cl 

2.95 

C.R74C75740 

01 

-0. 1 4957820E 

01 

3.00 

C.903G81478 

01 

-0.154773128 

01 

3.05 

0.93258969E 

01 

-C. 16005369C 

01 

3.10 

C • 96260001 E 

01 

-C. 165419988 

01 

3.15 

C .9931  1  1  7BL 

01 

-0. 17C87206E 

Cl 

3.20 

C. 1C241245E 

02 

-C. 17641 00CE 

01 

3.25 

0. 10556330c 

02 

-0.  182033858 

01 

3.30 

0. 108765 16E 

>"•2 

-C. 187743688 

Cl 

3.35 

0. 112016518 

02 

-0.  193539528 

01 

3.1(0 

0. 1 1 53 1 781 L 

02 

-0. 199421448 

Cl 

3.1(5 

0. 1 18669C2E 

02 

-0.205389458 

Cl 

3.50 

0. 122C7C  11E 

02 

-0.211 44361 E 

01 

3.55 

0. 125521 068 

02 

-C. 217583958 

01 

3.60 

0. 12902185c 

02 

-0.22381 0508 

01 

3.65 

0. 13257243E 

C  2 

-C .230 1 2330E 

01 

3.70 

0.  1361*^2798 

02 

-0.23652238E 

01 

3.75 

0.139822918 

02 

-C.  24  3007  75  E 

01 

3.80 

0. 14352276E 

02 

-0.249579458 

01 

3.85 

0. 14727233C 

02 

-0.25623750E 

01 

3.90 

0.151C71608 

C2 

-0.2629819IE 

01 

3.95 

0. 1 54V2G54E 

02 

-0.269812718 

01 

U.00 

0.  1588  19158 

0? 

-0.276729938 

01 
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Table  D-29 


THE  ROOTS  tjjQexpUl6)] 


Q 

Real 

Imag 

0 

0.50939649E 

OC 

0. 88230059E  00 

o«5 

0.53586233E 

CO 

0. 84028906E  00 

0.10 

0.56473643E 

00 

0.79845038E  OC 

o«i5 

0. 5V6064  11 E 

OC 

0.75687S76E  OC 

0.20 

0.62989088E 

CO 

0. 71565741 E  00 

0.2$ 

0.66626280E 

CO 

0.67488857E  00 

0.30 

0.70522692E 

00 

0.63466366E  00 

0.35 

0.74683178E 

00 

0. 595C7831 E  OC 

O.lK) 

0.7911 2784E 

OC 

0. 55622942E  00 

Qjb$ 

0.83816805E 

00 

0.51821 530E  00 

0.50 

0.88800842E 

00 

0.481 13564E- 00 

o.55 

0.94070870E 

00 

0.44509 1 57  E-OC 

0.60 

C. 996333 1 ?E 

CO 

0.4 10 1 8563E-00 

0.65 

C.  1054  9512E 

01 

0. 37652 168L-00 

0.70 

0.111 66386E 

01 

0.34420469E-00 

0.75 

0.1181 4782E 

01 

0 . 3 1 334051 E-OC 

0.80 

C.12495613E 

Cl 

0.28403S36E-0C 

0.85 

0. 13209886E 

01 

0. 25639518E-00 

0.90 

0.13958719L 

01 

0.23052464E-0C 

0.95 

0.  14743352E 

01 

0.20652590E-00 

1.00 

0.  15565167E 

01 

C.  18449675E-00 

1.05 

0. 16425694E 

01 

0.16452830E-00 

1.10 

0. 17326630E 

01 

0.14670  191  L-C'C 

1.15 

0. 18269844E 

01 

0.  1  3100536E-0C 

1.20 

0. 19257376E 

01 

0. 11772807E-00 

1.25 

0.202V1422L 

Cl 

0. 10665561E-00 

1.30 

0.21 3743 12E 

01 

0.97863609E-01 

1.35 

0.22508450E 

01 

0.91311 55GL-G1 

i.Uo 

0. 236962 36E 

01 

0.86917552E-0I 

1.U5 

0.24939957E 

3! 

0.84555227E-01 

1.50 

0.2624 16S3E 

01 

0.84054349E-01 

1.55 

0.27602994t 

01 

0. 85206583E-01 

1.60 

0. 2902  5 1 46t 

01 

0. 87776831 E-Cl 

1.65 

0  •  30  5087 14E 

01 

0.915J9276E-01 

1.70 

0. 32053736E 

Cl 

0. 961 95456E- C 1 

1.75 

0. 33659750E 

01 

0. 101 59C86E-0C 

1.80 

0. 35325966E 

01 

0. 1075266CC-00 

1.85 

0. 3705 1 3 31 E 

01 

0.11 386447E-00 

1.90 

0.  38834761 E 

01 

0. 12050562E-00 

1.95 

C.4C675204L 

01 

0.  1273847CE-0C 

2.00 

0.4257 1 7 1 5£ 

01 

0. 13446207C-00 
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Table 

D-29  (Cont  d) 

THE  ROOTS 

Qexp (11°) 

Q 

Real  t i 

Imag  1 1 

2.0$ 

0  •  44  52  34861: 

01 

G. 1 41 H  591 E-n0 

2*10 

0. 46529R5GE 

01 

0. 1491357CE-GC 

2.15 

0.48590256b 

01 

G. 1 5671  743L.-0C 

2.20 

0.5C704252E 

01 

0. 16446042E-0C 

2.25 

C •  5287 1 4  72t 

G  1 

0. 1 7236555L-0G 

2.30 

0 • 55C9 1 6  G 1 L 

01 

0. 180434 13E-G0 

2.35 

0. 57  36433 1 b 

01 

0. 18866756E-0C 

2.10 

0.59689590E 

01 

C. 1 97C6707t-0C 

2.U5 

0.62067029E 

01 

0. 2C563369E-CC 

2.50 

0.64496528b 

01 

0. 2  1436831  L-00 

2.55 

0. 66977932b 

01 

0. 22327 1 62  E-00 

2.60 

0*6951 1 1 1 OL 

0  1 

0.2  3234427E-0C 

2.65 

0.72C95934L 

01 

0  •  24 1 58671  t-OC 

2.70 

0.  74  7322  96£ 

Cl 

G.25C99942L-0C 

2.75 

0*  77420 1  COL 

Cl 

0. 260582 77E-0C 

2.80 

0.80159245E 

91 

0.270337C7E-0C 

2.85 

C. 32949657b 

01 

0.200262636-30 

2.90 

C* 8579 126  It 

01 

0. 29035969b- 00 

2.95 

0.88633976b 

Cl 

C. 30C62846E-C0 

3.00 

0.91627748b 

01 

0 . 3 1 1069 1 7E- CC 

3.05 

0. 94622514b 

01 

0. 32168198E-GG 

3.10 

C. 97668222b 

:i 

C . 332467C6E-00 

3.15 

0. 10076481b 

02 

0. 34342454E-00 

3.20 

0. 10391225b 

02 

C. 35455458E-CC 

3.25 

0. 1C  71  10491 

02 

C.36585729E-0C 

3.30 

0. 11035948b 

02 

0. 37733276E-0C 

3.35 

0. 11365918b 

G2 

0.388981  ICE-00 

3.Uo 

0. 1 1 7GC988E 

02 

G.40C80243E-CC 

3.U5 

C. 12041062b 

C2 

0.4127968CL-0C 

3.50 

0.  1 2  386220b 

02 

C. 42496430 b-GC 

3.55 

0. 12736453b 

C2 

3. 4373050Cb-uC 

3.60 

0. 13091735L 

02 

0. 44981 898E-0G 

3.65 

0. 13452070b 

lz 

G.4625C629E-0C 

3.70 

0. 1 3317456b 

02 

0 • 47536698E-0C 

3.75 

0. 14 187891b 

02 

0.488401  1  1C- 00 

3.80 

0. 14563373b 

02 

0.501 6C875E  0C 

3.85 

C.  1 4 94  390C  t 

C  2 

C. 5 1498991 E  00 

3.90 

C.  1  53294  7Cb 

02 

0. 52854465E  00 

3.95 

0. 15720C80C 

C2 

0.54227304E  00 

a.oo 

C. 1611573ft 

0? 

0.556175086  0U 
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Table  D-29  (Cont:d) 
THE  ROOTS  t1  [Qexp(H°)  ] 


Q 

Real 

Imag 

2.0 

0.42570 1 73E 

01 

0. 134509416-00 

2.  i 

0.465292 186 

01 

C. 149157176-00 

2.2 

0.50703993E 

01 

C. 164469466-00 

2.3 

0.550914901: 

01 

0. 180437946-00 

2.4 

0.596895386 

01 

0. 1 9706874E-00 

2.5 

0.644965046 

01 

C. 214369106-00 

2.6 

0.695110986 

01 

0.232344656-00 

2.7 

0.74732292E 

01 

0. 250999636-00 

2.8 

0.801592446 

01 

0.270337196-00 

2.9 

0.857912586 

01 

C. 290359746-00 

3.0 

0.916277486 

01 

0.31 1069206-00 

3. 1 

0.976682206 

01 

0. 332467086-00 

3.2 

0. 103912256 

02 

0.354554606-00 

3.3 

0. 110359486 

02 

0 . 377332  78E-C0 

3.4 

0. 117009586 

02 

0.400802446-00 

3.5 

0. 123862286 

02 

0. 424964316-00 

3.6 

0.130917356 

02 

0.449818996-00 

3.7 

0. 138174566 

02 

0. 475366996-00 

3.8 

0. 145633736 

02 

0.501608766  CO 

3.9 

0. 153294706 

02 

0.528544686  00 

4.0 

0.161157306 

02 

0.556175096  00 

4.1 

0.169221406 

02 

0.584500286  00 

4.2 

0.177486906 

02 

0.6*3520536  00 

4.3 

0. 185953676 

02 

0.643236076  00 

4.4 

0. 194621626 

02 

0.673647116  00 

4.5 

0.203490656 

02 

C.70475381E  CO 

4.6 

0.212560706 

02 

C. 736556406  00 

4.7 

0.221831666 

02 

0.769054946  00 

4.8 

0.231303516 

02 

0.802249656  00 

4.9 

0.240976166 

02 

0.836140616  00 

5.0 

0.250849556 

02 

0.870727936  00 
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Table  D-30 

THE  ROOTS  t^[Qexp  (15°)  ] 


Q 

Real  t1 

Imag  tj 

0 

Q.6C939649C  CO 

0. 8 92 3 0059 C  CC 

0.5 

0.538714731:  CC 

0.942320C2C  OC 

0.10 

G. 570386930  CC 

0. 80284781 E  CO 

0.15 

C.60U43638L  00 

0. 76398256C  OC 

0.20 

G. 64G8942CE  CC 

0. 72582394E  OC 

0.25 

C. 67977976c  CG 

C.68847287E  00 

0.30 

C.72112C97L  CO 

G.652C3176C  OC 

0.35 

C. 764944 74t  CC 

0.616604756  CC 

0.U0 

C.31 12794CG  *K 

C •  58229791 1  CC 

0.I6 

C • 860 1 55  1  PE  CC 

C  .  5492 1 V65t  CG 

0.50 

G • 9 1  1 604 72t  00 

0.5  1  748G81  C  OC 

o.55 

0. 96566^698  CO 

C • 407  1 95 14E-0C 

c.6o 

C.  102237 1 5L  01 

D.45847946L-00 

0.65 

C.1GB17723E  01 

0.431 45397E-CC 

0.70 

G. 114391 54E  01 

0.40624256E-00 

0.75 

0. 12080571 L  01 

C.  332972966-00 

0.80 

G.  1 2 7666 1 5L  01 

0.  361  77697E-0C 

0.85 

C.13474C23E  Cl 

0.34279038E-0C 

0.90 

C.14211646E  Cl 

0. 326 1 5291 E-QG 

0.95 

G.14980470C  01 

G.  3 1 20C  776E-0C 

1.00 

C.15781645L  01 

G.3005C079E-3C 

1.05 

C. 1661 65 1 UE  01 

C  .  29 1  77903E-9C 

1.10 

C.17486645E  01 

0.28598859t-0C 

1.15 

C. 18393G7GE  Cl 

0 . 28 327 1 03E-00 

1.20 

0.  19 340325C  Cl 

L  .  28375841 E-CC 

1.25 

0.2C 32 84 85 E  Cl 

0.287566C9E-0C 

1.30 

0.21361 1  82E  01 

0.2947R282L-0C 

1.35 

0.2244161 1 L  01 

0.  30545802E-0C 

I.I1O 

G. 235732  32fc  Gl 

0.  3 1 958605E-0C 

1.U5 

0. 24759898E  01 

0.  337089246-00 

1.50 

C.260C5156L  Cl 

0.  35780281 C-CC 

1.55 

0.273124356  Cl 

0.38 1 467C1 0-00 

1.60 

0.28684420E  Cl 

0  •  4C  7  7  33  73t- OC 

1.65 

C.3C122749E  wl 

0. 436 19268L-0C 

1.70 

0. 31 627791 E  01 

0.4664 1569E-0C 

1.75 

0.  33 1 98686E  01 

0.49eO0924E-0C 

1.80 

G •  3483 3638b  01 

0.53C65798fc  00 

1.85 

0. 36530364L  01 

G.56414604E  OC 

1.90 

0. 3828654 1 E  01 

0 •  59R35336E  DC 

1.95 

0.4C 1001 19t  Cl 

0. 63323421 E  OC 

2.00 

C • 4 1 969465L  01 

C.66878983E  OP 
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Table  D-30  (Cont*d) 
THE  ROOTS  t1[Qexp(15°) ] 


Q 

Real 

Imag 

2.05 

0.438933666 

01 

0.70504472E 

0C 

2.10 

0. 4587C964  E 

01 

C.74203CC2E 

00 

2.15 

0.479G1648L 

01 

0.779774566 

00 

2.20 

0.499349816 

01 

0.818301586 

oc 

2.25 

0.52 120622E 

01 

0.057628236 

00 

2.30 

0.543083096 

01 

0.897767C5E 

0G 

2.35 

0.565478C7L 

Cl 

0.93872695E 

00 

2.U0 

0.588389196 

Cl 

0. 9805 1453E 

00 

2.U5 

C.61 1814696 

Cl 

0. 102313486 

01 

2.50 

0. 6357530CE 

01 

0. 1066592 1 6 

Cl 

2.55 

0.66G2C2596 

Cl 

C.  1  1108895E 

01 

2.60 

0.6851 6230E 

01 

0.  1  156030C  6 

01 

2.65 

0. 71C63G896 

01 

0. 12020159E 

01 

2.70 

0.7366G7296 

Cl 

0.  1 2488492  E 

01 

2.75 

G.763C90576 

01 

C. 129653196 

Cl 

2.80 

0.79CL79826 

Cl 

0. 134506546 

01 

2.85 

C. 817574226 

Cl 

0. 1 394451 1 E 

Cl 

2.90 

0. 84557308E 

01 

0. 1 4446905E 

Cl 

2.95 

0. 874075 70E 

01 

0. 149578426 

Cl 

3.00 

0.90 308 1426 

01 

0. 154773356 

01 

3.05 

0.932589666 

Cl 

0. 16005393F 

Cl 

3.10 

0.962599996 

Cl 

0. 165420236 

Cl 

3.15 

0.9931 11746 

Cl 

C. 170872326 

01 

3.20 

C. 1 C  24 1 2456 

02 

0. 17641027E 

Cl 

3.25 

0. 105563806 

02 

0.  182034146 

Cl 

3.30 

0. 1C8765  166 

02 

0. 187743966 

Cl 

3.35 

C. 1 12C 1651 L 

C2 

0. 193539826 

Cl 

3.U0 

0.11531 780t 

02 

C. 199421746 

01 

3J*5 

0. 1 1066901 C 

02 

0.205389776 

01 

3.50 

0.  122070  lot 

C  2 

0.211443936 

Cl 

3.55 

0. 125521C6L 

02 

C. 217584206 

01 

3.60 

0. 129021846 

02 

0. 2233  1C  85 6 

Cl 

3.65 

0.13257242c 

02 

C.23012366F 

01 

3.70 

C.  13617278E 

02 

0.236522746 

Cl 

3.75 

0. 139822906 

C  2 

C.243CC813E 

01 

3.80 

0.  143522756 

C2 

0.249579836 

01 

3.85 

0. 147272336 

02 

0. 25623789E 

Cl 

3.90 

0.15107159b 

02 

0 . 26298232  E 

Cl 

3.95 

G. 154920536 

62 

C. 269813126 

Cl 

U.00 

0. 158819146 

02 

0. 27673C35E 

01 
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Table  D-30  (Cont^d) 
THE  ROOTS  t1[  Qexp(i0°)  ] 


Q 

Real 

Imag 

2.0 

0.4 1969408E 

01 

C.66898I95E 

00 

2. 1 

0.45871055E 

01 

0.742101706 

CO 

2.2 

0.499b50206 

01 

0.818328306 

CO 

2.3 

0.54  3083 1 86 

01 

0.897778086 

CO 

2.4 

0.588369206 

01 

C.98051957E 

00 

2.5 

0.63575298E 

01 

0. 106659456 

01 

2.6 

0*685 16230E 

01 

0. 115603126 

01 

2.7 

0.736607316 

01 

0.124884996 

01 

2.6 

0.790079836 

01 

C. 134506586 

Cl 

2.9 

0.845573 10E 

01 

0. 144469066 

01 

3.0 

0.90308 I42E 

01 

0. 15477336E 

01 

3. 1 

0.96259997E 

01 

0.165420236 

01 

3.2 

0. 1024 1245E 

02 

C. 176410276 

01 

3.3 

0. 10876516E 

02 

0. I8774397E 

01 

3.4 

0.  1 153 178  IE 

02 

0. 19942174E 

01 

3.5 

0.  1220  701  IE 

02 

0.21 144393E 

01 

3.6 

0. 12902185E 

02 

C .2238 10846 

01 

3.7 

0.136 17279E 

02 

C.23652274E 

01 

3.8 

0. 14352276E 

02 

0.24957964E 

Cl 

3.9 

0. 151071 60E 

02 

0.26298232E 

01 

4.0 

0.156819146 

02 

C.27673034E 

01 

4.  1 

0. I6676527E 

02 

0. 290824086 

01 

4.2 

0. I7490985E 

02 

0.30526365E 

01 

4.3 

0. 183252796 

02 

0.320049  I7E 

01 

4.4 

0.191793986 

02 

C.33518074E 

01 

4.5 

0.200533346 

02 

C.35065846E 

01 

4.6 

0.20947078E 

02 

C. 3664824 1 E 

Cl 

4.7 

0.216606236 

02 

0 . 38265266E 

01 

4.6 

0.227939646 

02 

0.399169296 

01 

4.9 

0.2374709  IE 

02 

0.416032346 

01 

5.0 

0.2472000  1  E 

02 

0.433241896 

01 
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Table  D-3I 

THE  ROOTS  tjjQexpdlO0)  ] 


Q 

Real 

Ixnag 

0 

G. 50939649b  CC 

0. 88230059C  00 

o.5 

0.5L205377E  rG 

0. 8451 2601 F  OC 

0.10 

0. 676932  lit  GO 

0.808861 13C  OC 

0.15 

0.6  1 40 30 .35 1  '.C 

0. 77360766b  CG 

0.20 

0. 65  334666  b  CC 

0.7 3946831 1  OC 

0.25 

0.69437895b  CC 

C.7065471CE  OC 

0.30 

G.738625C6E  OC 

0.6 7494974E  OG 

0.35 

C • 784582 98b  CC 

C • 64478402E  OC 

0.U0 

C.  832751 10E  OC 

G.61616C22E  OC 

0.U5 

0. 88  31 28  55E  C  O 

C.53919162L  OG 

0.50 

C.93S71553E  CC 

0.56399497E  00 

0.55 

C.99051370E  OC 

0.540691  HE  00 

0.60 

G. 10475266b  01 

C. 5  1940558E  CO 

0.65 

G.11067604C  01 

0. 50G26932E  00 

0.70 

G.ll682244t  Cl 

C  .  48341 949E-CG 

0.75 

0. 1231 931 8L  01 

G.4690CC29E-OC 

0.80 

C.  129790 10E  01 

C.45716406D-00 

0.85 

0.  1  3661 5711-  Cl 

0. 4480 7230 E- 00 

0.90 

0.  1 4 36 73 30 L  ?1 

0.441 89689E-0C 

0.95 

0.15096724E  Cl 

0 .43882 1 43E-0C 

1.00 

0.  1  595G32 1 F  Cl 

C.439C4270E-00 

1.05 

0.16628863E  01 

0.442 77 193F-0G 

1.10 

0.  1 74333 1  1 L  Cl 

0. 4  5023623L-0C 

1.15 

C.  18264917E  Cl 

C.46167929F-0C 

1.20 

C . 19 12530 1 t  01 

0. 47736143 E~ 00 

1.25 

0.2C016582F.  01 

0. 49755768E-0C 

1.30 

G. 20941512b  01 

G.5225526CL  00 

1.35 

0.21 90366BE  01 

0.55262919L  OC 

1.10 

0. 22907673E  01 

0. 58834732E  00 

1.U5 

0.23959403L  01 

0.629C06C7E  GO 

1.50 

G.25C661C8E  01 

C •  67558241 E  00 

1.55 

0.26236220L  01 

0.72764245L  00 

1.60 

0. 27478562 E  01 

G. 78473941 F  00 

1.65 

0.  2880  0628 1  'Jl 

0 •  346u4859E  OC 

1.70 

0.3C2C6237E  Cl 

C.91042999E  00 

1.75 

C.31693781E  01 

C.97667549E  OC 

1.80 

C. 33256678b  01 

C.1043B470E  01 

1.85 

0. 34886098E  01 

0. Ill 14877E  01 

1.90 

0.36574C47E  01 

0. 1 1 7V5870L  01 

1.95 

0.3831SG36E  Cl 

C.  12483915E  01 

2.00 

0.40106160E  01 

0.13182141E  01 

c 
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Table  D- 3I  (Gont'd) 
THE  ROOTS  [  Qexp(ilO°) ] 


Q 


Real 


Imag 


2.05 

2.10 

2.15 
2.20 

2.25 
2.30 

2.35 
2.1*0 

2. U5 

2.50 

2.55 
2.60 
2.65 
2.70 

2.75 
2.80 

2.85 

2.90 
*•95 
3.00 
3.05 
3.10 

3.15 
3.20 

3.25 
3*30 

3.35 

3. U0 
3*U5 

3.50 

3.55 
3*60 
3*65 
3.70 

3.75 
3.80 

3.85 

3.90 
3.95 
U.00 


0.41 946356E  01 
0.438355346  01 
C*. 45773943t  Cl 
0.477618C3E  01 
C. 497992096  01 
C.51806G96L  01 
C.54022343E  01 
C. 56207737b  01 
0.58442272c  01 
0.6C725658E  01 
C.63057306E  Cl 
C.6543861SL-  Cl 
0.67367V71c  01 
0.7C345782E  01 
0.728719586  01 
0.7544 64 22L  01 
0.78C69095E  Cl 
C. 307399 lit  Cl 
G. 834588106  01 
0.86225725E  01 
C.8904C6C6E  91 
C . 9 1 90  3404 1  01 
C.94814C69L  01 
C.97772560E  01 
C.1C077083L  02 
C.  103832  84t  €2 
0.  106934 56t  C2 
C. 110083976  9? 
G. II 32810 It  02 
w. 1 1652566E  02 
0.11901 791  £  02 
0. 1231 5771 t  02 
C. 126545C4C  C2 
0.12997V896  ^2 
0. 13346224E  02 
0. 1 36992G4E  C2 
0.1405693CE  02 
0. 1441 9398E  02 
0.14786609E  02 
0. 15158559E  02 


0.1 3893206 E  01 
0.1 4618903E  01 
C. 1 5360238E  01 
0  •  1  6 1 1 7664 E  01 
0.1 6891 357C  01 
C.  1 768 1 371 L  Cl 
0. 1 8487749E  01 
0. 1931G535E  01 
0.201497906  01 
0.2 10C5574L  Cl 
0.2  18779386  01 
C.22766937C  Cl 
C.23672608E  01 
C.24594988E  Cl 
0.25S341 1 1 E  01 
C. 264900046  Cl 
C.27462692L  Cl 
0.284521996  01 
0.294585446  01 
0.30481744E  01 
0.315218176  Cl 
0.525787781  01 
0.  33652639C  01 
C. 347434156  01 
0. 3585 1 1 1 1 E  01 
0.36975745E  01 
0.381173226  01 
0. 39275852L  01 
0. 4045 1 3436  Cl 
0. 4 1 643800E  Cl 
0. 42853235E  01 
0.44079649E  01 
0.4532305GE  01 
0. 46583445E  01 
0.4786083R6  Cl 
0.491552346  01 
G.5C466637E  01 
0. 5 1795051 E  01 
0. 5314G481 E  01 
0.545G2928E  01 
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Table  D-31  (Cont‘d) 
THE  ROOTS  tjJQexpdlO0)} 


Q 

Real 

Imag 

2.0 

0.40 I09725E 

01 

0. 131812976 

01 

2.1 

0.43836296E 

01 

0. 14618231 E 

01 

2.2 

0.4776 1938E 

01 

0.161 175 14E 

01 

2.3 

0.5188616  IE 

01 

0.  17681370E 

01 

2.4 

0.56207831E 

01 

0. 19310543E 

01 

2.5 

0.60725679E 

01 

0.21005576E 

Cl 

2.6 

0.65438627E 

01 

0.22766938E 

01 

2.7 

0.70345789E 

01 

C.24594989E 

01 

2.8 

0.75446427E 

01 

0.26490004E 

01 

2.9 

0.807399 1 5E 

01 

0.28452198E 

01 

3.0 

0.86225725E 

01 

0.30481744E 

01 

3.1 

0.9 1903404E 

01 

0. 32578778E 

01 

3.2 

0.97772562E 

01 

0. 347434 I4E 

01 

3.3 

0. 10383284E 

02 

0.36975745E 

01 

3.4 

0. 1 1008397E 

02 

0.39275853E 

01 

3.5 

0. 1 1652566E 

02 

C.4  1643800E 

01 

3;6 

0. 123I5771E 

02 

0.44079649E 

01 

3.7 

0. 12997989E 

02 

0.46583445E 

01 

3.8 

0. 1 3699204E 

02 

0.49  I55234E 

01 

3.9 

0.144 19399E 

02 

C. 5 179505  IE 

01 

4.0 

0.15 158559E 

02 

0.54502928E 

01 

4.  1 

0.159 I6672E 

02 

0.57278895E 

01 

4.2 

0. I6693725E 

02 

0.60 122977E 

01 

4.3 

0. 1 7489709E 

02 

C.63035199E 

01 

4.4 

0. 183046 1 5E 

02 

0. 6601 5578E 

01 

4.5 

0.191 38432E 

0? 

0.69064 I33E 

Cl 

4.6 

0.19991153E 

02 

0.72 180882E 

01 

4.7 

0.20862772E 

02 

C.75365836E 

c  1 

4.8 

0.2 175328  IE 

02 

0.786190I5E 

01 

4.9 

0.22662675E 

02 

0.8 1940422E 

01 

5.0 

0.23590948E 

02 

C.85330077E 

01 
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Table  D-32 

THE  ROOTS  t1  [Qexp(il5°)  ] 


Q 

Real 

Iraag  1 1 

0 

0. 509396U9£ 

00' 

0.882300596 

OC 

0.5 

0.5451  1897E 

ci 

0.848204696 

OC 

0.10 

0.582862200 

cc 

0.91538835k 

cc 

0.15 

0.62259S59O 

oc 

0.7839494CE 

oc- 

0.20 

0. 6642  9963E 

oc 

0.75398639E 

cc 

0.25 

0.7C  793594L 

c: 

C. 725599056 

oc 

0.30 

0.753477350 

jC 

0. 69R8887C  E 

cc 

0.35 

0. 3C  0892  856 

oc 

0 .6739 58 64 C 

cc 

0.1*0 

0.850150  820 

cc 

0.650914786 

cc 

0.U5 

G. 90  121883k 

cc 

0.629866C9L 

Ok 

0.50 

0.954063380 

00 

0.6  1C92S256 

cc 

o.55 

0.  10086322E 

01 

D.5942094CF 

oc 

0.60 

0. 1 064  94  99 L 

01 

0.57984C876 

cc 

0.65 

0.  1  1229222k 

Cl 

0. 56794B 18k 

oc 

0.70 

C. 1 1825342E 

01 

0.55866706k 

oc 

0.75 

0. 12437510E 

01 

0.552 14 176F 

oc 

0.80 

C. 13065375C 

Cl 

0.548526566 

r  r 

W  V- 

0.85 

0. 137C0597L 

Cl 

0.5479875BL 

oc 

0.90 

0. 143668410 

01 

0.5507^5046 

•  L 

0.95 

C. 15039796c 

c  1 

C. 55637594E 

oc 

1.00 

0. 157271 77l 

0-1 

0. 56671 755k 

cc 

1.05 

C. 16428749k 

01 

0. 58047155k 

cr 

1.10 

0.  171443500 

c  1 

O.S704O963L 

c-o 

1.15 

C. 17873929C 

01 

0.62C84026E 

oc 

1.20 

0. 13617604k 

01 

0.648117976 

OC 

1.25 

C. 193757560 

•:i 

0 . 680655306 

oc 

loo 

C.2C  1491  75fc 

01 

C. 718938196 

oc 

1.35 

C • 2C9393 1 1 L 

01 

0.763547006 

cc 

1.1*0 

0.21 7486810 

Cl 

0.8151 3227L 

cc 

1.1*5 

0.22581613k 

01 

C.8746943C6 

oc 

1.50 

0.23445567k 

Cl 

0.943106676 

00 

1.55 

0. 24353559k 

01 

0.  102158856 

01 

1.60 

0. 253283086 

Cl 

C.  1  11 123406 

01 

1.65 

0. 264C  7389k 

Cl 

0.  12122399L 

Cl 

1.70 

0.276396736 

ul 

0. 13218964C 

01 

1.75 

0. 2VC487  1 1 L 

01 

0.  14330178E 

01 

1.80 

C.3G5893C90 

Cl 

0. 15385686L 

01 

1.85 

0. 32189775k 

r\ 

0.  16378651 E 

01 

1.90 

0.3381  15716 

01 

0.  173421036 

Cl 

1.95 

0.  3t»44806?E 

Cl 

0.183079666 

01 

2.00 

Ci3710634Cfc 

01 

0. 19295880E 

Cl 
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Table  D-32  (Cont'd) 
THE  ROOTS  t1[  Qexp(il5°)  3 


Q 

Real 

Imag 

2.05 

0. 38796823b 

Cl 

0.203147846 

01 

2.10 

Cl.  40528535E 

01 

0.213662686 

01 

2.15 

0.42  307C68E 

01 

0. 22447891 E 

Cl 

2.20 

0.44I34344L 

01 

0.235561416 

Cl 

2.25 

0.460097V6t 

01 

0.24688467E 

01 

2.30 

0.47932C09E 

01 

0. 25843885E 

01 

2.35 

C-.49399842L 

Cl 

0.270225156 

01 

2.  IjO 

G.51V127SG6 

Cl 

0.282240526 

01 

2.U5 

0. 539706086 

01 

0.29451 295E 

01 

2.50 

0.560734256 

01 

0.307020336 

01 

2.55 

0.5822 1 1 70E 

Cl 

0.319771226 

Cl 

2.60 

0.6L413779E 

01 

0.332765946 

01 

2.65 

0.626511536 

01 

0.34600480E 

01 

2.70 

0.64933200E 

01 

0.359488206 

01 

2.75 

0.672598416 

01 

0.373216616 

01 

2.80 

G.69631CC7E 

01 

0. 387 1 9041 E 

Cl 

2.85 

G.72046623L 

01 

0.401409896 

01 

2.90 

0.745066426 

01 

C. 4 1 587542E 

01 

2.95 

0.77C1C9V4E 

01 

0.430587196 

01 

3.00 

0.795596296 

01 

0.445545516 

01 

3.05 

0.821524976 

01 

0. 46075056E 

01 

3.10 

0.847895596 

01 

0.47620259E 

01 

3.15 

0. 87470762E 

01 

0.49190 1716 

01 

3.20 

0.901960656 

01 

0.507848156 

01 

3.25 

0.929654376 

01 

0.52404206E 

01 

3.30 

0.95778836C 

01 

0. 54048553E 

01 

3.35 

0.986362326 

Cl 

0. 557 17278E 

01 

3.b0 

0.  101537596 

02 

0. 57410986E 

01 

3.U5 

0. 104482886 

C2 

0.591294896 

01 

3.50 

0. 107472086 

02 

0.608728016 

01 

3.55 

0.110505166 

02 

0.62640929E 

01 

3.60 

0. 113582106 

02 

0.6443:8846 

01 

3.65 

0. 11670288E 

02 

0.662516736 

01 

3.70 

0.119867466 

02 

0.680943036 

01 

3.75 

0.123075836 

02 

0.69961782E 

01 

3.80 

0. 126327976 

02 

0.718541 19E 

01 

3.85 

0. 12962386E 

02 

0. 73771 320E 

01 

3.90 

0. 13296349E 

02 

0.75713386E 

01 

3.95 

0. 136346826 

G2 

0.77680326E 

01 

U.00 

0. 139773886 

02 

0. 79672 150E 

01 
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Table  D-32  (Cont'd) 
THE  ROOTS  t1  [  Qexp  ( 1 1 5°  j ] 


Q 

Real 

Imag 

2.0 

0.37096836E 

01 

0.  19283783E 

01 

2.  1 

0.40523782E 

01 

C .2 1 367379E 

Cl 

2.2 

0.44134422b 

G  1 

C.23557464E 

01 

2.3 

0.479324 1 3E 

01 

C. 25843836E 

01 

2.4 

0.519 12767E 

01 

0.28224722E 

01 

2.5 

0.560734  I0E 

01 

0.3C7C20  1  IE 

01 

2.6 

0.604 1 3782E 

01 

C.33276586E 

Cl 

2.  7 

0.64933203E 

01 

C. 35948814b 

01 

2.8 

0.6963100/E 

01 

0.38  7  19036E 

01 

2.9 

0.74506642b 

01 

0.4  1587537E 

01 

3.0 

0.79559632b 

Cl 

0.44554549E 

01 

3.  1 

0.84789559E 

01 

0. 47620255b 

01 

3.2 

0.90 196066E 

01 

0. 507848  I4E 

01 

3.3 

0.95778836b 

Cl 

0 . 54048353E 

01 

3.4 

0.10153759b 

G2 

C. 57410984b 

01 

3.5 

0.  10747208E 

02 

0.60872801b 

Cl 

3.6 

0.  11358210b 

02 

0.64433B82E 

01 

3.7 

J.  1 1986746E 

02 

0.68094302E 

01 

3.6 

0.12632797b 

02 

C. 718541 19b 

01 

3.9 

0.13296349E 

02 

C. 75713386b 

Cl 

4.0 

0.  I3977308E 

02 

0 . 79672 1 50E 

01 

4.1 

0. 146759C0E 

02 

0.83730450b 

01 

4.2 

0. 1539  187/E 

02 

C.87888329E 

01 

4.3 

0-16 125306E 

02 

C. 92145818b 

01 

4.4 

0. 168761 80E 

02 

0.96502946E 

01 

4.5 

0. 17644489E 

G2 

C. 10095973E 

02 

4.6 

0. I8430226E 

02 

C. 10551621b 

02 

4.7 

0.19233384b 

02 

C.  1  1017240b 

C2 

4.8 

0.20053958E 

02 

0. 1 1492632E 

02 

4.9 

0.2089 1 940E 

02 

C. 1 1 978399E 

02 

5.0 

0.21 747325E 

02 

C.  12473942b 

02’ 

{ 


i 


| 


1 


» 
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Table  D-33 

THE  ROOTS  t± [ Qexp (120°)] 


Q 

Real 

Imag  t1 

0 

0.SG939649E 

CO 

0.882 300 59 E 

or 

o.5 

1.547889258 

00 

0. 851 52842C 

00 

0.10 

1.58814208E 

GO 

0.822363118 

GC 

O.is 

0. 6301 C2  96E 

CC 

0. 79489 1 85E 

or 

0.20 

0.673718708 

00 

..7692C222E 

CC 

0.25 

0.718934788 

00 

0. 7453R2S5E 

CC 

0.30 

0.765695258 

00 

0 • 72352232  E 

CO 

0.35 

0.813942548 

GC 

0.70371262L 

DC 

0.1*0 

0.863617268 

no 

0. 686C4656E 

OC 

0.1*5 

0.91465793c 

oo 

0.67061978E 

rn 

'j  • 

0.50 

0.96700C838 

GO 

0. 65753 1 07E 

GC 

o.55 

0. 102057958 

Cl 

0.O4688294E 

OC 

0.60 

0. 107532468 

C  1 

0. 63378234  E 

nr 

J 

0.65 

0. 1 131 1634C 

01 

0.63334156L 

00 

0.70 

C. 1 188C1918 

Cl 

0. 6306791 1  £ 

OC 

0.75 

0. 12458I03L 

Cl 

C.6  3C92C95F 

OC 

0.80 

0. 13044506c 

81 

0. 6342C 1 85E 

OG 

0.85 

0. 136384728 

Cl 

0.64C667G9E 

OC 

0.90 

0. 14239CC28 

C  1 

0 • 65C47454  C 

CC 

0.95 

0. 1434SCG9L 

01 

C.66379725E 

CC 

1.00 

0. 1 S4553C  4t 

<'l 

0. 68082676E 

OG 

1.05 

0.160605738 

G  1 

0. 70 1 777  33E 

A," 

4  W 

1.10 

0. 166833438 

Cl 

0.72O39169E 

CC 

1.15 

0. 1 7297951 C 

'1 

C . 75644836L 

r,  f*. 
U  V 

1.20 

C. 179104848 

C  1 

0. 7  90  7721 3  E 

OC 

1.25 

0.195187:68 

Cl 

3.93024863E 

JO 

1.30 

0.  191  199  38*. 

8  1 

C.075 J4557L 

CC 

1.35 

0. 1 971 0398 t 

C  1 

C.92664495L 

CC 

1.1*0 

0.202874098 

Cl 

0.984894038 

00 

1.U5 

0. 2084  39 1 36 

01 

0.  10510906E 

J 1 

1.50 

0.213725538 

i  1 

0.1  1266363t 

01 

1.55 

0.219611698 

C  1 

0. 12136395L 

01 

1.60 

0.222381938 

01 

0.  1 31 55930  E 

Cl 

1.65 

0.226C53138 

01 

C. 1439 184? E 

01 

1.70 

C. 226385308 

01 

C. 15999239L 

Cl 

1.75 

0.217358038 

01 

0.  1713255CE 

01 

1.80 

0.203102668 

Ci 

0. 17349278E 

Cl 

1.85 

0. 195989428 

01 

0.  1  7546788E 

01 

1.90 

C. 19061477L 

01 

C.  176734V1L 

Cl 

1.95 

0. 186293716 

01 

0.  17769817E 

01 

2.00 

0. 102681738 

01 

0.  17849336E 

0) 
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Table  D« 


THu;  ROOTS 

Q 

Real 

2.05 

0. 

1 7958205C 

r 

2.10 

0. 

1 7687G99t 

n 

2.15 

0. 

1 7446566t 

0 

2.20 

0. 

1723C751E 

0 

2.25 

i#  • 

1 7035351 t 

r\ 

J 

2.30 

0. 

168571C7E 

V 

2.35 

0. 

166934VGL 

0 

2.1*0 

0. 

165424886 

c 

2.1*5 

j. 

16402481c 

0 

2.50 

c. 

16272143b 

2.55 

0  . 

1 6 1 50365E 

2.60 

0. 

16U36223L 

2.65 

0. 

15920932E 

0 

2.70 

0. 

15R27R18E 

c 

2.75 

0. 

1 57323C3E 

p 

2.80 

0. 

15641R80E 

/> 

2.85 

0. 

155561 12t 

c 

2.90 

0. 

154746 C9E 

c 

2.95 

0. 

1 5  397C31 E 

0 

3.00 

0. 

1 5  32  30  74  E 

0 

3.05 

0. 

15252466E 

c 

3.10 

§ 

0. 

1 5  184965L 

c 

3.15 

a. 

1 6 1 20351 t 

'j 

3.20 

0. 

1 50584 34L 

o 

3.25 

c. 

1499VC27L 

l" 

3.30 

0. 

1  4  94  1 V  72t 

0 

3.35 

0. 

1 4887 1 2 1 L 

o 

3.1*0 

0. 

l4fi3454Cfc 

w 

3.U5 

i  . 

147835C6L 

J 

3.50 

0. 

14  7345C2L 

r 

3.55 

0. 

14687229E 

V 

3.60 

0. 

1464158VE 

0 

3.65 

0. 

145V7493L 

0 

3.70 

0. 

1 4  554863t 

0 

3.75 

0. 

1451  3617E 

0 

3.30 

V#  • 

1 4473687E 

0 

3.85 

0. 

1 4435CC9L 

o 

3.90 

c. 

14397521 L 

o 

3.95 

0. 

14361165C 

** 

1.00 

C  • 

1 4  325C89C 

u 

■33  (Cont  *d) 
;1[Qe:cp(i20°)] 


Imag  t^ 

C.17918021E  Cl 
O.1797099RE  Cl 
0.1RC34  106E  Cl 
0.1 8084 536L  31 
u. 181 51 100E  Cl 
0.19 1 74394L  01 
0.182 1 4867E  01 
0. 1 8252864E  01 
C •  1 8288672 C  01 
0. 1 8 322 5 17 1  01 
0.  1  8354592E  01 
C .  1  8385C62E  )1 
C .  1 841 4C64E  01 
0.18441720E  01 
0.18463135C  Cl 
0.184934036  01 
G.185176C4E  Cl 
0.  185408  1 7 1  01 
0.18S63104E  01 
0.18584526E  01 
0.1860513RE  Cl 
C.18624907E  31 
0.186441196  31 
3. 1 8662579E  Cl 
0.1 8630 399E  Cl 
C.l 86976 16L  Cl 
0.18714263F  01 
0.18730369L  Cl 
0 . 1 87459636  Cl 
0.13761C65E  Cl 
0.1 87757C6C  "1 
0. 187899046  01 
0. 18803681 L  *1 
0.188 17066E  Cl 
C.  188500476  01 
C.18R42673E  Cl 
C.  18B54943E  01 
0. 1 8866882E  01 
0.1 8B78496C  01 
C. 1 8809805E  01 


Table  D-33  (Cont'd) 
THE  ROOTS  [Qexp (120°) ] 


Q 

Real 

Imag 

2.0 

0.33I04712E 

01 

C.24694440E 

01 

2.  1 

0.3599G214E 

01 

C .274076196 

01 

2.2 

0.391908866 

01 

0.30292844E 

01 

2.3 

0 • 42577693E 

01 

0.332219416 

01 

2.4 

0.460871 71E 

Cl 

0.362693696 

01 

2.5 

0.49759050E 

01 

0.394572566 

01 

2.6 

0 • 53594987E 

01 

C. 427669446 

Cl 

2.7 

0.575875b6E 

01 

0.4620  1694E 

01 

2.8 

0.61  738424E 

01 

C.49763100E 

01 

2.9 

0 .660467946 

01 

C.53450790E 

01 

3.0 

0. 705122256 

01 

0.572652156 

01 

3.  1 

0.751  34376E 

Cl 

0.61 206563E 

01 

3.2 

0.799129096 

01 

C. 652750216 

01 

3.3 

0.848475396 

01 

C. 694707466 

Cl 

3.4 

0.899380126 

01 

0.737938776 

Cl 

3.5 

0 . 95  1 84  1 0  1 E 

01 

0 . 78244522E 

01 

3.6 

0.  1 005856  IE 

02 

0.828227816 

G  1 

3.7 

0.  106142366 

02 

C.87528755E 

01 

3.8 

0.  1  1  185418E 

02 

0.923625086 

01 

3.9 

0. 1  1772093E 

02 

0.973241  106 

01 

4.0 

0.  123  74249E 

02 

C. 102413616 

02 

4.  1 

0. 129918736 

02 

0. 107631 08E 

02 

4.2 

0. 1 3624956E 

02 

0. 112976566 

02 

4.3 

0. 1 4273486E 

02 

0. 1 I8450C8E 

02 

4.4 

0. 14937457E 

02 

0.124051706 

02 

4.5 

0. 156J6859E 

02 

0. 129781436 

02 

4.6 

0. 163115656 

02 

0.  135639316 

02 

4.7 

0. 170219296 

02 

0. 14162537E 

02 

4.8 

0. 1 7747585E 

02 

C. 147739656 

02 

4.9 

0. 16488649E 

02 

C. 15396215E 

02 

5.0 

0. 192451126 

02 

0. 160352896 

C  2 

I 
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Table  D-3I4. 

THE  ROOTS  t^QexpdJjii0)] 


■^MWW 


Q 

Real 

Imag 

0 

0.509396496 

CO 

0.082300590 

OC 

o.5 

0 • 55659781 L 

00 

0. 86995077E 

00 

0.10 

0.60378324E 

00 

0 . 859942 1?E 

OC 

0.15 

0.65085455E 

00 

0. 85225192L 

OC 

0.20 

0.697713456 

00 

0.84685599b 

0C 

0.25 

0  •  744261  32 E 

00 

0. 84372834  E 

00 

0.30 

0.790399C6E 

00 

0.842840940 

OC 

0.35 

0 • 856C268GE 

CO 

0.844163310 

CO 

O.ltO 

0.801043786 

00 

C. 84766213b 

00- 

o.U5 

0. 925343 16E 

CO 

0.853300800 

oc 

0.50 

0.96883687E 

00 

0.861038950 

00 

0.55 

0. 101 14C55E 

01 

0. 870831 85E 

00 

0.60 

0.  10529487E 

01 

0.882629850 

00 

0.65 

0. 10933592E 

01 

0. 89637755E 

OC 

0.70 

0.  113252930 

01 

0.91201 306E 

CO 

0.75 

0. 117G3501E 

01 

C.92946712E 

0C 

0.80 

0.  12067122E 

01 

0. 948662 16t 

OC 

O.85 

0. 12415066E 

01 

0.96951 1 130 

00 

0.90 

0. 12746254E 

01 

0.991916 54 E 

00 

0.95 

G.  13059630E 

Cl 

0. 10157692E 

01 

1.00 

t>.  133541730 

01 

0.  1 G409474E 

01 

1.05 

0. 13628925E 

01 

0.  10673155E 

01 

1.10 

0. 138830G7E 

Cl 

0.  109472390 

Cl 

1.15 

C.  14115651E 

01 

0.  1  12300820 

01 

1.20 

0.  14326237E 

01 

0.  11519897E 

01 

1.25 

0.  1451 4323E 

01 

0.  1  18I4768E 

01 

1.30 

C. 14679686E 

01 

0. 121 126680 

01 

1.35 

C.  14822359E 

01 

0.  12411496E 

01 

1.U0 

0.  1 4942658E 

01 

0. 12709122E 

01 

1.1*5 

0.  15041198E 

01 

0. 130034430 

01 

1.50 

0.  1511 8899E 

01 

0.  13292450E 

01 

1.55 

0.  151769710 

Cl 

0. 135742950 

01 

1.60 

0.  15216870E 

01 

0. 138473470 

Cl 

1.65 

0.  15240251 E 

tl 

0.  141102520 

Cl 

1.70 

0.  152488990 

01 

0. 14361960E 

01 

1.75 

0.  152446610 

01 

0.14601739E 

01 

1.80 

0.  152293640 

01 

G. 14829162E 

01 

1.85 

0. 15204774E 

01 

0.  15044086E 

01 

1.90 

0.  151725310 

01 

0. 152466080 

01 

1.95 

0. 151341240 

01 

0. 154370260 

01 

2.00 

0. 15090879E 

01 

0. 1 5615778E 

01 
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Table  D-34  (Cont'd) 
THE  ROOTS  [  Qexp  (ll^0 )  ] 


Q 

Real 

Imag 

2.05 

0.150%3942£ 

01 

0. 15783416E 

01 

2.10 

0.14994296E 

01 

0. 15940554E 

01 

2.15 

0. 14942764E 

01 

0. 16087842E 

01 

2.20 

0. 14890031E 

01 

0. 16225935E 

01 

2.25 

0.14836653E 

01 

0. 16355483E 

01 

2.30 

0. 14783G81E 

01 

0. 164771 12E 

01 

2.35 

0.14729675E 

01 

0. 16591417E 

01 

2.1i0 

0. 14676718E 

01 

0. 16698954E 

01 

2  M 

0. 14624430E 

01 

0.  168002476 

01 

2.50 

0.14572979E 

01 

0. 16895778E 

01 

2.55 

0.14S22489E 

01 

0. 16985987E 

01 

2.60 

0. 144730S2E 

01 

0. 17071286E 

01 

2.65 

0. 14424732E 

01 

0. 1 71 52043E 

01 

2.70 

0. 14377566E 

01 

0.  1 7228604E 

01 

2.75 

0.  14331 582  E 

01 

0. 1 7301275E 

01 

2.80 

0. 14286789E 

01 

0.17370340E 

01 

2.85 

0. 14243182E 

01 

0.17436059E 

01 

2.90 

0.14200755E 

01 

0.  17498668E 

01 

2.95 

0.14 159489E 

01 

0. 17558384E 

01 

3.00 

0. 1411936SE 

01 

0.17615400E 

01 

3.05 

0. 14080359E 

01 

0.17669903E 

01 

3.10 

0.14042440E 

01 

0.  17722052E 

01 

3.15 

0. 14005581E 

ot 

0. 17772002E 

01 

3.20 

0. 13969750E 

01 

0.17819890E 

01 

3.25 

0.13934916E 

01 

0.  17865846E 

01 

2.30 

0. 1390  1 050  E 

01 

0. 17909983E 

01 

3.35 

0.1 38661 19E 

01 

0.17952412E 

01 

3.U0 

0.13836090E 

01 

0. 1 7993234E 

01 

3.U5 

0. 1 3804937E 

01 

0. 1 8032541 E 

01 

3.50 

0.13774627E 

01 

0.  18070416E 

01 

3.55 

0.  13745131E 

01 

0. 181069416 

01 

3.60 

0. 13716422E 

01 

0. 18142187E 

01 

3.65 

0. 1 3688470E 

01 

0. 18176223E 

01 

3.70 

0.  1366  1250E 

01 

0. 18209 1 14E 

01 

3.75 

0.13634738E 

01 

0. 18240912E 

01 

3.80 

0. 13608906E 

01 

0. 18271681 E 

01 

3.85 

0.13583730E 

01 

0.18301468E 

01 

3.90 

0. 13559192E 

01 

0. 18330323E 

01 

3.95 

0. 13535266E 

01 

0. 18358283E 

01 

luOO 

0.1351 1929E 

01 

0.  18385402E 

01 
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Table  D-35 

THE  ROOTS  ^[QexpUi^0)] 


Q 

Real 

Imag  t1 

0 

0.  509396496 

CO 

0.882300  59E 

00 

o.5 

0.55695913L 

CO 

0. 871 6C375E 

OC 

0.10 

0.604343686 

00 

0.86323792E 

OC 

0.15 

0 • 65 145490E 

oc 

0. 857 1 7026E 

OC 

0.20 

0.6981 9770E 

oc 

0.853366416 

OC 

0.25 

0.744476976 

30 

C. 85 1 79024E 

OC 

0.30 

0. 7901 9745E 

OC 

0.8524C3440 

00 

0.35 

0.83526354E 

oc 

0.85516517E 

oc 

o.Uo 

0.87957921 E 

00 

0. 860031616 

00  • 

o.U5 

0.92304796E 

cc 

C.866V5559E 

00 

0.50 

0.96557277L 

00 

0. 87588596P 

oc 

o.55 

C. 10070561 t 

01 

0.38676716E 

00 

0.60 

0.  10474C02E 

01 

0. 89953852C 

00 

0.65 

0. 1G865G69E 

Cl 

0.9141  337?  L 

oc 

0.70 

0.  1  1242783E 

01 

0.93C47989E 

00 

0.75 

0.  1  1 606 1 7 1 1 

Cl 

0.94849707E 

00 

0.80 

0.  1  1954270E 

01 

0. 96009721 C 

00 

0.05 

C.  122861406 

01 

0 . 989 18354L 

oc 

0.90 

0.  1 260C867E 

01 

0. 101164966 

01 

0.95 

C. 12897585E 

01 

0. 10353787E 

01 

1.00 

C.  U175484E 

01 

0. 1 06G2434E 

Cl 

1.05 

C. 13433333C 

01 

0. 10861C47L 

01 

1.10 

0.  136720036 

Cl 

0. 1 1 12P125E 

Cl 

1.15 

0. 13Q89492E 

01 

0. 1 1402062E 

01 

1.20 

0. 1 408595 1 E 

31 

0.  1  1681  140E 

01 

1.25 

0. 142612C8E 

01 

0.119635996 

01 

1.30 

0.  144153006 

01 

0. 12247574E 

01 

1.35 

0. 145484876 

01 

0. 12531213E 

01 

1.U0 

0. 14661273C 

01 

0. 128126776 

01 

1.U5 

0.  147543996 

01 

0. 13090196E 

01 

1.50 

0.  1 482884 1 E 

01 

0. 1336212CE 

0 1 

1.55 

0. 148B5785E 

01 

0. 13626959E 

01 

1.60 

0.149265896 

01 

3. 138834346 

01 

1.65 

0.  149527386 

01 

0. 1 4 1 30496C 

01 

1.70 

0. 14965792E 

G  1 

0. 14367350E 

Cl 

1.75 

0. 14967334E 

01 

0. 1 4593449E 

01 

1.80 

0. 14958920L 

Cl 

0. 148084896 

01 

1.85 

G.  14942037L 

01 

0. 15C12382E 

01 

1.90 

0. 14918C70E 

Cl 

0. 15205223E 

01 

1.95 

0. 14888285E 

01 

0. 15387264E 

31 

2.00 

0. 14853809C 

01 

0. 155583646 

01 

0-9  2 
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Table  D-35  (Cont‘d) 
THE  ROOTS  tiCQexpd^0)] 


Q 

Real 

I mag  tj 

2.05 

0.14815637E 

01 

0. 15720475E 

01 

2*10 

0. 14774625E 

01 

0. 15872605E 

01 

2.15 

0. 14731507E 

01 

0, 1 6015783E 

01 

2.20 

0. 14686901E 

01 

0. 1 6150559E 

01 

2,25 

0. 14641321 E 

01 

0, 16277479E 

01 

2,30 

0.14S95193E 

01 

0. 16397069E 

01 

2.35 

0, 14S48863E 

01 

0. 16509841E 

01 

2.U) 

0. 145026 15E 

01 

0-16616277E 

01 

2.U5 

0. 14456673E 

01 

0, 16716832E 

01 

2.50 

0. 1441 1214E 

01 

0. 16811 93CE 

01 

2.55 

0. 14366380E 

01 

0. 1 6901 962 E 

01 

2.60 

0. 14322276E 

01 

0. 16987297E 

01 

3.65 

0.14278982E 

01 

0, 1 7068268E 

01 

2.70 

0.142365S9E 

01 

0. 1 7145185E 

01 

2.75 

0.1419S047E 

01 

0, 1 7218333E 

01 

2.60 

0,14  154472E 

01 

0. 1 7287977E 

01 

2.85 

0,141 14852E 

01 

0. 17354348E 

01 

2.90 

0.14076189E 

01 

0,1 74 17680E 

01 

2.95 

0, 1403848SE 

01 

0. 1 7478166E 

01 

3.00 

0.14001732E 

01 

0, 1 7535996E 

01 

3.05 

0. 13965916E 

01 

0. 17591333E 

01 

3.10 

0. 13931024E 

01 

0. 17644347E 

01 

3.15 

0, 13897038E 

01 

0.1 7695 175E 

01 

3.20 

0, 1 3863936E 

01 

0. 1 7743950E 

01 

3.25 

0.13831699E 

01 

0. 1 7790797E 

01 

3.30 

0. 1 3800301 E 

01 

0.1 7835831 E 

01 

3.35 

0, 13769723E 

01 

0. 1 7879153E 

01 

3.1D 

0.13739940E 

01 

0. 1 7920867E 

01 

3.U5 

0.13710928E 

01 

0. 17961055E 

01 

3.50 

0.13682663E 

01 

0.  1 7999807E 

01 

3.55 

0,1 36551 24E 

01 

0. 1 8037197E 

01 

3.60 

0, 13628287E 

01 

0. 18073298E 

01 

3.65 

0, 13602129E 

01 

0. 18108178E 

01 

3.70 

0, 13576629E 

01 

0, 18141899E 

01 

3.75 

0. 13551766E 

01 

0. 18174518E 

01 

3.80 

0. 13527S16E 

01 

0. 1 8206090E 

01 

3.85 

0. 13503865E 

01 

0.  1 8236671 E 

01 

3.90 

0. 13480789E 

01 

0. 18266304E 

01 

3.95 

0, 13458268E 

01 

0. 18295027E 

01 

a.oo 

0.13436288E 

01 

0.18322894E 

01 

I 
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Table  D-36 

THE  ROOTS  t^QexpdSO0)] 


Q 

Real 

Imag 

0 

0.5C939649E 

oc 

0.88230059b 

00 

0.5 

0.  557374  75b 

CO 

0.88330974E 

CC 

0.10 

0 .60 51212Gb 

c.  0 

0. 88627898E 

rr 

•4  - 

0.15 

C.65U3723L 

CC 

0.8911 2C59b 

OC 

0.20 

0.69572591b 

cc 

0.89774631b 

oc 

0.25 

0.738991 736 

CO 

0. 90606693b 

cc 

0.30 

0. 760841 34L 

CO 

0.91 599235E 

oc 

0.35 

0.82  123359t 

*  /• 
i'  L 

C.V2743080L 

00 

o.Uo 

C . 360 1 2989b 

cc 

0 • 9402P924E 

oc  - 

o.U5 

0.69749453b 

r  f* 

.  w 

C.9S44729CE 

00 

0.50 

0.93  329515b 

cc 

0.96V88524E 

oc 

o.55 

0. 9o75C  3C7b 

oc 

0.98642788b 

cc 

0.60 

0. 1CGGC937L 

01 

0. 10040007E 

Cl 

0.65 

0.  1C3104746 

Cl 

0. 1022SC17E 

01 

0.70 

0.  1  C  603493b 

1 

0. 10413278b 

01 

0.75 

C. 10879903b 

r  1 

0. 10618740b 

Cl 

0.80 

C.  1  1  1396  756 

c  1 

0. 10825350b 

01 

0.85 

0. 1 1 382H45C 

Cl 

0. 1 1037046F 

Cl 

0.90 

0. 1 1609519b 

:i 

0.  1  1252772E 

01 

0.95 

0. 11819877b 

Cl 

C. 1 1471478E 

01 

1.00 

0.12014173b 

01 

0.  1  1692132E 

:i 

1.05 

0.  1 2  192739E 

c  1 

0.  1  191 3729F 

01 

1.10 

C. 12355902b 

c  1 

0.  12135297E 

Cl 

1.15 

0.12504501b 

Cl 

0.  1235591  IE 

Cl 

1.20 

0. 12630487C 

Cl 

0. 12574701b 

01 

1.25 

0. 12758910t 

01 

0.  12790859b 

01 

1*30 

0.12866317b 

01 

0.  1 3003649L 

Cl 

1.35 

0. 12961422b 

Cl 

0. 13212414b 

Cl 

1.U0 

0.13044969b 

Cl 

0.  13416579E 

01 

1.1*5 

0. 131 17730E 

01 

0.  1 361 5653 E 

01 

1.50 

0.131304386 

Cl 

0.  13809235b 

Cl 

1*55 

0. 15234024b 

r  1 

0.  13997006E 

Cl 

1.60 

0.  132791  1 5b 

:i 

0. 14178729E 

01 

1.65 

0. 13316514b 

01 

C. 1 4354243E 

01 

1.70 

0. 1 3346948E 

•ji 

0. 14523458b 

Cl 

1.75 

0. 13371 1  1  IE 

01 

0.  14686345b 

G1 

1.80 

0. 15389657E 

01 

0.  14842934E 

Cl 

1.85 

0.13403198b 

01 

0. 1 499330CE 

01 

1.90 

C. 134123C1E 

01 

0. 15137556E 

01 

1.95 

0.13417490b 

01 

0. 15275852E 

01 

2.00 

0. 1 34 1 924 1 E 

Cl 

0. 15408358F 

01 

9k 
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Table  D-36  (Cont'd) 
THE  ROOTS  [ Qexp ( 160° ) ] 


Q 

Real  ti 

Imag 

2.05 

0.  13417988E 

01 

0. 15535264E 

01 

2,10 

0. 13414124E 

Cl 

0. 15656778E 

01 

2.15 

G.  13407996E 

01 

0. 157731 14E 

01 

2.20 

0. 13399923E 

01 

0. 15884490E 

Cl 

2.25 

0. 13390183E 

01 

0. 15991 122E 

01 

2.30 

0. 13379026E 

Cl 

0. 1 6093231 E 

Cl 

2.35 

0. 13366670E 

01 

0. 161910  33  E 

01 

2.U0 

0. 13353314E 

Cl 

0. 16284736E 

01 

2.U5 

0. 13339123E 

01 

0. 16374546E 

01 

2.50 

0. 13324250E 

01 

0. 16460656E 

01 

2.55 

0. 1 3308825E 

Cl 

0. 16543256E 

Cl 

2.60 

0. 15292961E 

01 

0. 16622528C 

31 

2.65 

C. 13276760E 

01 

0. 16698641E 

01 

2.70 

0. 132603C9E 

Cl 

0. 16771757E 

01 

2.75 

0.  1 324  368 1 E 

01 

0. 16842032b 

31 

2.80 

0. 13226943E 

01 

0. 16909612E 

Cl 

2.85 

0. 1 32 1 C 1  51  E 

01 

0. 16974635b 

Cl 

2.90 

C.  131933521: 

01 

0. 1 70 372 34 E 

01 

2.95 

0. 1 3 1 76589E 

01 

0. 17097531E 

01 

3.00 

0.131598966 

Cl 

0. 1 7155641 E 

01 

3.05 

0. 131435066 

01 

0. 17211673b 

01 

3.10 

0. 13126G43E 

01 

0. 17265733E 

01 

3.15 

0. 131 10528t 

01 

0. 17317916E 

01 

3.20 

0.  130943801: 

01 

0. 17368315E 

01 

3.25 

0. 13G78413E 

01 

0. 17417016E 

01 

3.30 

C. 13C62641E 

01 

0. 17464100b 

01 

3.35 

0.  13047074E 

Cl 

0. 17509641E 

01 

3.140 

0. 13031720L 

01 

0. 17553715E 

Cl 

3.U5 

0. 13016584E 

Cl 

G. 1 7596387E 

01 

3.50 

0.  13C01673E 

Cl 

0. 17637721b 

Cl 

3.55 

0.  12986987b 

01 

0.  1 767778C  6 

01 

3.60 

0.  12972533E 

01 

0. 17716620E 

01 

3.65 

0. 129583C7t 

Cl 

0. 17754293t 

01 

3.70 

0. 129443156 

Cl 

0.  1 7790854  E 

01 

3.75 

0. 1293G553E 

01 

0. 1 7826346E 

01 

3.80 

0. 1291 7C22E 

Cl 

0. 17860818E 

01 

3.85 

0. 12903719E 

01 

0. 17894312E 

01 

3.90 

0. 12890643E 

01 

0. 17926870b 

01 

3.95 

0. 12877794E 

01 

0. 1795R525C 

01 

li.oo 

0.  12665165E 

01 

0. 17989323E 

01 
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Table  D-37 

THE  ROOTS  tj_  [Qexp(i85°)  ] 


Q 

0.5 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

o.Uo 

o.U5 

o.5o 

o.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.U0 

iJi5 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.95 

2.00 


Real  tj 

0.5093964.9E 

00 

0. 5527237  IE 

00 

0 • 59379385E 

00 

0.6326781  IE 

00 

0.66944774E 

00 

0.7041 74 16E 

00 

0.73692904E 

00 

0.76778425E 

00 

0.79681 1 96E 

00 

0.8240845 1 E 

00 

0.849674  38E 

00 

0.87365402C 

oc 

0.8960957 1 E 

00 

0.91707 1 45E 

00 

0. 9366527 1 l 

00 

0. 954910 1 9E 

00 

0.97191 364E 

00 

0. 98773 1 6 1 E 

00 

0. 10024311c 

01 

0. 10160779E 

01 

0. 10287353E 

01 

0. 10404652c 

01 

0. 10513267E 

01 

0. 10613769E 

01 

0. 10706703E 

01 

0.10792591c 

01 

0.10871927c 

01 

0. 10945178E 

01 

0.1  1012786C 

01 

0.1 10751696 

0  1 

0.1 1 132713C 

01 

0. 1 1 185788E 

01 

0. 1 1 234  73 1 C 

01 

0. 1 1279862E 

01 

0. 1 1321477E 

01 

0. 1 1359849E 

01 

0. 1 1395232E 

01 

0. 1 1427864E 

01 

0. 1 1457959E 

01 

0. 1 14857 1 7E 

Cl 

~0. 11511327E 

01 

Im&g 

0.88230059E  00 
0.903235 1 3E  00 
0 • 92450963C  00 
0.946054816  00 
0 . 96780308E  00 
0.98968890E  00 
0.10116489C  01 
0. 10336226E  01 
0 .  1 055552 1 L  01 
0.10773826E  01 
0.10990626E  01 
0.1 1 2C5443E  01 
0 .  1  1 4 1 7833E  01 
0. 1 1 62739 1 t  01 
0. 1 1833750E  01 
0.1 2036581 E  01 
0. 12235598E  01 
0.12430547C  01 
0.1262I218L  01 
0 . 1 2807435E  01 
0 • 1 ?989C57t  01 
0. 13165977E  01 
0 .  133381 20E  01 
0.13505439C  01 
0.13667914E  01 
0. 1 3825552E  01 
0. 1397837RL  01 
0. J4126440E  01 
0 *  1 426980GE  01 
0.1 4408536E  01 
0. 14542738E  01 
0.14672507E  01 
0. 147979521  01 
0. 149191 89L  01 
0.1 5036336E  01 
C . 1 5 149520E  01 
0 . 1 5258866E  01 
0.15364501E  01 
0. 1 5466552C  01 
0.1 5565 1 48E  01 
0.1 56604 1 3L  01 
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Table  D-37  (Cont‘d) 
THE  ROOTS  t1[Qexp(l85°)] 


Q 

Real 

Imag 

2.05 

0. 1 1 534956E 

01 

0. 15752470E 

01 

2.10 

0. 1 1556762E 

01 

0. 15841441E 

01 

2.15 

0.1 1 576888E 

01 

0. 15927444E 

01 

2.20 

0.  1  1595468E 

01 

0. 1 60 1 0594E 

01 

2.25 

0.  1  161262 2E 

01 

0. 16091004E 

01 

2.30 

0.  1  1 628464E 

01 

0.  1 6 1 68781 E 

01 

2.35 

0.  1  1643097E 

01 

0. 1 6244030E 

01 

2.U0 

0.  1  I6S6614E 

01 

0. 1 63 1 685 1 E 

01 

2.J*5 

0.1  1669100E 

01 

0. 1 6387344E 

01 

2.5o 

0.  1  1680640E 

01 

0. 1 6455600E 

01 

2.55 

0.  1  1691304E 

01 

0. 16521710E 

01 

2.60 

0.  1  1701 158E 

01 

0. 1 6585760E 

01 

2.65 

0.  1  1710268E 

01 

0. 1 6647833E 

01 

2.70 

0. 1  1718684E 

01 

0. 1 6708008E 

01 

2. 75 

0. 1  1726464E 

01 

0.  16766361E 

01 

2.80 

0.  1  1 733655E 

01 

0. 16822965E 

01 

2.85 

0.  1  1740302E 

01 

0. 16877888E 

01 

2.90 

0.  1  1746443E 

01 

0. 16931 199E 

01 

2.95 

0.  1  17521  14E 

01 

0. 1 6982958E 

01 

3.00 

0.  1  1757355E 

01 

0. 17033230E 

01 

3.05 

0.  1  1762194E 

01 

0. 17082068E 

01 

3.10 

0.  1  1766662E 

01 

0. 1 7 1 29532E 

01 

3.15 

0.  1  1770783E 

01 

0.  171  75671E 

01 

3.20 

0.  1  1774585E 

01 

0. 17220537E 

01 

3.25 

0. 1  1778086E 

01 

0. 17264180E 

01 

3.30 

0.  1  1781315E 

01 

0. 1 7306643E 

01 

3.35 

0,  1  1784288E 

01 

0. 17347971E 

01 

3.1*0 

0. 1 1 70702 1 C 

01 

0. 1 7388207E 

01 

3.1*5 

0.  1  1789533E 

01 

0. 17427392E 

01 

3.50 

0.  1  1791839E 

01 

0. 17465561E 

01 

3.55 

0.11 793955E 

01 

0. 17502753E 

01 

3.60 

0. 1 1795888E 

01 

0. 17539003E 

01 

3.65 

0.  1  1797659E 

01 

0. 17574345E 

01 

3.70 

0. 1 1799274E 

01 

0. 1 7608808E 

01 

3.  75 

0.  1  1800747E 

01 

0.  17642426E 

01 

3.80 

0.  1  1802084E 

01 

0.1 7675228E 

01 

3.85 

0. 1 1803295E 

01 

0. 17707242E 

01 

3.90 

0.  1  1804390E 

01 

0.  17738494E 

01 

J  *7V 

3.95 

0. 1 1 805380E 

01 

0.  17769009E 

01 

1*.00 

0. 1 1806262E 

01 

0. 17798814E 

01 

c 
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Table  D-37  (Cont'd) 
THE  ROOTS  tifQexpdQS0)] 


Q 

Real 

Tmag  t ! 

4.05 

0. 1 1 807057C 

01 

0. 17827930E 

01 

4.10 

0.  1  18077S5E 

01 

0. 178S6382E 

01 

4.15 

0.  1  1808374E 

0  1 

0. 17884190E 

01 

4.20 

0.  1  180B920E 

01 

0. 1791 1376E 

01 

4.  25 

0.  1  1 809392  E 

01 

0. 1 7937960E 

01 

4.30 

0.  1  1809799E 

01 

0. 17963959E 

01 

4.35 

0-  1  181C139E 

01 

0. 179B9394E 

01 

4.4o 

0,  1  J810424E 

01 

0. 18014282E 

01 

4.45 

0. 1  1810&56E 

01 

0. 18038640E 

01 

4.50 

0.  1  1  8 1 0828  L 

01 

0. 18062485E 

01 

4.55 

0.  1  18 10960E 

01 

0. 1 8085830E 

01 

4.60 

C.  1  18  1  1046E 

01 

0. 18108693E 

01 

4.65 

0.  1  181  1390E 

01 

0. 18131086E 

01 

4.70 

0.  1  181  1099E 

01 

0. 18153025E 

01 

4.75 

0.  1  181  1069E 

01 

0. 18174522C 

01 

4.80 

0.  1  181  1005E 

01 

0. 18195591E 

01 

4.85 

0.  1  1810905E 

01 

0. 18216244E 

01 

4.90 

0. 1 18 1078  1  E 

01 

0. 18236492E 

01 

4.95 

0.  1  1810635E 

01 

0. 18256346E 

01 

5.oo 

0.  1  18 10452E 

01 

0. 18275822E 

01 

.0-98 
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Table  D-3Q 

THE  ROOTS  t1[Qexp(H200)] 


i 

S 


♦ 


* 


Q 

Real 

Imag 

0 

0.50939649E 

00 

0.882300S9E 

00 

o*5 

0.53335264E 

00 

0.92379388E 

00 

0.10 

0.55617675E 

00 

0.96332640E 

00 

0.15 

0.57791819E 

00 

0.  10009836E 

01 

0*20 

0.59862544E 

00 

0. 10368496E 

01 

0.2$ 

0.61834597E 

00 

0. 10710067E 

01 

0.30 

0.63712609E 

00 

0.1  1035348E 

01 

0.35 

0.65501083E 

00 

0.11 345 1 21 E 

01 

0.1*0 

0.67204385E 

00 

0.  1 1640 141 E 

01 

0.1*5 

0.68826737E 

00 

0. 1 1921 141E 

01 

0.50 

0.703722C4E 

00 

0.  12188824E 

01 

0.55 

0.7 1844704E 

00 

0. 12443868E 

01 

0.60 

0.73247990E 

00 

0.1 2686925E 

01 

0.65 

0.74585659E 

00 

0. 12918615E 

01 

0.70 

0.75861146E 

00 

0.131 39536E 

01 

0.75 

0.77077727E 

00 

0. 1 3350254E 

01 

0.80 

0.78238522E 

CO 

0. 13551310E 

01 

0.85 

0. 793464 99E 

00 

0. 137432 17E 

01 

0.90 

0.804C4471 E 

00 

0.1 3926463E 

01 

0.95 

0.814151 12E 

oc 

0. 1 410 1 51 1 E 

01 

1.00 

0. 8238C947E 

oc 

0.  t4268798E 

01 

1.05 

0.83304375E 

00 

0.  14428741E 

01 

1.10 

0.84187656b 

00 

0.  14581729E 

01 

1.15 

0. 85032927E 

00 

0.  14728134E 

01 

1.20 

0. 85842206E 

00 

0. 14868306E 

01 

1.25 

0.8661 74C2E 

00 

0.  15002573E 

01 

1.30 

0.87360308E 

00 

0.  15131249E 

01 

1.35 

0.88072622E 

00 

0. 15254624E 

01 

1.1*0 

0.88755V32E 

oc 

0.15372977E 

01 

1.1*5 

0.8941 1753E 

00 

0.  15486568E 

01 

1.50 

0.9004 1494E 

00 

0. 15595642E 

01 

1.55 

0. 90646499E 

00 

0. 15700433E 

01 

1.60 

G.91228019E 

00 

0.15801 154E 

01 

1.65 

0. 91 787246E 

00 

0.  15898015E 

01 

1.70 

0.92  325296E 

00 

0.15991207E 

01 

1.75 

0.928432 1 3E 

00 

0. 16080914E 

01 

1.80 

0.93342005E 

00 

0. 16167306E 

01 

1.85 

0.93822598E 

00 

0.16250547E 

01 

1.90 

0. 94285875E 

00 

0. 1 6330789E 

01 

1.95 

0.94732666E 

oc 

0.1 6408 1 74E 

01 

2.00 

0.95163757E 

00 

0. 16482842E 

01 

0 
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Table  D-38  (Contld) 
THE  ROOTS  [Qexp(il20) ] 


Q 


Real 


Imag  tj. 


2.05 

2.10 

2.15 
2.20 
2.25 

2.30 

2.35 
2.1*0 
2.1*5 
2.50 

2.55 
2.60 
2.6$ 
2.70 

2.75 
2.60 

2.65 

2.90 

2.95 
3.00 
3.05 
3.10 

3.15 
3.20 
3.25 

3.30 

3.35 
3.1*0 
3.1*5 
3.50 

3.55 
3.60 

3.65 
3.70 

3.75 
3.60 
3.85 

3.90 

3.95 
U.00 


0.  95579901  £  51, 
U.9S98 1 773t  OC 
C.9637CC45K  OC 
0.96 74 534 7E  C  0 
G. 97 1 C82  58fc  03 
G.97459336E  00 
0.97799 111k  CC 
0. 98 128000C  CO 
C. 93446722*:  CC 
C.98755471K  CC 
0.99054762E  OC 
0.99 344977L  00 
G. 996265 1 4l  CO 
C. 998997 32t  CO 
0.  10016494E  fil 
0.1CG42252L  01 
0. 100672740  Cl 
G. 1C  09 1592E  01 
0. 1C  1 1 52  31 E  Cl 
0.  101 382 1 0K  01 
0.101 6C580K  01 
0.10 1923 39L  :i 
G.K-203519E  51 
0.1C224140E  51 
0.1C244226C  Cl 
0. 1 l 2637940  Cl 
0. 1C282863L  01 
0.  1030 1454E  C-i 
0.R319579L*  0  1 
0. 10337257t  31 
0. 10354506E  Cl 
0. 1C371339E  Cl 
0.1C  397769E  Cl 
0. 104038 10E  Cl 
0  •  1 C  4 1  94  7  8  E  01 
0. 10434782c  nl 
0.K4497  35L  Cl 
0.1C464347E  Cl 
0.10478636C  Cl 
C. 104926C3E  Cl 


C.16554920E  Cl 
C.16624525F  Cl 
C.16691776E  Cl 
0.16756780C  01 
0 . 1 68 1 9637F  Cl 
C • 1 6R3C445E  Cl 
0.16939297E  01 
0.16996276E  01 
0.17C51465E  Cl 
C • 1 71 04941 E  Cl 
C. 17136778L  01 
0.1 72 j7047K  01 
0.  172 558 IOC  01 
0. 173031 31L  01 
0.17349068K  Cl 
0.1 7393681 F  01 
0. 1 743702 1 t  Cl 
0. 17479140K  01 
0. 1 7S20082E  01 
0.1 7559898C  Cl 
0. 175986 30 K  01 
0. 1 76363 19E  Cl 
0. 1 7673001E  01 
0. 1 7709720L  G I 
0.1 7743508K  Cl 
C .  1 777740C  K  01 
0. 1 78 l 0431 F  01 
0.17842627E  01 
0. 1 7874021 L  Cl 
0.17904643K  01 
C.  1793451Br  01 
G.17963672E  01 
5. 1 7992 I29E  01 
0.  1 80 1 99 1 5 E  Cl 
C . 1 8047052E  01 
0. 18C73560E  01 
3.18099459E  Cl 
0. 18 124771 E  01 
G.18149519K  01 
0.  1817371  IE  01 


tv*nt. 
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Appendix  E 

THE  HEIGHT  GAIN  FUNCTIONS  FOR  q  =  0  AND  q  =  oo 

In  this  appendix  we  will  discuss  a  set  of  FORTRAN  programs  which 
can  he  employed  to  obtain  values  for  the  height  gain  functions 
for  the  two  limiting  cases  of  q  =  0  and  q  =  oo.  The  case  q  =  0 
is  irr  ortant  because  it  occurs  in  the  theory  of  the  propagation 
of  vertically  polarized  waves  around  a  convex  surface  which  is 
perfectly  conducting.  The  case  q  =  oo  is  encountered  in  the  theory 
of  the  propagation  of  horizontally  polarized  waves  around  a  per¬ 
fectly  conducting  surface.  However,  these  limiting  cases  are  also 
important  in  certain  other  problems  in  which  the  convex  surface  is 
the  Interface  between  a  dielectric  with  the  propagation  constant 

kj  a  ,  r  <  a  (E-l) 


and  "free  space"  with  the  propagation  constant 


2  2 
k  =  (l)  £  u 
o  o 


r  >  a 


(E-2) 


Let  qy  and  qh  denote  the  Impedance  parameters  for  vertical  and 
horizontal  polarization,  respectively.  For  ka  -►  oo,  the  impedance 
parameters  are  given  by 

qv  =  i(ka/2)*(kAih/  1  -  (k/k^  (E-3) 

qh  =  KkaA^O^Ah/  1  -  (IcAi)2  =  O^A) 2qv  (E-4) 

These  are  actually  very  complex  relationships  since  the  parameters 
e1,  and  a i  are  functions  of  frequency  to*  However,  if  (k^A)-*00* 
we  observe  that  qy  -*■  0  and  qh  -*■  oo.  Therefore,  if  the  frequency 
«  is  held  fixed  and  the  conductivity  o^  »,  we  have  qy  -►  0  and 
qh  -♦  oo.  However,  if  the  conductivity  is  held  "fixed"  and  we 
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permit  the  frequency  a)  to  vary,  it  is  possible  for  co  to  become  so 
large  that  q„  -*■  «o  oven  though  a-  may  be  large  numerically.  There- 
fore,  the  case  q  =  co  plays  a  very  important  role  in  problems  in¬ 
volving  the  convex  interface  betv/een  a  dielectric  body  and  free 
space.  This  case  is  also  an  interesting  one  because  of  the  fact 
that  the  expansion  given  in  Eq.  (2-22)  for  the  roots  t  (q),  name- 

ly 

_  i  c 

(E-5) 


^(q)  =  t's 


t” 

"  +  i  +  -a,  +  ... 

q  3q^ 


can  be,  for  very  largo  values  of  q,  adequately  represented  by 


•» 


J 


V«>  -  *7  +  t 


(E-6) 


m 

We  must  be  careful  to  observe  that  Eq*  (E-6)  holds  for  only  a 
finite  number  of  the  roots  t  (q)  because  eventually  the  modulus 
of  the  root  t“  will  become  so  largo  that  the  neglected  terras  will 
have  to  be  considered.  If  one  examinss  the  highest  powers  of  tg 
in  the  coefficients  B It*)  in  Eq*  (2-22)  one  will  recognize  that 
these  are  the  coefficients  in  the  well  known  expansion 


tanh"*  x 


2  j,  6 

-  1  +  £_  +  +  —  + 


3  i>  7 

and  therefore  we  will  have  to  replace  Eq*  (E-6)  by  the  result 

1  -1 


(q)  *  t"  +  tanh  (>/tg/q) 

v*s 


.h«?q| 


<  i 


in  which  the  modulus  of  q  is  very  large,  and  30°  <  arg(q)  <  210°, 
One  will  always  find  that  as  s  is  Increased  that  one  will  reach 
the  situation  in  which  Eq*  (2-22)  is  no  longer  a  convergent  series* 
However,  if  £  in  the  diffraction  functions  VQ(£,q),  V^(^,q;  and 
VH  (£,q)  is  positive,  we  can  gonerally  observe  that  the  number  of 
terms  in  the  residue  series  which  must  be  used  is  finite  and  hence 
we  can  determine  how  to  treat  the  computation  of  the  root  tg(q) 
for  large  values  of  q. 

2-2 


) 
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The  approximation  in  Eq.  (E-6)  reveals  that  we  can  sometimes  use 


the  approximation 

expU^tg)  *  exp(i£t")exp(i£/q)  (E-7) 

which  permits  us  to  extend  the  usefulness  of  the  functions  VQ  ($>«») 
(£*»)  and  (4  ,oo)  by  using  the  approximations 

v0U#q)  *  exp (i5/q)VQ (5,00)  (E-8a) 

a  expUg/q)^  (£,«>)  (E-8b) 

V11  (£,,oJ  a  exp(i£/q)V3:l  it,»)  (E-8c) 

In  each  of  these  expressions  we  must  have  £  >  0  and  q  must  have 


its  argument  in  the  range  30°  <  arg(q)  <  210°  and  the  modulus  of 
q  must  he  "very  large".  More  precise  descriptions  of  the  applica¬ 
bility  of  the  approximations  in  Eq.  (B-8)  have  not  yet  been  estab¬ 
lished.  This  is  really  a  very  complex  problem  since  Eq.  (E— 8 )  can 
be  used  only  if  £  >  0,  but  it  is  clear  from  considering  the  form 

t°°  1  t°°2 

exp[i£(ts  -  t*  -  -|)]  =  exp[i£ (  +•••)]  (E-9) 

that  one  must  be  certain  that  the  expression  in  parenthesis  must 
have  a  positive  real  part  if  Eq.  (E-6)  Is  to  be  used  when  £  -*•  00. 

The  situation  is  somewhat  different  when  we  consider  the  case  In 
which  q  -*•  0.  Prom  Eq.  (2-21)  we  find  that  in  this  case  v;e  have 
the  approximation 

ts(q)  «  t°  +  q  (E-10) 

ts 

and  therefore  the  "correction  term"  Is  dependent  upon  s  and  hence 
we  do  not  find  that  the  functions  VQ(£,C),  V^(^,0)  and  Vll<5.0> 
suffice  to  describe  the  behavior  when  q  is  very  small.  We  find 
that  we  have  to  define  three  additional  functions  (%»0) , 
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v^“1}U#q)  =  -iVHf 


00 


axp(l£t  ) 


s(ts  -  «  > 


(_H  _ _  exp(i^t) 

V}  U?,q)  =  -12vK  V  — - - J— - 

‘  <*  >H1<V 


^  exp(i^ts) 

^  t.(t.  -  ^Tt^TTTr 


(E-Ha) 


(E-llb) 


(E-Hc) 


We  can  employ  these  functions  when  q  is  in  the  vicinity  of  0  so 
as  to  obtain  the  approximations 


Vo^q) 

»  VQ(e,0)  -  ^qV^’U.O) 

(E-12a) 

(-1) 

Vi(?*q) 

»  ^(£,0)  -  CqVi  (5,0) 

(E-I2b) 

«  V11(5,0)  -  tqvfi1) (?,0) 

(E-l2c) 

As  in  the  case  of  the  approximations  given  in  Eq.  (E-6)  and  Eq. 
(E-8),  the  exact  conditions  under  which  the  approximations  in 
Eq.  (E-lO)  and  Eq.  (E-12)  can  be  usod  cannot  be  stated  explicitly 
and  we  leave  undefined  what  we  mean  by  ’’small  values  of  q."  Since 


For  s  -*■  oo#  the  approximation  in  Eq*  (E-lO)  will  apparently  be 
valid  provided  the  modulus  of  q  is  such  that  the  modulus  of  the 


combination 


is  less  than  unity*  This  seems  to  be  the  case 


since  the  dominant  terms  as  s  -*■  oo  are 


Vq)  =*s+-4<it1+v  +  !z2  +  7z3  +”,)  *  z  =  ^ 

6s  s 

,  -1 

and  therefore  we  seo  that  the  series  converges  like  tanh  z 
and  that  t  (q)  «  t°  +  (l/VIoJtanh"1  (q/VT°  )  a™*  we  roust  require 

S  u  u 

that  (q/V^o)  "be  less  than  unity  in  absolute  value* 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


■'SWarWWWa* 


f. 

I 


(. 


the  form  of  the  coefficients  B  (ta)  in  Eq*  (2-21)  reveals  that  t* 

XI  s 


occurs  only  in  inverse  powers,  we  can  be  assured  that  as  s  in¬ 
creases  that  the  approximations  given  in  Eq*  (E-lO)  and  Eq*  (E-12) 
become  increasingly  accurate  representations  provided  the  modulus 
of  q  is  "small"  and  30°  <  arg(q)  <  210°* 

The  above  discussion  has  emphasized  the  importance  of  the  diffrac¬ 
tion  functions  Vq(£,0),  and  for  q  =  0  and  VQ (£,<»), 

V1(^,oo)  and  V11  (£,»)  for  q  =  oo.  These  functions  are  dependent  only 
upon  the  distance  parameter  £  and  the  impedance  parameter  q.  We 
want  now  to  bring  tn  the  dependence  of  the  diffraction  phenomenon 
upon  height*  In  Section  1  we  have  defined  the  functions 

_ ^expdxt  )w-(t  -  y)wx(t  -  y  ) 

V(x,y,yQ,q)  =  Zfinx) - - - * - —  ^3) 

73  y»i<yr  -  cvtvr 


00 


E(x,y,q)  s  i2\^t 


s 


expUxtg^Ug-  y) 

MW**  -  ["l'tVt 


(E-1W 


We  can  make  use  of  the  equation  defining  tg  to  write 

wi'(ts)  =  qWittg)  (E-15) 

to  express  the  functions  V(x,y,yQ,q)  and  E(x,y,q)  in  the  forms 


exp(ixt  ) 

v(x,y,y0,q)  =  2\/Iix>  - — ~  yy#q)fs  (y0#q) 


(E-16) 


®  exp(ixt  ) 

(v  q2)w1(t#) 

where  f,  (y#q)  is  the  height  gain  funotion 
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(E-17) 


&ji  -  1  *if*a  ayta-aMaacB**?#  _ 


(E-18) 


V 

ih 


w1  ( t  -  y)  Ai[-a  +  yexp(-ifu)] 

f*(y'9)  =  vv - ^ - 


and 


00 


V(x,y,yQ,q)  =  -2\/Ixx  q 


-2 


§n 


exp(ixt0) 

- r  6s(y»q)Ea(y0«q)  ( (B-19) 

V 


00 


E(x,y,q)  =  -i2vi  q 


-2 


exp(ixtg) 


(i  -  toq“2)w1  '(t  ) 


gs(y>qHE-2°) 


s=l  ’S'1  '  1  '-s 

where  g_(y*q)  is  the  height  gain  function 

*i(t  -  y)  Ai[-aa+  yexp(-ifn)] 

g-(y#qJ  = - - - 


(E-21) 


Wi'lt) 


exp(i^n)Ai(-as) 


The  relationship  between  the  tg  and  the  ag  is 

ts  ~  agexp(i#it) 

and  the  form  talcen  by  Eq*  (E-15)  when  expressed  in  terms  of  the 
functions  Ai(z)  and  Ai'(z)  is 

Ai'(-ag)  +  qexp(i$tt)Ai(-aa)  =  0 

Since  the  Aivy  functions  are  solution  of  the  differential  equation 

9  p 

d  w(z)/dz  =  zw(z),  we  observe  that  the  height  gain  functions 
f0(y#q)  811(5  6a(y#q)  ar e  solutions  of  the  differential  equation 

8  S 


*  =  (t.  -  y)h(y) 

dy^  8 

which  satisfy  the  boundary  conditions 

dfg(0,q) 


(E-22) 


fa(0,q)  =  1 


dy 


=  -q 


(E-23) 


E-6 


LOCKHEED  MISSILES  ft  SPACE  COMPANY 


J 


3 


a 


i 


MKitett*  „Sa «&£. 


i 


Sg (0#q)  =  5 


dgs(0,q) 

— 2 -  =  -1 

dy 


(E-2 4) 


The  functions  V(x,y,yQ,q)  and  E(x,y,q)  can  he  referred  to  as  the 
diffraction  functions  for  vertical  polarization  because  they  often 
occur  in  situations  in  which  the  electric  vector  the  wave  is  per¬ 
pendicular  to  the  surface  over  which  the  wave  is  being  propagated. 
In  the  description  of  the  propagation  of  horizontally  polarized 
waves  in  which  the  electric  vector  is  parallel  to  the  surface, 
we  usually  encounter  the  diffraction  functions 


W(x,y,y.,q)  =  w1 EF  x^2 


00 


exp(ixt  ) 

- - —  ga(y#q)gg(y0»q)  (e-2£) 

1  -  tflq  2  8  8  0 


CD 


FU,y,q)  =  -i2vE 


exp(ixt) 

8  6g(y><l) 


where 


(1  -  V_2>Hl'(ta> 


568(y.q) 

gs(y»q)  = 


ay 


(E-26) 


If  we  compare  Eqs.  (E-25)  and  (E-26)  with  Eqs.  (E-19)  and  (E-20), 
respectively,  we  see  that 

a^U^y^q) 


W(x,y,yQ,q)  =  i2xq 


(E-27) 


ay  ayr 


P(x,y,q)  =  q 


2  6E(x,y,q) 


ay 


(E-28) 


The  functions  V  (£,q)  and  V^^q)  have  been  defined  so  that 


t 


V(x,0,0,q)  =  2V0(x,q) 
E(x,0,q)  =  Vj^tXjq) 


(E-29) 

(E-30) 
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By  analogy  with  these  results,  we  define  the  functions  UQ(4,q) 
and  U^t^q)  by  means  of  the  rolations 


W(x,0,0,q)  =  2Uo(x,q) 

(E-31) 

F(x,0,q)  —  U^(x,q) 

(E-32) 

where 

— -  exP  (i?t  ) 

U0($,q)  =  2v^H  x3/2  V- - 1- 

%3t  1  -  tsq  2 

(e-34) 

I 

A 

,  _  exp(i^t  ) 

"*  ■  S  <>  - 

(e— 35) 

We  also  observe  that 

[-214:q2Vo(5,q)]-5rrrD0(«>,3) 

(e-36) 

) 

t-qv1(i,q)J-5rr^rDi(«»q) 

(e-37) 

Let  us  now  return  to  a  consideration  of  the  height  gain  functions 

and  designate  by  f  (y)  and  g  (y)  the  special  cases  which  arise 

s  s 

when  q  =  0  and  q  =  «,  respectively.  We  then  have 

o 


fs(y)  = 


Mi(ts  -  ?> 


Ai[-pg+  yexp(-ifn)  ] 
Ai(-Ps) 


where 


and 


V(t°)  =  Ai(-(3S)  =  0 

Ai[-as+  yexp(-ifn)  ] 


gg(y)  =  -  — 

a  #  /  .  00\ 

»i  (».) 


exp(-ifx)Ai'(-oa) 


E-8 


(E-38) 


(E-39) 
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f 

I 


where 

wt  (tg)  =  Ai(-ag)  =  0 

We  observe  that  these  functions  satisfy  the  differential  equations 


* 

d  ls'y)  .  (ta 

8 

y)fs(y) 

(E-lj.0) 

d%  <y) 

8' 

y)gs(y) 

(E-41) 

with  the  boundary  conditions 

f3(0)  =  1 

df(0) 

.  —2 - o 

ay 

(E-lj2) 

L 

ga(o)  =  0 

dgs<°)  .  , 

dy 

(E-43) 

► 


I 


We  have  chosen  to  define  f_(y,0)  =  f  (y)  and  g  (y,a>)  =  -  g  (y)  in 

S  S  8  8 

order  that  the  functions  f_ (y)  and  g„ (y)  agree  with  the  defini- 
tions  in  the  tables  published  by  Azriliant  and  Belkina  (Ref*  1)* 

For  moderately  small  values  of  we  can  evaluate  the  height  gain 
functions  by  means  of  a  Taylor  series*  Let  us  develop  the  theory 
of  the  Taylor  series  by  considering  solutions  of  the  differential 
equation 

— -  zY(z)  (E-ljij.) 

dz2 

which  are  expressed  in  the  form 

Y(t  +  x)  =  Y(t)u(x,t)  +Y'(t)v(x,t)  (E-ij.5a) 

Y'(t  +  x)  =  Y(t)u*  (x,t)  +  Y'  (t)v#  (x,t)  (E~k&>) 
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The  functions  u(x,t)  and  v(x, t)  are  solutions  of  the  differential 
equation 


d2y(x) 


=  (x  +  t)y(x) 


(E-4.6) 


We  will  let  a  prime  denote  differentiation  with  respect  to  x,  i.e«. 


u*(x.t) 


The  "boundary  conditions  on  u(x,  t)  and  v(x,  t)  are 

u(0, t)  =1  ,  u'(0,t)  =0  ,  v(0, t)  =0  ,  v'(0,t)  =  1 

We  can  express  the  solution  for  these  functions  in  the  form  of 
Taylor  series  which  involve  a  set  of  coefficients  ( t )  and  t>nU) 
in  the  following  manner: 


u(x,t)  =1  + 


00  r 

£  an(t*ni 
n=2 


v(x,tj  =  x  +  2^ 


u'(x,t)  = 


v'(x,t)  = 


00 

1  +  nb 

n 


(t 

nl 

n-i 

w- — 

n| 


(E— lp7a) 


(E-47b) 


( E— U-7  e ) 

(E-lj.7d) 


When  the  expansions  in  Eq«  (E— U-7)  are  inserted  in  Eq*  (E-^6),  the 
an(t)  and  l>n( t)  are  found  to  satisfy  the  recursion  relations 


c2(t) 

C3U) 

c4(t) 

C5U) 


tcQ(t) 
tCj^  (t) 

tc2(t) 

tc^(t) 
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lc0(t) 

Sc^t) 

3o2(t) 


( 


c 


and,  in  general, 

cn(t)  =  (n  -  2)en-3(t)  +  tcn_2(t)  ,  n  >  3  (B-i|.8) 

where  cn(t)  denotes  either  t)  or  l>n ( t ) •  The  first  few  terms 
are 


a0(t) 

=  1 

» 

b0(tj 

=  0 

(t) 

=  0 

» 

b^t) 

=  1 

a2(t) 

=  t 

$ 

b2(t) 

=  0 

a-j(t) 

=  1 

t 

b3(t) 

=  t 

a4(t) 

n 

c+ 

ro 

* 

b4(t) 

*  2 

a^(t) 

= 

$ 

bs(t) 

a  t' 

In  Program  E-l  we  have  presented  an  algorithm  for  determining  the 
numerical  values  of  the  a^Xjt)  and  bn(x,t).  The  subroutine  is 
identified  as  SUBROUTINE  STOKES (N,A,B, C,D,U, V) .  The  integer  N  is 
the  largest  value  of  n  for  which  a  coefficient  is  desired.  We 
have  used  the  FORTRAN  variables  in  the  following  manner: 

aI(x,t)  =  A(I)  +  iC(I) 

bjCxjt)  =  B(I)  iD(I) 
t  =  U  +  iV 

In  Program  E-2  we  employ  the  coefficients  obtained  from  this  sub¬ 
routine  to  compute  Y(t+x).  We  have  restricted  this  program  to  real 
values  of  t  and  x,  which  we  denote  in  FORTRAN  by  T  and  X,  respec¬ 
tively.  The  reader  will  observe  that  we  let  Y(t)  =*  WT,  Y'  (t)  - 
WTP,  and  Y(t+x)  =  WTPX.  The  integer  N  is  the  number  of  terms 
which  we  ask  SUBROUTINE  TAYSUM(T,X,WT,WPT,WTPX,N)  to  employ.  We 
wrote  a  main  program  in  which  N  =  25  and 

X  =  1.000 

T  =  0.000 

WT  =  0 .35502805300781700 

WPT  =-0.2588 19403792807D0 

E— 11 
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Program  E-l 

SUBROUTINE  STOKES  ( N,  A,  B,C,D,U,V) 

C- - THIS  SUBROUTINE  EVALUATES  THE  COEFFICIENTS  IN  THE  TAYLOR 

C— - SERIES  OF  THE  AIRY  FUNCTION 

DOUBLE  PRECISION  AIN)  ,B(N) ,  C(N)  ,D(N) , U, V, ZERO, ONE, TWO, DBIM2 
DATA  ZER0,0NE,TW0/  O.ODO,1,ODO,  2.0D0/ 

DBIM2(K)  =  DBLS  ( FLOAT  (K-2)) 

IF(N.LT.5)  GO  TO  20 
A(l)  =  ZERO 
C (1 )  =  ZERO 
b  (i )  *  One 
d(i  )  =  ZERO 

A  ( 2 )  =  U 
C  (2)  =  ZERO 
B(2)  =  ZERO 
D(2)  =  ZERO 
a(3)  =  One 
C (3)  =  ZERO 
B(3)  =  u 
D(3)  =  ZERO 
A  (if)  =  U*»U 
C(if)  =  ZERO 

B  (if)  =  TWO 

D(ii)  =  ZERO 

IF(DABS(V).GT.1.0D-37)  GO  TO  10 

C— - TRANSFER  TO  10  IF  T  =  CMPLX(U,V)  IS  NOT  REAL 

DO  2  I  as  5,N 

A (I)  as  DBIM2(I)»A(I-3)  +  U*A(I-2) 

C(I)  as  ZERO 

B(I)  =  DBIM2(I)*B(I-3)  +  U»B(I-2) 

D(I)  =  ZERO 
2  CONTINUE 
RETURN 
10  C (2)  =  V 
D(3)  =  V 

A  (if)  =  A  (if)  -  V#V 

C  (if)  =  twO*u*v 
DO  1  I  =  5,N 

A(I)  =  DBIM2(I)#A(I-3)  +  U»A(I-2)  -  V*C(I-2) 

C(I)  =  DBIM2(I)*C(I-3)  +  U*C(I-2)  +  V*A(I-2) 

B ( I )  =  DBIM2(I)»B(l-3)  +  U*B(I-2)  -  V*D(I-2) 

D(I)  =  DBIM2  (I)**D(I-3)  +  U»D(I-2)  +  V*B(I-2) 

1  CONTINUE 
RETURN 

20  WRITE(6.H0)  N 

110  FORMAT  (43H1SUBR0UTINE  STOKES  IS  BEING  ASKED  TO  USE  N  =,1$, 

A  34HPR0GRAM  EXITS  UNDER  THIS  CONDITION) 

CALL  EXIT 
END 
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nm**m 


Program  E-2 


SUBROUTINE  TAYSUM(T,X,WT,WPT,WTPX,N) 

C— - THIS  SUBROUTINE  COMPUTES  THE  AIRY  FUNCTION  W(T+X)  *  WT» 

C - U(X,T)  +  WTP*V(X,T) 

DOUBLE  PRECISION  T,X,WT,WPT,WTPX,WPTPX,SUM,XTN0NF(lOO) 
D0UBLE  PRECISION  A(lOO) ,  B(lOO) ,  C(lOO)  ,D(lOO) ,  DFLOAT 
dflOat(k)  =  DBLE(FlOAT(K)) 

IF(N.GT.lOO)  GO  TO  20 

CALL  STORES  (N, A, B,C,D,T,O.ODO) 

XTNONF(l)  =  X 
DO  1  I  =  2,N 

XTNONF(I)  =  x*xtnOnf  ( I  -1 )  /dflOat  ( I ) 

1  CONTINUE 
SUM  =  l.ODO 
PO  2  I  a  1,N 

SUM  =  SUM  +  XTNONF(I)*A(I) 

2  CONTINUE 

WTPX  =  WT*SUM 
SUM  =  X 
DO  3  I  =  1,N 

SUM  =  SUM  +  XTN0NF(I)*B(I) 

3  CONTINUE 

WTPX  =  WTPX  +  WPT*SUM 
RETURN 

20  WRITE (6. 120)  N 

120  FORMAT (4.3H1SUBR0UTINE  TAYSUM  IS  BEING  ASKED  TO  USE  N  =,I5, 
A  34HPR0GRAM  EXITS  UNDER  THIS  CONDITION) 

CALL  EXIT 
END 


Since  this  means  that  we  have  taken  WT  *  Ai(0)  and  WTP  «  Ai'(O), 
the  result  obtained,  namely 

WTPX  *  ,1352924163128808+00 

represents  the  value  of  the  Airy  funotion 

Ai (1 )  «  0.1352924163128814155 

In  Table  E-l  we  give  the  values  of  the  coefficients  which  were 
generated  during  the  course  of  this  calculation. 


The  method  employed  in  Program  E-2  to  compute  Y(t+x)  does  not  re¬ 
present  an  application  of  good  programming  technique  if  the  de¬ 
sired  end  product  is  a  set  of  numerical  values  for  the  functions 
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Table  E-l 


TABLE  OP  COEFFICIENTS  a^O)  AND  bn(0)  FOR  u(x,0)  AND  v(x,0) 


n 

•b1o> 

V°> 

3 

.1000000000000000+01 

•oooooooooooooooo 

4 

•oooooooooooooooo 

. 1999999999999999+01 

5 

.0000000000000000 

•oooooooooooooooo 

6 

. 3999999999999999+01 

•oooooooooooooooo 

7 

•oooooooooooooooo 

•1000000000000000+02 

8 

.oooooooooooooooo 

•oooooooooooooooo 

9 

. 2799999999999999+0 2 

•oooooooooooooooo 

10 

.oooooooooooooooo 

.  7999999999999999+02 

11 

•oooooooooooooooo 

•oooooooooooooooo 

12 

.2799999999999999+03 

•oooooooooooooooo 

13 

.oooooooooooooooo 

•8799999999999999+03 

14 

•oooooooooooooooo 

•oooooooooooooooo 

15 

. 3639999999999999+04 

•oooooooooooooooo 

16 

•oooooooooooooooo 

•  1231999999999999+05 

17 

•oooooooooooooooo 

•oooooooooooooooo 

18 

. 5823999999999999+05 

•oooooooooooooooo 

19 

•oooooooooooooooo 

.2094399999999999+06 

20 

•oooooooooooooooo 

•oooooooooooooooo 

21 

•1106559999999999+07 

•oooooooooooooooo 

22 

•oooooooooooooooo 

•4188799999999999+07 

23 

•oooooooooooooooo 

•oooooooooooooooo 

24 

•2434431999999999+08 

•oooooooooooooooo 

25 

•oooooooooooooooo 

• 9634239999999998+08 

E-llj. 
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u(x,  t)  and  v(x,  t).  It  is  more  convenient  to  compute  the  terms  in 
the  series  directly  rather  than  to  evaluate  the  an ( t )  and  bn(t) 
and  then  sum  the  polynomial  which  results  when  the  series  is  trun¬ 
cated.  This  Is  also  desirable  because  the  ( t )  and  bn(t)  may 
"overflow"  on  the  computer  (i.e.,  become  so  large  that  they  ex¬ 
ceed  the  maximum  magnitude  of  10^  which  most  FORTRAN  compilers 
permit)  and  yet  the  product  of  the  coefficients  a^Ct)  and  xn/ni 
may  still  be  significant.* 


Let  us  Introduce  the  notation 

An(x,t)  =  an(t)xn/n|  (E-^9a) 

Bn(x,t)  a*  bn(t)xn/rx!  (E-l^b) 

The  An(x,  t)  and  Bn(x, t)  can  be  shown  to  satisfy  the  recursion  for¬ 
mula 

n(n  -  l)Cn(x,  t)  =  x^Cn-^(x,t)  +  tX2Cn-2(x, t)  (E-50) 

with  the  initial  values 


AQ(x,t)  =  1 

9 

BQ(x,t)  =  0 

A1(x,t)  =0 

9 

Bj^Xjt)  =  x 

A2(x,t)  =  ~ 

9 

B2(x,t)  =  0 

x3 

(x, t )  - 

Vx,t)  -  — 

9 

9 

¥*•*>  -i- 

B^(x,t)  = 

The  factor  x  /nj  may  also  "underflow."  For  example,  since  80i  = 
0.71569i|-57E+ll9,  we  would  have  108o/80i  «  1.1;  x  10~39  and  this 
is  outside  the  range  10  to  lO1'  permitted  by  must  compilers. 
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The  coefficients  An(x,t)  and  Bn(x,  t)  can  be  evaluated  with  the 
SUBROUTINE  TERMS (N,AR,AI,BR,BI,XR, XI, TR,TI)  which  is  Given  in 
Program  E-3«  The  reader  vjill  observe  that  we  have  used  the  follow* 
ing  FORTRAN  representations  for  the  values  of  x,  t,  An  and  Bn: 

x  =  XR  +  iXI  ,  Aj(x,t)  =  AR  (I)  +  iAl(I) 

,  Bjtxjt)  =  BR  (I)  +  IBI(I) 

Program  E-3 


t  =  TR  +  iTI 


SUBROUTINE  TERMS (N# AR # Al * BR »BIfXR» XI »TR»TI) 

—COMPUTE  TERMS  IN  TAYLOR  SERIES  EXPANSION  OF  AIRY  FUNCTION 
DOUBLE  PRECISION  AR(N) »AI <N> #BR<N>  #BI (N)  »XR»XI»TR»TI»DFLOAT» 
A  ARl»AII#BRl»BlI»XSQR»XSQI 

DFLOAT(K)=  DBLE (FLOAT (K ) ) 


XSGR 
XSQI 
AR  ( 1 
AI(1 
AR(2 
Al  (2 
AR(3 
Al  (3 
AR(4 
AI(4 
BRd 
bid 
BR(2 
B I  ( 2 
BR(3 
BI(3 
BR  (4 
bl  (4 
DO  1 

-THE  NEXT 
—GAN  THEN 


xr*xr  -  Xl*xl 

2.0DO*XR*XI 

o.odo 

O.ODO 
(TR*XSQR 
(TR*XSQI 
( XR*XSQR 
(XR*XSQI 


TI*XSQI)/(2.0D0) 

TI*XSQR)/(2.0D0) 

XI*XSQI)/(6.0DO) 

XI*XSQR)/(6.0DO) 

( AR (2) *AR (2)  -  AI<2)*AI(2) )/(6.0DO) 

=  (AR(2)*aI<2) )/(3»OD0) 

=  XR 

-  XI 

-  O.ODO 
=  O.ODO 

=  TR*AR ( 3 )  -  Tl*AI  ( 3) 

=  TR*Al (3)  +  Tl*AR (3) 

=  (XSQR*XSQR  -  XSQI*XSQI>/i;>.0D0 
=  ( XSQR*XSQI ) /6.0D0 

I=5»N  ,  % 

STEP  GENERATES  AN  EXPRESSION  FR0M  WHICH  AR(I),ETC, 
BE  CONSTRUCTED 


ARI  = 
All  = 
BRI  = 
BII  = 
AR(I)= 
AI(I)= 
BR(I)= 
BKI)  = 
CONTINUE 
RETURN 
END 


XR*aR ( 1-3)  - 
XR*mI ( 1-3)  4 
XR*bR(I-3)  - 
XR*bI(I-3)  4 
( XSqR*ARI 
(XSgR*AII 
( XSQR*BRl 

( xsqr*bi i 


XI*AI ( 1-3)  ♦ 
XI*AR(I-3)  4 
XI*BI(I-3)  -*■ 
XI*BR(I-3)  4 


TR*AR(I-2) 
TR*AI(I-2) 
TR*BR(I-2) 
TR*BI l 1-2) 


XSQI*AII ) /DFLOAT( I* ( 1-1 ) ) 
XSQl*ARI)/DFLOAT(I*(I-D) 
XSQI*BII)/DFLOAT(I*(I-l)) 
XSQI*BRI ) /DFLOAT( I* ( 1-1 ) ) 


Tl*AI(I-2> 

Tl*AR(I-2> 

Tl*BI(I-2) 

Tl*BR(I-2) 
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In  Program  E~4  we  present  a  main  program  which  we  used  to  sum  the 
series  of  terms  obtained  from  Program  E-3.  The  series  is  of  the 
form 


u(x,t)  =  1  +  A2(x,t)  +  A^(x,t)  +  A^(x,t)  + 
v(x,t)  =  x  +  B2(x,t)  +  B.j(x,t)  +  B^(x,t)  + 


(E-51a) 

(E-51b) 


Program  E-ij. 


THIS  IS  A  TEST  OP  SUBROUTINE  TERMS  (N,AR,AI,BR,BI,XR,XI,TR,TI) 
DOUBLE  PRECISION  AR(100),AI(100),BR(100),BI(100),XR,XI,TR,TI, 


A  DFLOAT.  WTR.  WTI .  WPTR.WPTI .  UR .  Til ,  VR,  VI ,  WTPXR,  WTPXI 

WTR  =-0.7258727400 

WTI  =  3.4419277000 

WPTR  =-3.7668668500 
WPTI  =+4.8506065800 

CALL  TERMS(40»aR»AI*BR»BI»  1.0D0*  1.0D0*  2.5D0*  2.5D0) 
WRITE(6»110>  < I *AR(I) »Al(I) »BR(I) *BI<I)» 1=1*40) 

110  FORMAT ( 1H0  *  14  *  4023*16) 

XR  =  1.0D0 

XI  =  1.0D0 
UR  =  1.0D0 

UI  =  0.000 

DO  10  1=  2*40 
UR  =  UR+  AR(I) 

UI  =  UI+  Aid) 

10  CONTINUE 

WRITE (6*  500)  UR  *UI 
500  FORMAT  (1H0»  5hUR*UI*  2025.16) 

VR  =  XR 

VI  =  XI 

DO  20  1=  2*40 
VR  =  VR  ♦  BRU) 

VI  =  VI  ♦  Bid) 

20  CONTINUE 

WRITE (6*400)  VR  *  VI 
400  FORMAT  <1H0»  5hVR»VI*  2D25.16) 

WTPXR  =  WTR*UR-WTI*UI  +  WPTR*VR-WPTI*VI 
WTPXI  =  WTR*UI+WTI*UR  ♦  WPTR*Vl+WPTI*VR 
WRITE<6»111)  WTPXR*  WTPXI 

111  FORMAT (1H1*2X»2025.16) 

CALL  EXIT 

END 


E-17 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


The  test  that  we  have  conducted  in  Prog  ram  E-4  was  based  upon 
entries  in  Harvard  Computation  Laboratory  (Ref.  2)  tables  of  the 
functions  h^fz)  and  h^(z)  which  satisfy  the  differential  equation 


d2h 


,(zj 


*1 

-V— +  zh1(2(z)  =  0 


(E-52) 


If  we  compare  Eq.  (E-52)  with  Eq.  (E-44)»  we  see  that  we  can  take 

Y(t+x)  =  h^C-t-x) 

Y(t)  =  h^-t) 

Y'(t)  =  -hj(-t) 

In  the  test  we  took 

t  =  TR  +  iTI  =  2.5  +  i2.5 

x  =  XR  +  iXI  =  1.0  +  H.O 

with  the  initial  conditions 

Y(t)  =  =  WTR  +  iWTI  =  -0.72587274  +  i3-44192770 

Y'(t)  =-h{(-t)  =  WPTR+iWPTI  =  3.76686685  -  14.85060658 

The  computer  output 

-.2157289088962663+01  -.9312479583220205+01 

is  in  agreement  with  the  entry  from  the  tables,  namely 

Y(t+x)  =  h^-t-x)  =  WTPXR  +  1WTPXI  -  -2.15728909  -  19. 3*247959 

The  SUBROUTINE  TERMS  (N,  AR,  AI,  BR,BI,XR, XI, TR,TI)  can  be  used  as  a 
building  block  for  the  development  of  a  step-by-step  method  of 
integrating  the  differential  equation  In  Eq.  (E-22)  to  obtain 
the  height  gain  functions  f  (y,q)  and  gB(y,q). 

Since  we  have  shown  that  the  limiting  cases  q  =  0  and  q  =  <»  play 
such  important  roles,  we  want  now  to  present  programs  which  per¬ 
mit  one  to  evaluate  the  Taylor  series  for  the  height  gain  functions 
f  (y)  and  g_(y).  These  functions  are  readily  expressed  in  terms 
of  the  functions  u(x,t)  and  v(x,  t). 
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Let  us  express  the  four  height  gain  functions  in  the  form 


f8(y) 


8s(y) 


gj(y) 


1  +  A^t^-y)  +  A2(tg,-y)  +  A^(t°,-y)  +••• 
Bl(t°,-y)  +  B2(t°,-y)  +  B3(t®,-y)  +... 
y  +  Gi ( t“, -y )  +  c2(t” -y)  +  ^(tgj-y)  +••• 

1  +  %(t“,-y)  +  DgUg^-y)  +  D3(t®,-y)  +••• 


(2-53) 

(E-54) 

(E-55) 

(E-56) 


where  the  A^t^-y),  Bn(t,-y),  Cn(t,-y)  and  Dn(t,-y)  satisfy  the 
recursion  relation 

nOi-ijK^tj-y)  =  y2[-yKn_3(t,-y)  +  tJ^-2(t,-y)]  (E-57) 


with  the  initial  terms 

,2 

Ai  =  0  ,  A2  =  -2- 

.  *3  “  -  £ 

*  \ = 

v2 

%  =  ty  ,  =  ~  \ 

B  -  t2y3 

•  3  "  6 

• 

Gi  =  y  ,  c2  =  0 

,  c.  =$£ 

9  3  6 

•  \  =  ~irz 

2 

D1  =  0  ,  d2  =  -SZ- 

y3 

,D3  =  -f- 

D  =  t2y^ 

*  4  2k 

Program  E-5  contains  SUBROUTINE 
pute 

HGFY(N,Y,PYR,PYI) 

which  will  com- 

fjfY)  =  PYR(I)  +  iPYI(I) 

,  I  =  1, 

N  (E-58) 

The  SUBROUTINE  HGFFY (N, Y, FFYR,  FPYI )  in  Program  E-6  will  generate 
values  for 

fJ<Y)  =  -  [FPYR(I)  +  iPPYI(I) ]  ,  I  =  1,2, ...,N  (E-59) 

Each  of  these  program  require  the  roots  Pa  of  the  Airy  function 
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which  are  tabulated  in  Table  2-1  •  These  values  are  transferred 
to  the  subroutine  by  means  of  a  labeled  C  ^MM0N/DABET  A/BETA  (50) * 

AIRIP(50).  Output  from  these  programs  is  presented  in  Tables  E-4 
and  B-5.  The  results  are  consistent  with  the  tables  prepared  by 
Azriliant  and  Belkina  (Ref.  1).  A  sample  of  the  tables  of  Ref.  1 
is  presented  in  Tables  B-2  and  E-3* 


Table  E-2  % 

SAMPLES  OP  xABiiES  OP  fa(y)  and  f'ly)  PUBLISHED  BY  SOVIET  AUTHORS 

S  3 


1 

«•/.*» 

!■/.<*> 

Ka/,00 

•■/.W 

*•/,'<» 

Imfi’W 

O) 

i»  A'  (y» 

ftO 

1 

0 

1 

0 

0 

.  0! 

0 

0 

0.1 

1.0034 

10044 

1,0079 

0.0141 

0,0*58. 

0,0884 

0,15(6 

0,2828 

0.2 

1.0068 

0.0177 

1,0308 

03568 

0,0611 

0,1774 

0,2973 

0,5740 

03 

1.0182 

03399 

1,0666 

0,1294 

O.h  48 

0,4157 

0,a81 1 

0.4 

1,0294 

03712 

1,1129 

12338 

0,1163 

0.  587 

0,5041 

1.2 102 

03 

1,041*' 

0,1117 

1.1661 

03724 

0,1 144 

0,45-5 

0,5534 

1.5658 

0.6 

13818  , 

0,1613 

1.2219 

0,5480 

0,0062 

0,5422 

0,5530 

1,9506 

0.7 

13612 

03201 

1,2747 

0.7636 

0,0666 

0,6327 

0,4911 

2,1653 

li.« 

1.0646 

03878 

13177 

13220 

0,"I87 

0.7203 

0,3514 

2,8078 

0.9 

1.0633 

03640 

1.3426 

13289 

-0,0463 

0,M)J1 

0,1283 

3,2728 

1.0 

1.0547 

0,4482 

1,3396 

1.6770 

-0,(287 

0,8787 

-0,2024 

3,7515 

1.1 

1.0370 

03394 

1,2981 

2,0762 

-02288 

0.9443 

-0.6532 

4.2308 

1.2 

1.0084 

0.6  66 

1.20*7 

23826 

-0,34  2 

0,9969 

-1.2394 

4.6926 

13 

0.9672 

17382 

1,0453 

3,0134 

-0.48  0 

1.0331 

-1,9746 

5,1138 

1.4 

03'  19 

18426 

18044 

3.5431 

—0.62 '8 

1.0496 

— 2,8703 

5.4653 

13 

0.8410 

0,9474 

14656 

4.1030 

-0,7903 

1.0428 

-3,9337 

5.7124 

1.6 

17535 

1,0502 

0,"I20 

43607 

-0,9615 

1.0092 

-5,0*67 

5,8144 

1.7 

0.6415 

1.1482 

-  03732 

53595 

-1.1385 

0,9456 

-6,5639 

5.  253 

13 

03157 

1.2382 

-  1,3058 

5,8177 

—  13168 

08494 

-8,1105 

5.3943 

13 

03QM 

131' 9 

-  2,l9y5 

63285 

-1,49*7 

17182 

-9.7*03 

4,7o74 

2.0 

0,2/79 

13W 

-  33647 

6,7595 

-1,6541 

0,5506 

-11334 

3.789 

2.1 

0.0651 

1,4259 

-  43073 

7,0728 

-1,7999 

0,3469 

-13.317 

2,405 

13 

-A1312 

1.4489 

-  5,9367 

73262 

-1,92*16 

0,1075 

-15.057 

0.564 

23 

1,4463 

-  73144 

7.1(90 

-2,0086 

-0,1651 

-16,666 

-1,774 

2.4 

-03*16 

1.4149 

-  93520 

63528 

-2,0558 

-0,4667 

-18.036 

-4,640 

23 

-17175 

13521 

-11.109 

6323 

—V  '548 

-17916 

-19,041 

-8,043 

2.6 

-19407 

13560 

-13.043 

5327 

-1.9986 

-1,1323 

-19341 

-11.971 

V 

-UBS 

1.1255 

-14.996 

3313 

-1.8813 

-1,4793 

-19.383 

-16.  82 

23 

—13148 

0.9603 

-16392 

1,937 

-1.6986 

—  1.8217 

-18,405 

-21.196 

19 

-1.4727 

17617 

-18344 

—  0,436 

-1.4480 

-2,1469 

-16,446 

—26,294 

3,0 

03320 

-20,144 

-  3326 

-1.1293 

-2.4410 

-13,353 

-3(310 

3.1 

-13963 

03750 

-21372 

-  6735 

-0,7452 

—2,6898 

-8.990 

-36,631 

3.2 

-1,7491 

—03039 

-21396 

-10340 

-*•3014 

—2,8779 

-3,256 

— 41393 

33 

-1.7549 

-03981 

-21376 

-14,991 

0,1931 

-2.9415 

3,908 

-45.485 

3.4 

-1.7092 

-03993 

-21,067 

-(9,703 

0,7259 

— 3.0I7J 

12.496 

— 48.'51 

33 

-13090 

-18082 

-19331 

-24354 

1,2811 

— 2.9433 

22.(35 

-50,906 

3,6 

-1.4529 

-1.1843 

-16341 

-29213 

13(99 

-2,7614 

33.548 

-5  ',040 

17 

—13416 

-1,4467 

-12391 

-34368 

2  >05 

-2,4665 

45.561 

-47,646 

33 

-03782 

-13738 

-  7.411 

-36125 

23793 

-2.0679 

58,1(64 

-42.'  40 

39 

-O3680 

-1,8546 

-  1974 

-43317 

33K2 

-13399 

71607 

-34.689 

43 

-03190 

-1,9785 

1609 

—46966 

3.6512 

-0.9224 

82,196 

-23,542 
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The  subroutines  in  Programs  E-7  and  E-8  evaluate  the  functions 

gl(Y)  =  -  [GYR(I)  +iGYI(I)]  ,  I  =  1,2,3,-  •  •  ,N  (E-60) 

gj(YJ  =  GFYR(I)  +  iGPYI(I)  ,  I  =  1,2,3,. ..,N  (E-61) 

These  programs  have  been  compared  with  the  Soviet  tables  by  means 
of  the  sample  output  given  in  Tables  E-6  and  E-7» 


Table  E-3 

SAMPIES  OP  TABLES  OP  gn(y)  AND  g«(y)  PUBLISHED  BY  SOVIET  AUTHORS 

B  B 


!> 

!■  fiO) 

■•AO) 

*•  t,’  <y) 

i*  g’  O') 

1  ■ft'W 

0.0 

0 

0 

0 

0 

0 

1 

0 

1 

0 

0.1 

0.10019 

0,00031 

0,10033 

0,00069 

0,1004 

1.0T550 

0,01014 

1,00905 

0,01776 

{0,2 

0,20141 

0,00271 

■  >  1  ^  f  , 

0,00476 

0,9036 

l,u2,>51 

0,04078 

1.03762 

0.07171 

,0.3 

0,30452 

0,00920 

S'  1  N.  ' 

0,01620 

0,3114 

1,04254 

0,09247 

1.0703 

0,16376 

0,41006 

0,02198 

fi 

0,03687 

0,4259 

1. 00867 

0.1<  599 

1,13193 

04960 

0,5 

0.51828 

0.04315 

0,07705 

0,5477 

1,09552 

0.0219 

1.18777 

0,4744.3 

0,62906 

0,07516 

0,13538 

0,6768 

1,11915 

0,38169 

1.23965 

0.70066 

B  7 

0,74186 

0,11033 

IHa  i  '1 

0,11803 

0,8114 

1.13508 

00553 

1,27788 

0,9701 

P.8 

0,85565 

0,18109 

0.33315 

0,9479 

1,13822 

0.69357 

1.29057 

141448 

j,9 

0,06889 

0,25064 

0,48378 

1,0604 

1,122*2 

0,8023 

1,264-17 

1.70802 

1,07942 

0,35888 

1,16164 

0.67674 

1,1909 

198299 

1,09933 

1,17974 

2,16078 

L  i 

1,18444 

0,48037 

Bi“ 

0.91785 

1.290 

1.01181 

14*353 

1,02301 ; 

2.6700 

p  ,2 

1,28051 

0,62614 

■  Vrrv 

1,21262 

1,3457 

0.90248 

1.58430 

0J  244 

3>93257 

1,3 

1.36344 

fl. 1 

1,3337 

0.74800 

1A4O0 

0,38212 

3,03602 

1.4 

1,42837 

■'Xv  ;  j 

■  ttv; 

ST  i '  i  r  4 1 

1,2310 

0.54  56 

2.11290 

-  0.14343 

4,46535 

1.5 

1.46080 

■ESSj 

IV  1  i  M  :  ‘ 

■  -i-’ 

1  It?  1  ■ 

1.0046 

0.27688 

2.37552 

-  0,84328 

5109787 

1.6 

1,48163 

1.47017 

1 

1 

0,6160 

—0,05140 

2,62.0 

-  1,74187 

5.7020 

1.7 

1.46727 

1.74385 

1 .  n 

0,0814 

-0.44724 

2,84430 

-  2.862.4 

6,24082 

1.8 

1  |3NH 

B'?  u 

fat  i 

-  0,8324 

—0,9121.6 

3.02334 

-  452329 

6,6601 

1.9 

1,27243 

0,17706 

i  'j'  H 

-  1,0968 

-1.44717 

3,14432 

-  5,83335 

6.90664 

8.0 

1,00683 

1 

-0,40722 

5,61677 

-  8,5286 

-2.04720 

3,18046 

-  7,7020 

6.90453 

8,1 

0,86104 

2,96131 

-  1,3710 

6,2939 

-  5,476 

-2,70641 

3,13997 

-  9,8110 

6470 

8.2 

0,55859 

3,28818 

-  2.4066 

6.9131 

-  7,10 

-3,41024 

2,97070 

-12,1)69 

5460 

2-? 

0,17706 

3.57224 

-  3,8006 

■JCTl 

-10,60 

-4,14530 

2,68092 

-14,6115 

44618 

6.4 

—^,§^477 

3,tttt7 

-  5.3917 

7.8144 

-14.277 

-4,88910 

2.2037 

-17.1765 

V/n 

S,5 

4,01383 

-  7.2372 

7,9838 

-16,280 

-5.61480 

1.62545 

-19.7202 

0,170 

2.8 

—1 ,39806 

4;  1316) 

—  9.3306 

7.6241 

-0,60 

-6.29028 

0.84052 

-22,102 

—  3,1481 

—2,05440 

4,17591 

-ir,04M 

-27.6*1 

—6,87844 

-  0.12462 

-24.190 

—  74157 

*8.8 

—2.76547 

4,10773 

-14,1446 

6,3817 

-0.80 

-7.33797 

-  156817 

—25,6772 

-1246*4 

2.0 

—8,51622 

3.91616 

-16.7869 

4.6066 

-37,60 

-7.62433 

-  2 Am 

-0.410 

—184797 

3,0 

—4,21403 

3.56660 

-19,3937 

3,6463 

-42.40 

-7.6913 

-  4,030 

-26,1  IW 

—254209 

8.1 

-5,04164 

3.10414 

-21,9363 

-  0,2309 

-7,4931 

-  5.6158 

—24,480 

—32,4675 

*•8 

—5,71316 

8.46117 

-24,2370 

-  3.1126 

W  1  ]■ 

-6.910 

-  7054 

— 21 J304 

—40.420 

M 

-6,48189 

1 ,661 16 

-36.1164 

Tm 

-4,1338 

-  8.9325 

-16,0538 

-48,601 

8.4 

—6,06861 

0.676*4 

-727.3754 

S 1 .  i ,  m 

— 4063 

-104490 

-  8,010 

—564894 

8.8 

Bf...  L 

—0,45433 

-*7.7787 

—'6.604 

-44,646 

-84872 

-12.0*54 

14460 

—64,1587 

8.6 

-1.73346 

-27.063 

-0.376 

-0,0 

-1.270 

-13407 

13410 

-70,4687 

— 3,10436 

-36.030 

-0.10 

-0,0 

1.11)4 

-1453*0 

28,1648 

— 74JM6 

w 

BJf 

-4,66066 

-21.374 

-41,367 

-  0.0 

3.8330 

-14.790 

454716 

—797861 

S  y  II 

—6,04592 

-15,665 

-41.01 

0.0 

605! 

—14.8192 

64,7237 

—754679 

8.0 

■  '  T 

-7,50440 

-  6.676 

-0.10 

0,0 

9,9973 

—144432 

8502 
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The  roots  a  which  are  required  in  Programs  E-7  and  E-8  have  been 
transmitted  to  the  program  by  means  of  a  labeled  block  of  COMMON 
which  is  obtained  by  means  of  the  non-executable  statemont  which 
reads  C0MM0N/DALPHA/ALPHA (50) ,AIKYD(50) • 

For  q  0  and  q  ^  co,  one  may  find  it  convenient  to  use  Program 
E-9  to  compute  the  Airy  functions.  This  program  is  similar  to 
Program  B-lj  the  difference  ebing  that  this  program  returns  the 
complex  numbers  which  represent  the  Airy  functions  v(z)  and  w1(z) 
which  are  employed  in  the  papers  by  Fock  and  other  Soviet  writers. 
The  program  is  called  SUBROUTINE  VTWTZ(Z,VT,WT,VTP,WTP)  and  the 
relation  of  the  FORTRAN  variables  to  the  mathematical  quantities 
are 

z  =  Z  ,  v ( z )  =  VT  ,  wx(z)  =  WT  ,  v'(z)  =  VTP  ,  w^/fz)  =  WTP 

The  program  should  only  be  used  when  tho  modulus  of  z  is  less  than 

6.1. 


The  author  has  done  extensive  work  on  the  case  of  obtaining  the 
height  gain  functions  when  the  roots  have  a  large  modulus.  However, 
this  study  is  incomplete  and  no  attempt  will  be  made  to  discuss  the 
methods  and  the  results  which  have  been  obtained.  This  work  will 
be  carried  to  completion  and  reported  in  a  later  publication.  The 
author  would  like  to  make  one  observation  regarding  this  work.  In 
the  book  by  Azrillant  and  Belkina  (Ref.  1)  use  is  made  of  an 
approximation  which  is  duo  to  Fock,  namely 


_  . 

fa(y»q)  *  cosh(yVC)  -  —  sinh(yvTT) 


Vt, 


2  vt; 


« i 


(E-62) 


When  one  attempts  to  find  an  asymptotic  series  which  has  these 
terms  as  the  leading  terms,  the  second  term  (which  vanishes  when 
q  ss  o)  is  apparently  cancelled  out  by  the  higher  order  terms. 
Therefore,  until  further  work  has  been  done  and  comparisons  made 
with  other  methods  of  approximation,  the  second  term  in  Eq.  (E-62) 
is  of  questionable  value* 
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Program  E-5 


x  HZ 

o  z  o 

-  ~  N  UJ  H 

h  .  in  ;t  3  ui 

*  «Oh(9  J 

•  3  *  CX  CL 

II  *  <I\ 

H  X  II  O  V 

Z  *  O  WO 

Z  X  H 
UJ  w  hi  111  X  UI  I/I 

i/i  >- 1/>  o  h  in  ui 
3  X  3  3  3  *-* 
«  o  4  o  4  cx 

UXO  Z  O  111 

UI  UI  X  ►*  111  W 
OUl  CO  O'  J  00 


*'«'!/) 

OfHl/l 

4  4  UI 


% 

O  -  Q  X  *  Q 

o 

—  —  X 

r 

H  H  4  Z  H  O  4  Z 

in 

in  in  uj 

CM 

H  >*HH  <  H  1-14 

(CCD 

4 

X  H  X  -XXX  -  X 

in 

4  4  Of 

% 

U  hU  uj  o 

c 

occ 

M 

O  II  X  Z  II  X 

UJ 

X 

•H  tH 

X  4  T  O  X  Ui  O 

X 

•f  + 

4  4 

4  X  4  X  4  O  X 

o 

H 

-  4 

a?4cruiui(rcruiui 

X 

—  —  in 

cx  - 

00(90  JOUIOJ 

UJ 

K  H  UJ 

<h  cr 

O  O  X  CD  O  >  X  C5 

IO  10  H 

<  4 

truia;x4crzx4 

z 

4  4 

*  4 

xxxhclclohcl 

o 

w  w  0 

►H  - 

H  -  4  0*4 

z 

o 

in  in  h 

—  H  »“t 

XU  X  o 

UJ 

X 

o 

cr  r-i  co  co 

O  -  H 

x  in  i  o  x  o  o 

x 

X  tv 

• 

4-  4-  4  4  in 

in  or  in 

f«H(MrthCOjH|- 

2 

H  4 

vO 

4  4  a  O  UI 

—  H  - 

CM  ONOOai  O 

#  * 

X. 

t-1 

x  -  cr 

-  I  -  V  z  -  z 

H 

o  o 

♦  +  +  +  H 

H  >  lL  H 

DO  O  00  z  DO  H 

t-t 

o  o 

i-i 

i-i 

>- 

x  >■  i/i 

•  h  •  o  i/i  •  in 

X 

H  H 

CM 

(T  H  <-»  h 

►>»  x  - 

O  X  -0  *h  <-«  iO  o  •-» 

UJ 

Is-  H 

4 

rO  K>  X  t-i  2 

— 

<*-«  Oil 

H  1  H  H  H  ►— 

ro  o  oo 

* 

O  4  4  CM  CM  4 

X 

-  4  X 

UJ  111  4  UJ  »* 

_l 

to  a  oo 

l-i  Q 

4  4  3 

>• 

«<  k  « 

-0-3  •  —  Q  • 

H 

-1 

—  vO  o  i0 

CM 

o 

+  +  —  ~  3 

lL 

O  4  X 

w 

in  _i  •  ui  • 

4 

4 

sr  in  •  in  o 

4 

• 

in  m 

* 

in »-  * 

HI 

II  II  UJ  •  II  -1  • 

O  O'  o 

—  h  cv  r>  c 

K)  X  •-!  CD  CO  H 

>- 

—  !3  M  >• 

in  o  *  *-*  - 

3  O' 

4  O  N.  o  o 

1 

N.  CM  CM  4  4  in 

*  4  ft  in  x  >- 


h 

* 

% 

UI  4  *  X 

o  in 

UI  O  CM  O  vO 

X  •-* 

uj 

or 

-  x  uj  ar  o  z  x 

3  3  H  3  - 

o  m 

» 

m 

CM  tM 

+ 

>- 

co  o  m 

z  o 

o  o  -oil 

—  3 

4  >- 

*  o 

* 

o 

4 

4 

X 

x  «-• 

% 

—  X 

X  X  O  H  X  z 

>-'000  — 

O  CM  X 

M 

•o  o 

# 

* 

o 

,0 

4  n  r- 

■x 

j  ^  x  o 

X  o 

0  UJ 

o  m 

— 

•o 

3  X 

y 

3 

X 

r-  *-« 

<  > 

U>  »-i 

o 

3  3  .< 

ifj  Is- 

# 

r* 

* 

O  CM  CM  O 

u  o 

O  U 

HU  I  Hh 

X  II 

—  3  CO  # 

~T 

•  • 

X 

• 

X 

• 

4 

4 

• 

UJ 

•T  lU 

J 

X  X  3  X  X  4 

X 

o  *■*  a  x 

* 

V 

O  -l 

1 — 

-H 

— 

o 

H 

2 

<  X 

X 

2  -H 

*H  -1  3  4  -H  X 

t 

n  * 

1 

wcuco^inH  in  h uj 

in  3 

•  it  it 

II 

II 

II  II 

II 

II 

II 

II 

II 

II 

n 

H 

s 

M  — 

w  ^  -  w  ►— 

*  w 

h  s: 

¥ 

3 

iZ  id 

in  i- 

H  O  X  H  ih 

X  H 

O  < 

O 

O  J 

Z  4 

<404 

O  4 

•  X 

O 

■v; 

•f  »*] 

u  t 

tr  a  H  s  O 

-H  O 

z  o 

X 

C 

^  3 

S’  IX 

x  3  of  m 

3 

-  o 

ru 

cr  •-  o 

t-l 

a' 

i-t 

3 

3  O 

*-1  o 

O  o  o 

X 

X  CX  «M  O 

o  cx  *-• 

CV  CM 

■o 

4 

4 

X 

0  O  3 

.3  X 

X  O  XX 

3  *h  X  «<  X 
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< 

4 

4 

4  in 

4  4  iD  4 

XI  O 

1 

0« 

00  Is- 

1 

O' 

O'  O' 

1 

O  O  UI 
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Program  E-5  (Cont*d) 


o  i 

<  H- 

<r 

3  in 
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U  UJ 

<  _i 
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CO 
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STR  =  DABS(AIR)  ♦  DABS(A2R)  +  DABS(A3R) 

STI  =  0ABSCA1I )  +  DABS( A2I )  +  DABS(A3I) 

-STR  AND  STI  ARE  TEST  QUANTITIES  TO  TEST  FOR  EXCESSIVE  CANCELLATION 


Program  E-6  (Cont'd) 
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98  WRITE(6r 198)  Y*KDEX,LDEX 
CALL  EXIT 

97  WRITE(6»  197)  Y#KDEX»Ll)EX 
CALL  EXIT 
END 


SUBROUTINE  HGGY(N#Y»GYR#GYI ) 
DIMENSION  GYR(N)»GYI(N) 
COMMON/DALPHA/ALPHA  <  50 ) *  AIRYD ( 50 ) 


Program  E-7 


SR  =-X  ♦  A2R  ♦  A3R  +  A4R 

SI  =  A2I  +  A3I  +  A4I 

STR  =  DABS(X)  ♦  DABS ( A2R )  «•  DABS( A3R)  «■  DABS( A4R) 

STI  =  DABS ( A2I )  +  DABS(A3I)  ♦  DABS(A4I) 

STR  AND  STI  ARE  TEST  QUANTITIES  TO  TEST  FOR  EXCESSIVE  CANCELLATION 


Program  E-7  (Contd) 


z  vo 

z 

>• 

<  z 

>-  < 

H 

o 

VJ  X 

u. 

vo  *■* 

<  H- 

H 

UJ  1- 

ac 

u. 

X  o 

O  10 

vo  z 

VJ  VO 

a 

H4  3 

O  UJ 

UJ 

-1  b. 

<  -1 

t- 

CD 

u. 

<  z 

U.  VO 

< 

K  1-4 

o  hi 

vo  < 

#■% 

a 

uj  vo 

H  H 

CO  10  I- 

o 

i  i 

cr  vo  a 

o 

>-  1- 

_i  _j 

o  < 

J 

-I  X 

H»  W 

o  _j  a. 

-1  vo 

*  » 

h 

UJ 

O  •— i 

-J_l 

UJ  -I 

X 

U.  UJ 

W  W 

o  >  < 

H 

VO  X 

1-  H 

VO  I-I  UJ 

vo 

<  < 

vo  a: 

UJ 

UJ  z 

O  O 

—  VO 

> 

u 

_J  _J 

CM  UJ  U. 

< 

VJ  UJ 

U.U. 

HUCO 

UJ 

=>  X 

QO 

O  X  CO 

-I 

VO  H- 

\  \ 

O  UJ  lO  — 

^  A 

•  O  X  X 

o 

x  vo 

a 

•h  vo  i-  a  oc 

1- 

<  z 

IQ  IQ 

•  1-  UJ  UJ 

a  •-• 

<  < 

HVOOhl- 

D 

VO  « 

«  « 

ouo 

UJ 

O  K 

HI  H 

•VO  UJH 

_J 

a  z 

H  H 

—  vo  —  uj  vo 

1-4 

Q.  O 

—  3  4-  X  X 

< 

vj 

1  ♦ 

*-  vo  vo  x  hi 

(1. 

z 

VO  UhlL 

1- 

UJ  X 

X  HI 

w  Z  1— 

X  I-I 

X  VJ 

IQ  IQ 

vo  o  •  *-  u. 

<  X 

*  HI 

<  < 

OMi-lOO 

X  UJ 

X 

*  * 

<H  J< 

vo 

z  * 

X  X 

O  <  •  J  UJ 

O  _J 

X 

X 

X 

H-  K 

n.  _i  —  a 

X  -J 

3>  — 

UI 

UJ 

(Thh  Jail  3 

a  < 

1-  z 

o 

o 

♦  ♦ 

<  <  l-  UJ  IQ  O  1- 

vj 

UJ  ^ 

_J 

-1 

**  w 

VO  VJ  < 

H 

a  hi 

* 

DC  hi 

10  lO 

Z  X  z 

<  z 

>- 

X 

X 

CM  CM 

OID  +  <  +  30 

X  UJ 

-1  vo 

UJ 

UJ 

<  < 

<  < 

vj  vo  < 

h-  X  —  - 

< 

Q 

a 

*  * 

a  *-i  o  o 

—  ax 

i-  cr  hi 

X  o 

z 

X 

X 

X  X  <  < 

a  a.  d-  u.  — 

UI  VO  (0 

a  z 

% 

* 

1  1 

+  ♦ 

VOh<h  * 

O  O  —  ~ 

o  < 

X 

> 

>- 

♦  ♦ 

w  CO 

<  Z  _l  _l 

z 

o  t  # 

chi/ik  4  H  i  cr  *-1  tr  •-« 

vo  <  vo  o 

A 

lO  (M(M(£HHhS  3  SQiQn^S'EH 

lO  z  z 

UJ  z 

O' 

co 

r» 

»jxxi/)ioioifl<oa:oo<<<<<< 

uj  vo  vo  vo 

X  ~ 

O' 

O' 

O' 

in 

a  «  • 

X  z 

i-  cr 

*H  K 

H  V— 

-I 

ii  ii  ii  ii  ii  ii 
j 

o 

<M  X 
Ui 

OQKhkm 
D  _»  <  <  VO  lO 


II  II  V  Of 
X  LlI 
K  Ul 
VO  U) 

—  z 

X  **  *h  < 
I-  ►-  U.  X 
VO  10  I-I  I- 


—  X  ^  II  II  II  II  II 
10  UJ 
CD  li.  II 
<  VO 
OZh 

-ooirHEMa: 

U.QCUJM<MiOfOd> 

Nhh<<<<< 


II  UJ  o 

D  O'  <  h 

Z  h- 

wOUK 
HHhtt 
hi  Z  hu 

♦  OOQCK 
<UO«H 


II  It  LJ  >- 
3100 
«  2  h 

X  X  hi  >- 
"  "KlO  < 
ImZhK 
>-  >  O  X  X 
OOUh  < 


\0  X  *C  X  vO  X 
2  h  u  ^  U  ^  U 
X  UJ  Ui  UJ 
31- Jh  Jh  J 
HhJhJm JQ 

uioc<cr«t<r<z 

SIU^VIIOUI 


1 

1  1 

1  1 

1  1 

1 

1  1 

o 

1  1  O' 

o 

1  I 

O' 

00 

1 

1  1 

CM 

I  1  vr 

1  1 

a 

o 

a 

1 

1  1 

1  1 

1  1 

1 

1  1 

1  1 

1  1 

VJ 

O  VJ 

VI  (J 

till 

E-2  ti 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


fg  t^MNNfcfi  itUUvM 


fa-*  *'  SiSwc^JsS&LSJJVri)*  >#!&! 


Program  E-8 
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SR  =  l.ODO  ♦  AIR  ♦  A2R  +  A3R 

SI  =  All  +  A2I  +  A3I 

STR  =  l.ODO  ♦  DABS (AIR)  ♦  DABS( A2R)  +  DABSCA3R) 

STI  =  DABS (All)  +  DABS ( A2I )  +  DABS(A3I)  ‘ 

STR  AND  STI  ARE  TEST  QUANTITIES  TO  TEST  FOR  EXCESSIVE  CANCELLATION 


Table  E-lj. 


THE  HEIGHT  GAIN  FUNCTION  f  (y) 

s 

WlU°  “  y)  Ai[-p  +  yexp(-ifrt)] 

- — -  =  - - -  =  FYR(J)  +  iFYI(J) 

w^t®)  Ai(-(3s) 

(  0  )  =  1  f  3  =  J  =  1  f  2f  ^  t  *  *  * 


TEST  OF 
J  =  1 

J  =  2 

J  =  3 

J  =  4 

j  =  5 


SUoKOUTlNE  H6FY(N»Y»FYR»FYi)  FOR  N.EQ.5 
FYK(J)  =  .10088148+01  FYI(J)  = 

FYk(J)  =  .10307771+01  FYI(J)  - 

FYR(J)  =  .10+60562+01  FYI(J)  = 

FYR(J)  =  .10589606+01  FYI(J)  = 

FYk(J)  =  .10705026+01  FYI(J)  = 


AND  Y  =0.2 

.17696507-01 

.56839366-01 

.84782937-01 

.10888700+00 

.13075837-00 


TEST  OF 
J  =  1 

J  =  2 

J  =  3- 

J  =  4 

J  =  5 


SUBROUTINE  HOFY(N»Y#FYK»FYi)  FOR  N.EQ.5 
FYR(J)  =  .10293761+01  FYI(J)  = 

FYR(J)  =  .11129232+01  FYI(j)  = 

FYR(J)  =  .11683412+01  FYl(J)  = 

FYRIJ)  =  .12132932+01  FYI(J)  = 

FYR(J)  =  '  .12517816+01  FYI(J)  = 


AND  Y  =0.i|. 

.71239454-01 

.23380095-00 

.35391892-00 

.46016063-00 

.55860890-00 


TEST  OF  SUBROUTINE  HOFY  (N*  Y#FYR»FY1 )  FOR  N.EQ.5  AND  Y  =0.6 
J  =  1  FYK(J)  =  .10517905+01  FYI(J)  =  .16134623-00 

J  =  2  ’  FYR(J)  =  .12219528+01  FYI(J)  =  .54793072-00 
J  =  3  FYR(J)  =  .13223805+01  FYI(J)  =  .84805959-00 
J  =  4  FYk(J}  =  .139+0286+01  FYI(J)  =  .11224667+01 
J  =  5  FYK(J)  =  .144o475b+01  FYI(J)  =  .13834634+01 


TEST 
J  = 

J  = 
j  = 

J  = 

J  = 


OF  SUBROUTINE 

1  FYrt(J)  = 

2  FYn(J)  = 

3  FYk(J)  = 

4  FYK(J)  = 

5  FYn(J)  - 


rlOFY(N»  Y  »F.YK»F 
.10645694+01 
.13177004+01 
.1+201565+01 
. 1+651360+01 
.1+526966+01 


)  FOR  N.EQ.5 
FYI(J)  = 
FYICJ)  = 
FYI(J)  = 
FYI(J)  = 
FYI(J)  = 


AND  Y  =0.8 

.28780445-00 

.10219096+01 

.16246052+01 

.21942076+01 

.27487827+01 


TEST  OF  SUcKOUTlNE  ; 
o  =  1  FYh ( J)  = 

j  =  2  FYK(J)  = 

w  =  3  FYh(j)  - 

3=4  FYR(J)  = 
u  =  5  FYR(J)  = 


FY(N»YrFYR»FYI)  FOR  N 
.105+7542+01  FYI^J) 
.13399069+01  FYI ( J) 
.134+7+75+01  FYI ( J) 
.11899+69+01  FYI ( J) 
.905556+9-00  FYI(J) 


EQ.5  AND  Y  =  1.0 
.44819684-00 
.16769136+01 
.27+19598+01 
.37751160+01 
.47952715+01 


£ 
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Table  E-lj.  (Cont*d) 


?■ 

i 

I 

{ 


TEST 

OF 

SUBROUTINE  HGFY(N»Y»FYR»FYI)  FOR  N.LE.5 

AND  Y  -  U2 

o  = 

1 

FYR(J) 

=  .10083951+01 

FYKd)  = 

.63663021-00 

J  = 

2 

FYh(J) 

=  .12048162+01 

FYI(d)  - 

.25224828+01 

j  = 

3 

FYK(J) 

=  .37463003-00 

FYI  ( J)  = 

.42331848+01 

j  = 

4 

£lh(J) 

=  _  _ .19362.783-00 

Frnji  - 

.59131758+01 

o  - 

5 

FYK(o) 

=  -.79359463-00 

FYKd)  = 

.75674323+01 

TEST 

01- 

SUBROUTINE  HGFY(N» Y#FYk»FY1)  FOR  N.LE.5 

and  Y  -  1»1|. 

J  = 

1 

FYk(j) 

=  .91186672-00 

FYI ( J)  = 

.84261201-00 

j  - 

2 

FYk(j) 

=  .80464242-00 

FYI (J)  = 

.35429361+01 

J  = 

3 

F  Y  k  ( si ) 

=  -.26646627-00 

FYI  ( J)  - 

.60652344+01 

J  = 

4 

FYk( J) 

=  -.20646704+01 

FYKd)  - 

.85151403+01 

o  - 

5 

FYk( J) 

=  -.45266368+01 

FYI  (d)  = 

.10846764+02 

TEST 

OF 

SUbHOUTll.E  hGF Y  (||»  Y  »F  YR#FYi  )  FOR  N.LE.5 

AND  Y  =  1.6 

J  - 

1 

FYK(J) 

=  .76350671-00 

FYI  (d)  - 

.10502922+01 

J  = 

2 

FYn(o) 

=  . 12361o00-01 

FYI  (d)  = 

.46806542+01 

J  = 

3 

FYr<(j) 

=  - • 2435U606+Q1 

FYI (d)  - 

.80816305+01 

o  - 

4 

FYk(J) 

=  -.62691234+01 

FYI (d)  = 

.11211196+02 

J  = 

b 

FYk(J) 

=  -.11461491+02 

FYI (d)  - 

.13887667+02 

TEST 

OF 

SUBROUTINE  HGFY(N»Y»FYK»rYl)  FOR  N.LE.5 

AND  Y  -  1.8 

d  - 

1 

FYK(J) 

=  .52575394-00 

FYKd)  = 

.12383454+01 

J  - 

2 

F'Yk(si) 

-  -.13052221+01 

FYI  (d)  - 

.58178070+01 

J  - 

3 

FYk(J) 

=  -.60296929+01 

FYKd)  = 

.99303788+01 

J  = 

4 

FYk(vj) 

-  -.13273552+02 

FYKd)  = 

.13173055+02 

o  - 

5 

FYk(v') 

=  -.22677772+02 

FYKd)  - 

.15048999+02 

TEST 

OF 

SUbkOUTlhE  HGFY(N»Y»FYR»FY1)  FOR  N.LE.5 

AND  Y  =  2.0 

J  = 

1 

FYk ( J ) 

=■  .22794364-00 

FYKd)  = 

.13807892+01 

u  - 

2 

FYk ( J) 

=  -.32639299+01 

FYKd)  = 

.67598190+01 

J  = 

3 

FYk ( J ) 

-  -.11416690+02 

FYKd)  = 

.10985952+02 

d  = 

4 

FYR( J) 

-  -.23715350+02 

FYKd)  = 

.12903678+02 

J  = 

b 

FYk(j) 

-  -.39777827+02 

FYKd)  - 

.11356582+02 

TEST 

OF 

SUBROUTINE  mGFYCN»Y*FYR»FYX)  FOR  N.LE.5 

AND  Y  -  2.2 

d  - 

1 

FYk(J) 

=  -.13122203-00 

FYKd)  = 

.14489918+01 

J  - 

2 

FYk(J) 

=  -.59257936+01 

FYKd)  = 

.72258984+01 

J  = 

3 

FYk(J) 

=  -.18795560+02 

FYKd)  = 

.10284675+02 

J  - 

4 

FYk (d) 

=  -.37854578+02 

FYKd)  - 

.80492696+01 

J  = 

5 

FYR(J) 

=  -.62064302+02 

FYKd)  =  -.18881157+01 
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Table  E-4  (Cont'd) 


•# 


TEST 

01- 

SUe>ROUTir<E  HGFYIN#  Y»F  YR»FYi)  FOR 

N.LE.5  AND  Y  =  2*4 

J  z 

1 

FYrv  ( j) 

=  -.63160496-00 

FYI(J) 

=  .14150044+01 

J  - 

2 

FYk(v) 

-  -.92510669+01 

FYI ( J) 

=  .68539393+01 

J  = 

3 

FYk(J) 

=  -.2799o996+02 

FYI ( J) 

=  .65062997+01 

o  - 

4 

FYk ( J) 

=  -.64695929+02 

FYI ( J) 

=  -.46683320+01 

J  - 

5 

FYK(w) 

-  -.87200169+02 

FYI (d) 

=  -.31212131+02 

TEST 

OF 

SUoRCUTiLE  HSFY(N»Y#FYR»FY1)  FOR 

N.LE.5  AND  Y  =  2*6 

J  — 

1 

FYR(j) 

=  -.940/6157-00 

FYl(d) 

=  .12561362+01 

J  = 

2 

FYk(j) 

=  - . 1 30427C5+U2 

FYI ( J) 

=  .52283652+01 

d  = 

3 

FYK(J) 

=  -.36217936+02 

FYI ( J) 

=  -.19512682+01 

J  = 

4 

FYk ( J) 

-  -.72204016+02 

FYI ( J) 

-  -.29243561+02 

d  = 

5 

FYr(j) 

-  -.10829614+03 

FYI ( J) 

=  -.84380431+02 

TEST 

Oh 

SUdROUTIi' ;E  hGFY  ( f  J » Y  #  F  YR » FY  i  )  FOR 

N.LE.5  AND  Y  =  2.8 

J  = 

1 

FYrt(J) 

=  -.131+6679+01 

FYI ( J) 

=  .96038737-00 

J  = 

2 

FYR( J) 

=  -.16692447+02 

FYI (d) 

=  .19391098+01 

J  = 

3 

FYMj> 

=  -.477^1217+02 

FYI ( J) 

-  -.16746924+02 

0  — 

4 

FYK(J) 

=  -.34347471+02 

FYI ( J) 

=  -.69692163+02 

J  = 

S 

FYR(J) 

=  -.11160126+03 

FYI ( J) 

-  -.16852822+03 

TEST 

OF 

SUbROUTIi\E  HGFY(N»Y»FYR»FY1)  FOR 

N.LE.5  AND  Y  =  3*0 

d  - 

1 

FYR(J) 

=  -.16022247+01 

FYI ( J) 

=  .53199985-00 

d  = 

2 

FYR(J) 

=  -.20144670+02 

FYI ( J) 

=  -.33231721+01 

J  - 

3 

FYk(j) 

=  -.53571033+02 

FYI(J) 

=  -.39164963+02 

J  = 

4 

FYR(J) 

=  -«822060b6+02 

FYI (J) 

=  -.12863547+03 

J  - 

5 

FYk ( j) 

=  -. 75405886+02 

FYI ( J) 

=  -.28632849+03 

TEST 

OF 

SUdROUTlNE  HGFY  ( N»  Y »F  YR» FYi  )  FOR  1 

N.LL.5  AND  Y  =  3*2 

J  = 

1 

FYK ( J) 

=  -.17492878+01 

FYI(J) 

-  -.39692703-02 

1  — 

SJ  * 

2 

FYk(J) 

=  -.21896223+02 

FYI ( J) 

=  -.10637400+02 

d  - 

3 

FYR(J) 

=  -.51518709+02 

FYI(J) 

=  -.69443727+02 

J  = 

4 

FYR(J) 

=  -. 525b9112+02 

FYI ( J) 

-  -.20497868+03 

o  - 

5 

FYr(j) 

=  .32677336+02 

FYI (d) 

-  -.42961048+03 

TEST 

OF 

SUbROUTlKE  HGFY(MY»FYR»FY1)  FOR  1 

M  •  LE  •  5  AND  Y  =  3*4 

J  = 

1 

FYR(J) 

=  -.17093749+01 

FYI  ( J) 

-  -.59938923-00 

J  = 

2 

FYR(J) 

=  -.21070597+02 

FYI(J) 

=  -.19700594+02 

J  = 

3 

FYK(J) 

-  -.36201143+02 

FYI  ( J) 

=  -.10588472+03 

J  = 

4 

FYK(J) 

=  .21174397+02 

FYI(J) 

=  -.29067785+03 

J  = 

5 

FYR(J) 

=  .25105467+03 

FYI ( J) 

-  -.57035594+03 

c 
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Table  E-l;  (Cont*d) 


f 


TEST  Of  SUcROUTlNE  H6FY (N»Y*FYH»FYI)  FOR  N.LE.5  AND  Y  =  3*6 
J  =  1  FYR(j)  =  -.14529858+01  FYI(J)  =  -.11844860+01 

O  =  2  FYK(J)  =  -.16645933+02  FYI(J)  =  -.29681987+02 

0=3  FYh(J)  =  -.18415579+01  FYI(J)  =  -.14385580+03 

j  =  4  FYR(J)  =  .15636155+03  FYI(J)  =  -.36695578+03 

j  =  5  FYn ( J)  =  .61646407+03  FYI(J)  =  -.65015223+03  , 

TEST  01-  SUBROUTINE  HoFY  <N»  Y#FYR»FYi )  FOR  N.LE.5  AND  Y  =  3»8 

0=1  FYR(O)  =  -.97820794-00  FYI(J)  =  -.16740365+01 

J=  2  FYR(J)  =  - .74179436+01  FYI f  J )  =  -.39125926+02  r 

J  =  3  FYr(J)  =  • 56376314+02  FYI ( J)  =  -.17493213+03 

J  =  4  FY,<(J)  =  .36553662+03  FYI(J)  =  -.40090809+03 

J  =  5  FYR(O)  =  .11461494+04  FYI(J)  =  -.57114778+03 

TEST  Of  SUbrtOUTlNE  HGFY  <N»  Y »F YR »F YI )  FOR  N.LE.5  AND  Y  =  lf.0 
J  =  1  FYR(o)  =  -.31894834-00  FYI(J)  =  -.19787108+01 

J  =  2  FYn(J)  =  .66820224+01  FYl(J)  =  -.45959718+02 

J  =  3  f YR ( J)  =  .14018005+03  FYI(J)  =  -.18656795+03 

U=  4  _FYR(J)_=  ..64770570+03  FYI(J)  =  -.34419971  +  03 

J  =  5  FYR(J)  =  • 18093090+04  FYI(J)  =  -.19430102+03 


f;(y) 


Table  E-5 

THE  HEIGHT  GAIN  FUNCTION  f '  (y) 

s 

Wi'(t°  -  y)  Ai'[-(3a  +  yexp(-ifrc)] 

w^t®)  exp(lfit)Al(-pg) 

ffl(0)  =  0  >  8  s  =  1»2*3*r- 


-[FFYR(J)+1FPYI(J)] 


TEST  QF  SUbROUTlNE  HGFPY (N»  Y»FPYR»FPYI )  FOR  N.LE.5  AND  Y  =  0.2 
J  =  1  FPYR(J)  -  -.81059795-01  FPYI(J)  -  -.17742269-00 

J  =2  FPYK(J)  =  -.29727631-00  FPYI(J)  =  -.57402983-00 

J  =  3  FPYR(J)  -  -.44559926-00  FPYKJ)  -  - . 86056310-00 

J  =  4  FPYR(J)  =  -.56958486-00  FPYKJ)  =  -.11099266+01 

J  =  5  FPYR(J)  =  -.67896298-00  FPYKJ)  =  -.13379091+01 

TEST  OF  SUbROUTlNE  HGFPY (N» Y#FPYR»FPYI)  FOR  N.LE.5  AND  Y  =  0.4 
J  =  1  FPYR(J)  =  -.11633140+00  FPYKJ)  =  -.35870559-00 

J  =  2  FPYR(J)  - _ -.50413105-00  FPYKJ)  =  -.  12101972+0.L 

J  =  3  FPYR ( J)  =  -.74116873-00  FPYKJ)  =  -.186*53974+01 

J  =  4  FPYR(J)  =  -.91811065-00  FPYKJ)  =  -.24611172+01 

J  =  5  FPYR(J)  =  -.10560531+01  FPYKJ)  =  -.30254193+01 

TEST  OF  SUbROUTlNE  HGFPY (N» Y»FPYR »FPYI )  FOR  N.LE.5  AND  Y  =  0.6 

J  .:.  . . L JFPJYRJLj ) .  =. _ -.98231439-01  FPYI(J)  .= . ._5422?230-00 

J  =  2  FPYk(J)  =  -.55307698-00  FPYKJ)  =  -.19505852+01 

J  =  3  FPYk(J)  =  -.73219433-00  FPYI(J)  =  -.31251052+01 

J  =  4  FPYK(J)  =  -.77875100-00  FPYKJ)  =  -.42461856+01 

J  =  5  FPYR ( j)  =  -.72767657-00  FPYI(J)  =  -.53462727+01 

TEST  OF  SUbROUTlNE  HGFPY (N» YfFPYRrFPYI )  FOR  N.LE.5  AND  Y  =  0.8 
J  =  1  FPYR(J)  =  -.18694966-01  FPYKJ)"  =  "-.72038312-00 

J  =  2  FPYK(j)  =  -.35449129-00  FPYKJ)  =  -.28076883+01 

J  =  3  FPYR l J)  =  -.19452000-00  FPYI(J)  =  -.46911680+01 

J  -  4  FPYR(J)  =  .26149514-00  FPYKJ)  =  -.65586106+01 

J  =  5  FPYK(J)  =  .96223680-00  FPYKJ)  =  -.84316372+01 

TEST  OF  SUbROUTlNE  HGFP YTnV Y » F P Y rT F P Y 1 5  FOR  N.LE.5  AND“Y  '=  1.0 
J  =  1  FPYR ( J)  =  .12871639-00  FPYKJ)  =  -.87872599-00 

J  =  2  FPYR(J)  =  .20213357-00  FPYI(J)  =  -.37514367+01 

w»  =  3  FPYR ( J)  =  .11772721+01  FPYI(J)  =  -.65132960+01 

J  =  4  FPYR(J)  =  .28002930+01  FPYI(J)  =  -.92977919+01 

J  =  5  FPYR(J)  =  .50045191+01  FPYKJ)  =  -.12083924+02 
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TEST  OF  SUBROUTINE 


J 

- 

1 

FPYk(J) 

Z 

J 

- 

2 

FPYMJ) 

z 

J 

- 

3 

FPYR(J) 

z 

J 

- 

4 

FPYrt(J) 

z 

J 

- 

5 

FPYMJ) 

- 

TEST 

Or 

SUu ROUTINE 

J 

- 

1 

FPYMJ) 

z 

J 

— 

2 

FPYMJ) 

z 

J 

- 

3 

FPYMJ) 

z 

J 

- 

4 

FPYMj) 

z 

J 

= 

5 

FPYk(J) 

= 

TEST 

OF 

SUBROUTINE 

J 

- 

1 

FPYR(J) 

z 

J 

s 

2 

FPYMJ) 

z 

J 

— 

3 

FPYk(j) 

z 

J 

z 

4 

FPYk(j) 

z 

J 

5 

FPYK(J) 

- 

TEST 

OF  SUBROUTINE 

J 

- 

1 

FPYk(J) 

z 

J 

- 

2 

FPYk(j) 

z 

J 

- 

3 

FPYk(j) 

- 

J 

— 

4 

FPYR(j) 

— 

J 

- 

5 

FPYk(J) 

- 

TEST 

OF 

SUBROUTINE 

J 

- 

1 

FPYK(J) 

z 

J 

- 

2 

FPYk ( J) 

z 

J 

- 

3 

FPYK(J) 

z 

J 

z 

4 

FPYk(J) 

z 

o 

- 

5 

FPYMJ) 

- 

TEST 

OF 

subroutine 

J 

- 

1 

FPYk(J) 

- 

J 

- 

2 

FPYMj) 

- 

J 

- 

3 

FPYk(J) 

- 

J 

- 

4 

FPYMJ) 

z 

J 

- 

5 

FPYk(J) 

z 

HbFPY (N#  Y#FPYR  »FPYI )  FOR 
.34620561-00  FPYl(J)  = 
* 12389611+U1  FPYI(J)  = 
.37593541+01  FPYI(o)  = 
.76136740+01  FPYI(J)  = 
.12723719+02  (-PYI(J)  = 

riOFPY  (N»  Y  »FVYR»FPYI )  FOR 
.62660537-00  FPYI(J)  = 
.28696762+01  r-PYI  ( J)  = 
. 79511996+01  FPYI(J)  = 
.15563002+02  FPYI(J)  = 
.256077c3+02  FPYI(J)  = 

H6FPY (N»Y»FPYR#FPYI)  FOR 
.96146112-00  FPYI(J)  = 
.51659364+01  FPYI(J)  = 
.14073071+02  FPYI(J)  = 
.27356526+02  FPYI(J)  = 
.4h823103+02  FPYI(J)  = 

HOFPY(N#Y»FPYR»FPYI)  FOR 
.13166399+01  FPYl(J)  = 
.81095923+01  FPYI(J)  = 
.22191166+02  FPYI(J)  - 
.43096140+02  FPYI(J)  = 
.70239069+02  FPYI(J)  - 

H6FPY (N* f  »FPYk»FPYl )  FOR 
.16541fa63+01  FPYI(J)  = 
.11533250+02  FPYI(J)  = 
.31661902+02  FPYI(J)  = 
.61567669+02  FPYI(J)  = 
.98791426+02  FPYI(J)  - 

HGFPY(N»Y»FPYR»FPY1)  FOR 
.19207697+01  FPYI(J)  = 
.15057026+02  FPYI(J)  = 
.41606538+02  FPYI(J)  = 
.79229466+02  FPYI(J)  = 
.12212040+03  FPYI(J)  = 


N.LE.5  AND  Y  =  i.2 
-.99693047-00 
-.46925993+01 
-.83762085+01 
-.12016350+02 
15477475+02 

N.LE.5  AND  Y  =  l.lj. 
-.10496925+01 
-.54654790+01 
-.98199940+01 
-.13710465+02 
-.16725555+02 

N.LE.5  AND  Y  =  1*6 
-.10092729+01 
-.58149509+01 
-.10057363+02 
-.12577946+02 
-.12353588+02 

N.LE.5  AND  Y  =  1*8 
-.84944202-00 
-.53953069+01 
-.79146220+01 
-.58099227+01 
.31833582+01 

N.LE.5  AND  Y  =  2.0 
-.55085786-00 
-.37905148+01 
-.18401523+01 
.10457679+02 
.37642753+02 

N.LE.5  AND  Y  =  2.2 
-.10749185+00 
-.56630688-00 
.99586570+01 
.40832852+02 
.10028559+03 


* 


f 


* 


E-36 


LOCKHEED  MISSILES  &  SPACE  COMPANY 


Table  E -5  (Cont*d) 


TEST  OF  SUbROUT INE  hGFPY(N»Y»FPYR»FPYI)  FOR  N.LE 
J  =  1  FPYR(J)  =  .20559415+01  FPYI(J)  = 

J  =  2  FPYK(J)  =  ^18036326+02  FPYI(J)  = 

J  =  3  FPYK  ( J )  =  .  4T564 1  e 5+0*2  FFyI ( J )  =~ 

J  =  4  FPYR(J)  =  .89070005+02  FPYI(J)  = 

J  =  5  FPYR(J)  =  .12369509+03  FPYI(J)  = 


TEST  OF  SUBROUTINE  HGFPY (N»Y#FPYRrFPYI)  FOR  N.LE 
J  =  1  FPYR(J)  =  .19987497+01  FPYI(J)  = 

J  =  2  FPYK  ( jT-  .  19542961 +02*  FP Y" 1 1 J )  = 

J  =  3  FPYR(J)  =  .51221023+02  FPYI(J)  = 

J  =  4  FPYR(J)  =  .79563832+02  FPYI(J)  = 

J  =  5  FPYR(J)  =  .76154067+02  FPYI(J)  = 


TEST  OF  SUBROUTINE 
J  =  1  FPYMj)  = 

J  =  2  FPYK(J)  = 

J  =  3  FPYR(J)  = 

J  =  4  FPYR(J)  = 

J  =  5  FPYR(J)  = 

TEST  OF  SUBROUTINE 
J  =  1  FPYR(J)  = 

J  =  2  FPYR(J)  - 

J  -  3  FPYR(J)  = 

J  =  4  FPYR(J)  - 

J  =  5  FPYR(J)  = 


HGFPY(N>Y»FPYR>FPYI)  FOR  N.LE, 
•16987926+01  FPY I ( J)  =  , 


•18406219+02 

.41376768+02 

.34314187+02 

■.59604295+02 


FPYKJ) 

FPYKJ) 

FPYI(J) 

FPYKJ) 


HGFPY ( N »  Y » FPYR » FPYI  )  FOR  N.LE . 
.11294327+01  FPYKJ)  = 


•  13357986+02 
.13566644+02 
-.66771097+02 
-.33102658+03 


FPYKJ) 

FPYKJ) 

FPYKJ) 

FPYKJ) 


TEST  OF  SUBROUTINE  HGFPY(N. Y,FPYR»FPYI)  FOR  N.LE. 


J  = 
J  - 
J  = 
J  = 
J  = 


1 

2 

3 

4 

5 


FPYr(J) 
FPYR(J) 
FPYR(j) 
FPYR ( J) 
FPYR(J) 


.30141609-00 
.32632682+01 
-.38615334+02 
-.24366706+03 
-  .7.8266474+03 


FPYKJ) 

FPYKJ) 

FPYKJ) 

FPYKJ) 

FPYKJ) 


* 


TEST 

J_= . 

J  = 

J  = 

J  = 

J  = 


OF  SUBROUTINE 

1_FPYHUL= _ 

2  FPYR(J)  = 

3  FPYr(J)  = 

4  FPYR(J)  = 

5  FPYR(J)  = 


HGFPY (N» Y»FPYR»FPYI )  FOR  N.LE, 
-.72602319-00  FPYKJ)  =  _ j 


-.12469749+02 

-.11948773+03 

-.50865792+03 

-.14331648+04 


FPYKJ) 

FPYKJ) 

FPYKJ) 

FPYKJ) 
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,5  AND  Y  =  2.4- 

,46673623-00 

,46370593+01 

,29*17822*3+02 

,89726979+02 

,19957245+03 

,5  AND  Y  =  2.6 

,11324218+01 
:  11968 35 0+02 
56815356+02 
15948731+03 
,33836818+03 

,5  AND  _Y_  =  2.8 

18219288+01 
21192943+02 
92267553+02 
24737615+03 
50586680+03 

5  AND  Y  =  3.0 

24412707+01 

31508587+02 

13218696+03 

34141783+03 

66608839+03 

5  AND  Y  =  3.2 

28782056+01 

41393879+02 

16927116+03 

41563716+03 

74429638+03 

5  AND  Y  =  3*4 

30173384+01 

48554537+02 

19135496+03 

42600988+03 

61530291+03 


Table  E-5  (ContM) 


TtbT 
J  = 

J  - 
J  - 
J  - 
J  = 


OF  SUDKOUTIhE 

1  FPYk(J)  = 

2  FPYKIJ)  = 

3  FPYH(J)  = 

4  FPYKtJ)  - 

5  FPYKtJ)  = 


lEbT 
J  = 


OF  SOuKGUTlLE 

1  FPYK(J)  = 

2  FPYK(J)  =• 

3  FPYK(J)  = 

4  FPYK(J)  = 

5  FPYKtJ)  -  . 


TEST 
J  = 

J  - 
J  = 

J  = 
J  = 


3 


ri6FPY(N»  Y#FPYR»F.PYI)  FOR 
-.16401796+01  FPY I ( J)  = 
-.33539942+02  FPYltJ)  = 
-.228299E3+03  FPYltJ)  = 
-.95433155+03  FPYltJ)  = 
-.22376638+04  FPYI(J)  = 


OF  SUBROUTINE 

1  FPYKtJ)  = 

2  FPYKtJ)  = 

3  FPYKtJ)  = 

4  FPYKtJ)  = 

5  FPYK(J)  - 


N.LE.5  AND  Y  =  3*6 

.27616575+01 
.50046442+02 
.18136887+03 
.30948775+03 
.10136946+03 


rIGFPY  (N#Y»FPYK»FPYI)  FOK 
-.28796604+01  FPYI(J)  = 
-.56079117+02  FPYI(J)  = 
-.35555709+03  FPYl(J)  = 
-.12376604+04  FPYI(J)  = 
-.J0367 81*0+04  FPYl(J)  - 


N.LE.5  AND  Y  =  3*8 

.20580650+01 
. 42b5l922+02 
.11688645+03 
-.10479266+02 
-.10083432+04 


rIGFPY  tN*  Y»FPYK»FPYI)  FOR  N.LE.5 


=  I4..O 


-.3651662.7+01  FPYl(J) 
-.82499113+02  FPYI(J) 
-.47936444+03  FPYI(J) 
-.15630375+04  FPYI(J). 
-.35006523+04  FPYI(J) 


.92241727-00 

.23556542+02 

-.16003852+02 

-.60788676+03 

-.29016662+04 
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TEST  OF  SUBROUTINE  HGGY(N» Y»GYR»GYI>  FOR  N.LE.5  AND  Y  =0.2 
J  =  1  GYR(J)  =  -.20141748-00  GYI(J)  =  -.27113553-02 

^  J  =  2  GYR(J)  =  -.20256845-00  GYI(J)  =  -.47570512-02 

__J_=_3_  GYRJ J)  = _ -.20350454-00  GYI(J)  =  -.64424053-02 

J  =  4  GYM  J)  =  -.20432716-00  GYlQ)  ='"  -.79398178-02 

J  =  5  GYR(J)  =  -.20507526-00  GYI(J)  -  -.93151245-02 

TEST  OF  SUbROUTlNE  HGGY (N*Y*GYR#GYI)  FOR  N.LE.5  AND  Y  =  O.lj. 

J  =  1  GYR(J)  =  -.41006306-00  GYI(J)  =  -.21932527-01 

J  f  2_  GYR(J)  =_  -.41886896-00  GYI(J)  =  -.38874135-01 

J  =  3  GYR(J)  =  -.42586648-00“  GYI(J)  =  "  -.53080253-01 

J  =  4'  GYK(J)  =  -.43188708-00  GYI(J)  -  -.65887243-01 

J  =  5  GYR(J)  =  -.43725257-00  GYI(J)  =  -.77800848-01 

TEST  OF  SUBROUTINE  HGGY <N» Y »GYR»GYI >  FOR  N.LE.5  AND  Y  =0.6 
U  =  1  GYR(J)  =  -.62905992-00  GYI(J)  =  -.75154160-01 

J  =  2  GYR(J)  =  -.65629295-00  GYI(J)  =  -.13537752-00 

J  =  3  GYK(J)  =  -.67681631-00  GYl(J)  =  -.18721087-00 

J  =  4  GYR(J)  =  -.69353877-00  GYI(J)  =  -.23490903-00 

j  =  5  GYK(J)  =  -.70759956-00  GYI(J)  =  -.28005432-00 

T£ST_OF  SUBROUTINE  J1©GY(NiY»_GYR»GYI)  FOR  N.LE.5  AND  Y  =  0.8 
J  =  1  GYR(J)  =  -.85565016-00  GYI(J)  =  -.18108702-00 

j  =  2  GYMJ)  =  -.91101921-00  GYI(J)  =  -.33314802-00 

J  =  3  GYR(J)  =  -.94792631-00  GYIlJ)  =  -.46808085-00 

J  =  .4. _ QYK  ( *)  )j= _ -.97355965-00  GYI(J)  =  -.59506267-00 

o=5  GYR(J)  -  -.99077038-00  GYl(J)  =  -.71739352-00 

TEST  OF  SUoKOUTlNE  HGGY  (N»  Y»GYR»GYI )  FOR  N.LE.5  AND  Y  =  1.0 
*  J  =  1  GYR(J)  =  -.10794139+01  GYI(J)  =  -.35888197-00 

J  =  2  GYR(J)  =  -.11618260+01  GYI(J)  =  -.67672353-00 

0=3  GYR(J)  =  _-. 11999053+01  GYI(J)  =  -.96758191-00 

3  J  =  4  GYMU)  -  -.12062572+01  GYl(J)  -  -.12468703+01 

J  =  5  GYR (j)  =  -.11927380+01  GYI(J)  =  -.15197225+01 


c 
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TEST  OF  SJttROUTlNE  rlGGY (N»  Y  »GYR » 3Y1 )  FOR  N.LE.5  AND  Y  =  1  m2 
J  =  1  GYk(J)  =  -.12805049+01  GYI(J)  =  -.62613682-00 

j  =  2  GYRJJ)  =  -• 13625718+Ul  GYI(J)  =  -.12126042+01 

J  =  3  GYk(j)  -  - .134 571 48+01  GYI(J)  -  -.17639314+01 

j  =  4  GYR(J)  =  -. 125593c2+01  GYI(J)  =  -.23006450+01 

J  —  5  GYk(u)  =  -.11037300+01  GYI(J)  =  -.28281220+01  * 

TEST  OF  SUbROUTItiE  HbGY  (N*  Y  ♦  bYR  t  gYI )  FOR  N.LL.5  AND  Y  =  1.4 
J  =  1_  GYR(J)  =  _-.J.42837^6+01  GYI(J)  =  -.99554102-00  > 

J  =  2  GYk(J)  =  -.14342927  +  01  GY  I ( J  >  =  -.  1 9b06679+01 

J  =  3  GYR(J)  =  -. I2309o04+01  GYI(J)  =  -.29242437+01 

J  =  4  GYR { J)  =  -.86024064-00  GYI(J)  =  -.38448675+01 

J  =  5  GYk(J>  =  -.33914699-00  GYI ( J)  =  -.47421474+01 

TEST  OF  SUuKOliTIhE  HbGY (N * Y # GYR * G Yi )  FOR  N.LE.5  AND  Y  =  1.6 
J  =  1  GYR (j)  =  -.14616268+01  GYI(J)  -  -.14701586+01 

J  =  2  GYk(J)  =  -.12590161+01  GYI(J)  =  -.29993241+01 

J  =  3  GYR (j)  =  -.ol592b90-00  6YI(J)  =  -.44711455+01 

J  =  4  GYr<  ( j)  =  •  36519o7b-U0  GYI(J)  =  -.5882403e+01 

J  -  5  GYr(J)  =  . 171 76123+01  GYI ( J)  =  -.72100006+01 

TESt  OF  SUBROUTINE  HG6Y (N* Y»GYK»bYi >  Fo'R  N.LE.5  AND  Y  =  1.8 
J  =  1  GYk(j)  =  -.13898o27+01  GYI(J)  =  -.20376276+01 

J  =  2  GYk(J)  =  -.67854464-00  GYI(J)  =  -.42435969+01 

J  -  3  GYR(J)  -  . 83254799-U0  GYI(j)  =  -.63290778+01 

J  =  4  GYKlJ)  =  .30534214+01  GYI (b)  =  -.82225474+01 

J  -  5  GYk(J)  -  .59392669+01  GYI(J)  =  -.98378531+01 

TEST  OF  SUbROUTIhE  ribGY  (N»  Y  » GYR »  GYI  >  FOR  N.LE.5  AND  Y  =  2.0 
J  =  1  GYKlJ)  =  -.10982454+01  GYl(J)  =  -.26639637+01 

wi  =  2  GYR(J)  =  .49716704-00  GYI(J)  =  -.56166993+01 

J  =  3  GYR(J)  =  .35258340+01  GYI(J)  =  -.82487614+01 

J  =  4  GYK(j)  =  *  7851o312+01  GYI(J)  =  -.10322998+02 

J  =  5  GYk(J)  =  .13361091+02  GYI(J)  =  -. 1 lb03099+02 

TEST  OF  SUBROUTINE  HG3Y (N» Y » GYR » GYI )  FOR  N.LE.5  AND  Y  =  2.2 
b  =  1  GYK(J)  =  -.55561009-00  GYI(J)  =  -.32881657+01 

b  =  2  GYR(J)  =  .24664162+01  GYI(J)  =  -.69180658+01 

J  =  3  GYR(J)  =  .76904660+01  GYI < J)  =  -.97147733+01 

J  =  4  GYk(J)  =  .15494031+02  GYI(J)  =  -.11088800+02  t 

J  =  5  GYk(J)  =  .25022206+02  GYI(J)  =  -.10484983+02 
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Table  E-6  (Oont*d) 


0 


TEST  OF  SUbROUTlNE  HGGY(N» Y*GYR»GYI)  FOR  N.LE. 5 


J 

z 

1 

GYR ( J) 

Z 

.27374032-00 

GYI(J) 

- 

J 

— 

2 

GYR(J) 

z 

.53915074+01 

GYI ( J) 

- 

J 

z 

3 

GYR(J) 

z 

.14277759+02 

GYI ( J) 

z 

J 

z 

4 

GYK ( J) 

z 

•26422244+02 

GYI(J) 

z 

J 

- 

5 

GYK(J) 

- 

.41188855+02 

GYI(J) 

- 

TEST 

OF 

SUbROUTlNE 

HGGY(N»Y»6Vr»GY1)  for 

N.LE 

J 

— 

1 

GYR(J) 

z 

.13950253+01 

GYI ( J) 

- 

J 

z 

2 

GYR(J) 

z 

.93302394+01 

GYI(J) 

- 

J 

z 

3 

GYK(J) 

z 

.22700072+02 

GYI(J) 

- 

J 

z 

4 

gyr(j) 

z 

.40315197+02 

GYI ( J) 

z 

J 

z 

5 

GYKU) 

z 

.60531960+02 

GYI ( J) 

z 

TEST 

OF 

SUdROUTlNE 

HGGY(N»Y»GYR»GY1>  FOR 

N.LE 

J 

— 

1 

GYR(J) 

z 

.27664256+01 

GYI ( J) 

z 

J 

— 

2 

GYR(J) 

z 

.14144237+02 

GYI ( J) 

z 

J 

z 

3 

GYR(J) 

z 

.32596669+02 

GYI ( J) 

z 

J. 

z 

4 

gyrli) 

z 

.55356056+02 

GYI(J) 

z 

J 

- 

5 

GYR(J) 

- 

.78479660+02 

GYI(J) 

- 

TEST 

OF 

SUbROUTlNE 

HGGY(N*Y»GYRrGYi)  FOR 

N.LE 

J 

z 

1 

GYR(J) 

z 

.42839799+01 

GYI(J) 

z 

J 

z 

2 

GYR(J) 

z 

.19393325+02 

GYI ( J) 

z 

J 

•«* 

3 

GYR ( J) 

z 

. 42437174+02  G  Y I ( J ) 

z 

J 

- 

4 

GYR(J) 

z 

.67293973+02 

GYI(J) 

z 

J 

5 

GYR(J) 

- 

.85253765+02 

GYI ( J) 

- 

TEST 

OF 

SUbROUTlNE 

HGGY(N»Y»GYR»GYI)  FOR 

N.LE 

J 

— 

1 

GYR(J) 

— 

.57723219+01 

GYI ( J) 

- 

__  JL 

z 

_2. 

GYK(J) 

z 

.  24236689402 

GYI ( J) 

z 

J 

z 

3 

GYR(J) 

z 

.49352720+02 

GYI ( J) 

z 

J 

z 

4 

GYR(J) 

z 

.68471184+02 

GYI(J) 

z 

U 

~ 

5 

GYR(J) 

= 

.63874614+02 

GYI(J) 

- 

TEST 

OF 

SUbROUTlNE 

hggy<n»y»gyr»gyi>  for 

N.LE 

_  vL 

z 

1 

GYR{J) 

z 

.69865948+01 

GYI ( J) 

z 

J 

z 

2 

GYR (J) 

z 

.27375179+02 

GYI ( J) 

z 

J 

— 

3 

GYR(J) 

z 

.46879109+02 

GYI ( J) 

z 

J 

z 

4 

GYR(J) 

z 

.47189535+02 

GYI(J) 

z 

J 

z 

5 

GYR(J) 

z 

-.10878451+02 

GYI(J) 

z 

f 
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AND  Y  =  2*4 
-.38193570+01 
-.78143335+01 
-.98524704+01 
-.86644955+01 
-.30870224+01 

AND  Y  =  2*6 
-.41386146+01 
-.78241112+01 
-.73669500+01 
-.30035844-00 
•15570196+02 

AND  Y  =  2.8 
-.41077460+01 
-.63317790  +  01 
-.56693160-00 
.17565259+02 
.51758324+02 

AND  Y  =  3.0 
-.35868418+01 
-.26485033+01 
*124541010+02 
.48798756+02 
.11175233+03 

AND  Y  =  3.2 
-.24612336+01 
■jaa6ao75.4+Qi 
.33397172+02 
.96383370+02 
.19890821+03 

AND  Y  =  3.4 
-.67642115-00 
.13583117+02 
.63027858+02 
.16031080+03 
.30849614+03 


«■»«>■< 


Table  E-6  (Cont^d) 


TEST 

Oh 

SUBROUTINE  HGGY (N»Y»6YR»GY1)  FOK  N.LE.5 

AND  Y  =  3.6 

J 

Z 

1 

GYk(J) 

-  . 7o2Q9413+01 

GYI(J)  = 

.17233598+01 

j 

Z 

2 

GYMu> 

=  .27081670+02 

GYl  ( J)  = 

.26374540+02 

J 

z 

3 

GYh(J) 

=  .36017028+02 

GYI(J)  = 

.10011961+03 

0 

z 

4 

GYM  J) 

-  -• 11951 250+02 

GYKJ)  = 

.23445623+03 

J 

- 

5 

GYk(J) 

=  -.  1708l.078+03 

GYl  ( J)  = 

.42005070+03 

TEST 

Oh 

SUBROUTINE  ,iGGY(N»Y#GYK»GY1)  for  N.LE.5 

AND  Y  =  3»8 

J 

z 

1 

oYM  j) 

=  .73975016+01 

GYKJ)  = 

.45605559+01 

J 

z 

2 

GYMJ) 

-  .21374433+02 

GYI(J)  = 

.41265697+02 

vJ 

z 

3 

gyk ( 0 ) 

-  .66936059-00 

GYKJ)  = 

.14016021+03 

J 

z 

4 

gyk(j) 

=  -.12586035+03 

GYKJ)  = 

.30268367+03 

J 

- 

b 

gyk ( 0 ) 

=  -.44767795+03 

GYKJ)  = 

.48795804+03 

TEST 

Oh 

SUbROUTlhE  HG6Y(M»Y#GYR»GYi)  FOR  N.LE.5 

and  Y  = 

J 

z 

1 

GYM  J) 

=  .60264868+01 

GYKJ)  = 

.75043356+01 

J 

z 

2 

GYK(J) 

=  .83760768+01 

GYKJ)  = 

.56178005+02 

J 

z 

3 

GYK(j) 

=  -.59869993+02 

GYKJ)  = 

.17408120+03 

0 

z 

4 

GYK(J) 

=  -.30790649+03 

GYKJ)  = 

.33502712+03 

J 

z 

b 

GYM  J) 

=  -.85910077+03 

GYKJ)  = 

.43275864+03 

4 
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Table  E-Y 


6s  (y ) 


THE  HEIGHT  GAIN  FUNCTION  g'  (y) 

s 

wl'(t“  -  y)  Ai'[-a  +  yexp(-i-^t)] 

-= - - -  -  - - -  =  GPYR(J)  +  iGPYI(J) 


AiM-as) 


g  (0)  =  1  ,  s  —  J  —  1,2, 3,  • 


TEST  OF  SUBROUTINE  HbGPY <N» Y # GPYR *bPYI )  FOR  N  = 


GPYR(J) 
GPYR ( J) 
GPYK(J) 
GPYR(J) 
GPYR ( J ) 


•10205134+01  GPYI(J) 
•10376162+01  bPYI(J) 
•10514653+01  GPYI(J) 
.10635646+01  GPYI(J) 
.10745647+01  GPYI(J) 


TEST  OF  SUBROUTINE  rlGGPY  (N»  Y »GPYR»GPYI )  FOR  N  = 


GPYk ( J) 
GPYk (  j  ) 
GPYR ( J) 
GPYR ( J) 
GPYR( J) 


.10686725+01  bPYl(J) 
.11319266+01  faPYI(o) 
.11809760+01  bPYKJ) 
.12221912+01  oPYI(J) 
.12580464+01  bPYKJ) 


TEST  OP  SUBROUTINE  rtOGPY  <N»  Y  *  GPYR » bPYI )  FOR  N  = 


GPYr(j) 
GPYR(o) 
GPYk ( J) 
GPYk(J) 
GPYh( Ji 


.11191494+U1  bPYI(j) 
.12396467+01  bPYI(J) 
.13225510+01  bPYI(J) 
.13629684+01  bPYl(J) 
.14269334+01  bPY I (U) 


TEST  OF  SUBROUTINE  HGGPY (N» Y » GPYR >bPY I )  FOR  N  = 
i  —  i  r.uvj  (  i)  -  .tiinO'j'.nj.iii  i_avTf  it  - 


GPYK ( J) 
GPYR ( J) 
GPYK ( J) 
GPYR(J) 
GPYR ( J ) 


.11302220  +  01  bPYKU) 
.12905714  +  01  bPYKJ) 
.13572264+01  UPYI(b) 
»136b664o+Ul  bPYl(J) 
.13303431+01  bPYI(J) 


TEST  OF  SUBROUTINE  bbGPY (N» Y ,GPYR»bPYl )  FOR  N  = 


SPYk(j) 
GPYR ( j) 
GPYm(J) 
GPTr( j) 
GPYR(j) 


.10829915+01  bPYKJ) 
.11797408+01  tPYI(U) 
.10917066+01  bPYI(U) 
•O6537374-00  oPYI(j) 
.51959375-00  bPYl(U) 


5  AND  Y  =  0,2 
.40780293-01 
.71713101-01 
.97301131-01 
.12011312+00 
.14112810-00 

5  AND  Y  =  0.4 
.16598491-00 
.29678874-00 
.40806884-00 
.50955490-00 
.60489720-00 

5  AND  Y  -  0.6 

.38188630-00 

.70064884-00 

.98251755-00 

.12471880+01 

.15017994+01 

5  AND  Y  =  0.8 
.69356551-00 
.13144618+01 
.18365691+01 
.24389009+01 
.29311059+01 

lj  AND  Y  =  1.0 

.10993282+01 

.21607415+01 

.31750151+01 

.41735974+01 

.51638765+01 
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Table  E-7  (Cont'd) 


J 


TEST  OF  SUBROUTINE  HGGPY (Ni Y »GPYR»GPYI )  FOR  N=5  AND  Y  =  1.2 


J  - 
J  - 
J  = 
J  = 
J  = 


GPYK( J) 
GPYk ( J) 
©P'YR(J) 
GPYk ( J) 
GPYK ( j) 


.90246087-00 
_._7b24  54  S  b- 0  0 
.23929378-00 
-•59906633-OG 
-.17250233+01 


GPYI(J) 

GPYKJ) 

GPYKJ) 

GPYKJ) 

bPYKJ) 


.15841909+01 

.32325230+01 

.48471341+01 

.64430758+01 

.80119323+01 


TEST 
J  = 

J  - 
J  = 

J  = 

J  - 

TEST 
J  = 
j  - 

J  - 
J  = 

J  = 

TEST 
J  = 

J  = 

J  = 

J  = 

J  - 


OF  SUBROUTINE 

1  GPYk(J)  = 

2  GPYrt(j)  = 

3  GPYh(J)  = 

4  GPYk(J)  - 

5  GPYk(J)  = 


HGGPY(N#Y»GPYR»bPYI )  FOR  N=5  AND  Y  =  1.4 


.54156506-00 
-.14339948-00 
-.15857376  +  01 
•.36947826+01 
-.643217^0+01 


GPYI(J) 

GPYI(J) 

bPYKJ) 

gPYI(j) 

oPYI(J) 


.21128957+01 

.44652860+01 

.67792939+01 

.90105704+01 

.11100826+02 


OF'  SUbROUTIhE  HGGPY(N»  Y  »  GPYRf&PY  I )  FOK  AND  Y  =  1.6 
1  GPYk ( J )  -  -.51387051-01  GPYI(J)  =  .26235091+01 


GPYR( J) 
GPYk ( J ) 
GPYR( J) 
GPYR ( J ) 


-.17416135+01 

-.48432740+01 

-.92393076+01 

-.14869005+02 


oPYl(J) 

bPYl(j) 

oPYl(J) 

gPYI(J) 


.57028639+01 

.86331017+01 

.11218970+02 

.13273506+02 


OF  SUBROUTINE  rlGaPY  (N»  Y » GPYR  »oPYI  )  FOk  N =5  AND  Y  =  1.8 


1  GPYk(j) 

2  GPYk(j) 

3  GPYK(J) 

4  GPYR(J) 

5  GPYR(J) 


.91263425-00  bPYIlj) 
-.42231832+01  oPYl(J) 
-.  99887680+01  toPYKJ) 
-.  18042143+02  oPYKJ) 
-.28245572+02  gPYI(J) 


.30233315+01 

.66619482+01 

.97463735+01 

.11747671+02 

.12184427+02 


♦ 

.) 


TEST 
J  - 
J  - 
J  - 
J  - 
.J  = 

TEST 

J  - 

J  = 
o  - 
b  - 
J  = 


OF  SUBROUTINE 

1  GPYR(J)  = 

2  GPYk(J)  = 

3  GPYk ( j )  - 

4  GPYR(o)  = 

5  GPYk(j)  - 


NGGPY (N*  Y  f  GPYR»oPY I )  FOR  N=5 
-.20471672+01  oPYl(J)  =■ 


-.77026220+01 

-.17314343+02 

-.30557677+02 

-.47034778+02 


oPYI(J) 

oPYKJ) 

GPYKJ) 

oPYl(J) 


AND  Y  =  2.0 

.31894595+01 

.69044852+01 

,90290804+0i 

.83626230+01 

.38175676+01 


OF  SUBROUTINE  rtGGPY (N» Y» GPYR»oPY  1 )  FOR  N =5  AND.Y_=  2.2 


1 

2 

3 

4 

5 


GPYR(J) 
GPYR(J) 
GPYk(J) 
GPYk( J) 
GPYR(J) 


-.34102030+01 

12130o38+Q2 

-.2668b734+02 

-.46274705+02 

-.69732343+02 


oPYl (J) 
GPYI(J) 
gPYI(J) 
bPYI(J) 
oPYI(J) 


.29767052+01 

.58328312+01 

.49078859+01 

-.22380004+01 

-.17808027+02 
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Table  E-7  (Cont'd) 


o 


TEST  OF  SUBROUTINE  hoGPY<N>  Y»GPYR>GPYl )  FOR  N=5  AND  Y  =  2.4 
J  =  1  GPYK(J)  -  -.4bSy0671+Ul  GPYl(o)  =  .22353970+01 

U  =  2  GPYK(J)  -  -.  1717oI83+G2  bPYI(J)  =  .27277597+01 

J  =  3  GPYk(J)  =  -.37l7b0t-i  +  02  GPYl(J)  =  -.46111128+01 

J  =  4  GPYk(J)  =  -.32601281+02  UPYI(J)  =  -.24300828+02 

J  =  5  GPYR(J)  =  -.90939591+02  GPYI(J)  =  -.60339312+02 

# 

TEST  OK  SUbROUT  InE  H6GPY  (n#  Y  #  3P  YR » GPYI )  FOR  N=5  AND  Y  =  2*6 
0  -  1  GPYk(J)  =  - . ot902*tbb  +  01  GPYI(J)  =  .84056528-00 

J  =  2  GPYR(J)  =  -.22104670+02  «PYI(J)  =fc  -.31478631+01 

s.  J  =  3  GPYk(J)  -  -.46606030  +  02  bPYI(J)  =  -.21667563+02 

J  =  4  GPYr(J)  -  -.74694360+02  GPYI(J)  =  -.62347681+02 

J  =  5  GPYk(J)  =  -.93651490+02  uPYl(J)  =  -.13155881+03 

TEST  OK  SUBROUTINE  mGSPY <N» Y » 6PYR# GPY I )  FOR  N=5  AND  Y  =  2.8 
J  =  1  GPYK(o)  =  -.7o379594+0i  bPYl(J)  =  -.12681035+01 

si  -  2  GPYK(j)  =  -.25676934  +  02  gPYI(J)  =  -.12359819+02 

J  =  3  GPYk ( J )  -  -.51117337+02  GPYI(J)  =  -.47955532+02 

6  —  4  GPYK ( J)  =  -.72257369+02  gPYI(J)  =  -.11962638+03 

j  =  5  GPYK(J)  =  -.72654373+02  GPYI(J)  =  -.23578718+03 

TEST  OK  SUdxOUTInE  HG6PY <U* Y » GPYR »GPYI )  FOR  N=5  AND  Y  =  3,0 
J  =  1  GPYR(sj)  =  -.76913535+01  oPYl(J)  =  -.40394570  +  01 

J  =  2  GPYk(J)  =  -.26116ot0+02  GPYI(J)  =  -.25020012+02 

J  =  3  GPYR(j)  =  -.449207^0+02  bPYI(J)  =  -.63732820+02 

J  =  4  GPYR(J)  -  -.40800705+02  gPYI(J)  =  -.19536877+03 

J  =  5  GPYR(J)  =  .1395u369+02  oPYl(U)  =  -.36737613+03 

TEST  OK  SUBROUTINE  MGoPY ( Nr  f r GPYR r GPY I )  FOR  N=5  AND  Y  =  3,2 
J  —  1  GPYR(J)  =  -.69865260+01  gPYI(J)  =  -.72653465+01 

J  =  2  GPYR(j)  =  -.21230461+02  GPYI(J)  =  -.40427937+02 

«J  —  3  GPYr(j)  =  -.20512ot6+02  uPYl(J)  =  -.  12o42486+03 

J  =  4  GPYK(J)  =  .33794494+02  GPYI(J)  =  -.28073326+03 

J  =  5  GPYR(j)  =  .2159bot4+03  GPYI(J)  =  -.50088553+03 

TEST  OF  SUBROUTINE  mGGPY  (N»  Y » GPYR » «PY I )  FOR  N=5  AND  Y  =  3.4 
S)  =  1  GPYR(J)  =  -.49064146  +  01  GPYI(J)  =  -.10548927+02 

J  =  2  GPYR(J)  =  -.67015509  +  01  t»PYI(J)  =  -.56692151  +  02 

O  —  3  GPYr(J)  =  .30297857+02  oPYl(.J)  =  -.16897067  +  03 

J  =  4  GPYk(J)  =  .16702579+03  GPYI(J)  =  -.35377117+03 

j>  J  =  5  GPYk ( j)  =  .55eb417b+03  bPYKJ)  =  -.57875136+03 
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TEST  OF  SUbKOUTlNt  riGGPY  (N#  Y»GPYR#GPYI )  FOK 


o=l  GPYrt(J) 
J  =  2  GPYK(J) 
J  =  3  GPYk(J) 
0=4  GPYh(j) 
0  =  5  GPYh(J) 


-.127544G5+01  GPYI(J)  = 
.13316375+02  GPYI(J)  = 
.11419202+03  GPYI(J)  = 
.41686331+03  GPYI(J)  = 
.10666715+04  oPYI(J)  = 


N =5 


AND  Y  =  3.6 
.13302737+02 
.70437594+02 
.19829828+03 
.37457464+03 
.49956673+03 


TEST  OF  SUbROUT IliE  HbGPY  (M»  Y#  GPYk » «PY I )  FOR 


J  = 
J  = 
J  = 
o  = 
O  = 


1 

2 

3 

4 

5 


GPYK(J) 
GHYk(j) 
GPYK(J) 
GPYk ( J ) 
GPYK(J) 


.38226253+01 
.45269726+02 
.23275065+03 
•  73207103+03 
.17176650+04 


GPYI(J) 

GPYI(J) 

GPYI(J) 

GPYI(J) 

oPYKJ) 


N=5  AND  Y  =  3.8 
-.14793096+02 
-.76755306+02 
-.19462313+03 
-.28293075+03 
-.11363028+03 


TEST  OF  SUoRCUTlNE  HGGPY (N# Y * GPYR >GPYI >  FOR  N *5 
0=1  GPYR(J)  =  .99971266+01  GPYI(J)  = 

J  =  2  GPYR(J)  =  .85679162+02  toPYI(J)  = 

J  =  3  GPYR(J)  =  .37759458+03  GPYI(J)  = 

J  =  4  GPYR(J)  -  .10903817+04  GPYI(J)  = 

0=5  GPYH(J)  =  .23790268+04  GPYI(J)  = 


AND  Y  *  lj..O 
.14243368+02 
-.69585072+02 
•.13256712+03 
•.21427482+01 
.76325448+03 
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